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In t ro d u c t io n
A lthough many o f  th e  theorem s w hich now form  th e  sub­
j e c t  m a tte r  o f  p r o j e c t i v e  geom etry have been known f o r  hun­
d reds  o f  y e a r s ,  and some o f  them f o r  more th a n  two thousand 
y e a r s ,  i t  was not u n t i l  th e  n in e te e n th  cen tu ry  t h a t  th e y  
became u n i f i e d  i n t o  a s e p a r a t e ,  w e l l -d e f in e d  branch  of math­
em atic s . I t  i s  our o b je c t  t o  t r a c e  t h e  o r ig in  o f  the  methods 
and p ro p o s i t io n s  which now c o n s t i t u t e  p r o je c t iv e  geom etry, 
th u s  o u t l i n in g  th e  g ra d u a l  development o f  th e  s u b j e c t ,  and 
t o  g iv e  a p ic tu r e  of modern p r o je c t iv e  geom etry, w ith  s p e c i a l  
a t t e n t i o n  t o  th e  fundam ental s ig n i f i c a n c e  o f  th e  l o g i c a l  pro­
cedu re . Thus, i t  i s  hoped, we may throw new l i g h t  upon th e  
e a r ly  d i s c o v e r i e s ,  r e v e a l in g  more c l e a r l y  t h e i r  im portance 
i n  th e  h i s t o r y  o f  though t and t h e i r  p o s i t i o n  in  modern geometry.
The s u b je c t  d iv id e s  i t s e l f  n a t u r a l l y  in to  fo u r  p a r t s .
The f i r s t  i s  a b r i e f  résumé of what th e r e  was in  Greek geom­
e t r y  t h a t  has become fundam ental in  p r o j e c t iv e  geometry.
The second p a r t  covers  the p e r io d  in c lu d in g  th e  se v e n te e n th  
and s i x t e e n t h  c e n tu r ie s ,  when th e  French and  E ng lish  math­
em a tic ia n s  were most a c t iv e  in  t h i s  a s  in  n e a r ly  every  o th e r  
b ranch  o f  m athem atics. The t h i r d  i s  the account o f  th e  
j r o g r e s s  in  the  n in e te e n th  c e n tu ry ,  when th e  s u b je c t  assumed 
d e f i n i t e  shape and developed  more r a p id ly  th a n  in  any e a r l i e r
p e r io d .  In  t h i s  p e r io d  most o f  th e  work was done in  France 
and Germany. The f o u r t h  p a r t  i s  an account of p r o j e c t iv e
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geom etry in  t h e  l a s t  t h i r t y  y e a r s .  S ince  1900 th e  w hole 
s u b je c t  has been  g iv e n  new, r ig o ro u s  trea tm en t and has been 
u n i f i e d  in  a c l e a r  and fundam ental way, w i th  f u l l  co n sc io u s­
ness  of th e  u n d e r ly in g  l o g i c a l  fo u n d a t io n .
There have been c e r t a i n  m ajor changes in  th e  develop­
ment o f  geometry which i t  w i l l  be w e l l  t o  enumerate a t  th e  
o u t s e t .  One of th e  most im portan t o f  th e s e  was th e  swing 
from th e  r ig o ro u s  p ro o fs  o f  th e  Greeks t o  th e  I c g i c a l  la x n ess  
o f t h e  m athem atic ians of t h e  s e v e n te e n th ,  e ig h te e n th ,  and  e a r ly  
n in e te e n th  c e n t u r i e s ,  and th en  back t o  th e  very  h ig h ly  de­
veloped  r ig o r  of modern p r o je c t iv e  geom etry . A nother was the 
s teady  change o f  emphasis from  t h e  s o lu t i o n  o f  in d iv id u a l  prob­
lems to  th e  development o f  connected  u n i f i e d  t h e o r i e s  -  th a t  
i s ,  th e  change from  th e  p a r t i c u l a r  to  th e  g e n e ra l .  The l a s t  
Im portan t change was th e  change from n s t r i e  to  n o n -m etr ic  
geom etry . Greek geom etry was e s s e n t i a l l y  m e tr ic ,  whereas mod­
ern  p r o je c t iv e  geom etry i s  e s s e n t i a l l y  n o n -m e tr ic .  Completely 
n o n -m etr ic  geometry i s  a very  recen t development in  th e  h i s t o r y  
o f m athem atics .
Such g e n e ra l  te n d e n c ie s  as th e s e  g iv e  i n t e r e s t  and s i g ­
n i f i c a n c e  to  th e  p a r t i c u l a r  h i s t o r i c a l  f a c t s .  The f a c t s  p re ­
se n ted  h e re  have been s e l e c te d  w ith  a view to in c lu d in g  a l l  
th o s e  which were im p o r ta n t ,  e s p e c i a l l y  those  which seem to  
have had an in f lu e n c e  on t h e  h i s t o i y  of t h e  s u b je c t ,  and to  
r a t h e r  r i g i d l y  exc lud ing  a l l  which from  t h i s  view p o in t  were
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l e s s  r e l e v a n t .
h e e d le s s  to  say, n o t  a l l  th e  o r i g i n a l  docum ents, e s p e c i a l ­
l y  in  re g a rd  to  th e  Greeks, a r e  a v a i l a b l e .  And even in  t h e  
p a r t s  d e a l in g  w ith  t h e  su h je o t  from 1800 to t h e  p re se n t  tim e, 
where th e  o r i g i n a l  so u rces  have been used , no t a l l  the f a c t s  
have been considered , s in c e  only th e  m ajor works were s tu d ie d .  
I t  i s  hoped, however, th a t  n o th in g  o f  r e a l l y  g r e a t  s ig n i f i c a n c e  
has been overlooked .
The l a s t  c h a p te r  o f t h i s  t h e s i s  (c h a p te r  7) c o n ta in s  ma­
t e r i a l  l e s s  s t r i c t l y  m athem atica l and  more g e n e ra l  in  i t s  s i g ­
n i f i c a n c e .  We have seen  how p a i n f h l l y  slow  and h a l t in g  was 
th e  development o f  a s u b je c t  w hiah i n  th e  f i n i s h e d  s t a t e  seems 
r e l a t i v e l y  s im p le , and t h a t  in  s p i t e  o f  th e  f a c t  t h a t  many of 
th e  w o r ld ’s g r e a t e s t  g e n iu se s  gave i t  very  i n s i s t e n t  and p ro­
longed e f f o r t .  Why d id  tiiey f a i l  t o  h i t  upon some of th e  l a t e r  
and much more pow erfu l methods? Again th e  very e x is te n c e  of 
huge l o g i c a l  s t r u c t u r e  p u re ly  d ed u c tiv e  i n  c h a r a c te r  i s  c e r ­
t a i n l y  o f  g e n e ra l  p h i lo s o p h ic a l  s ig n i f i c a n c e .  7/hat i s  the  
n a tu re  o f  such a d ed u c tiv e  l o g i c a l  s t r u c t u r e ,  and i s  i t  as 
b a r re n  as  some have claim ed i t  to  be? What i s  th e  fu n c t io n  
in  tho u g h t o f  p u re ly  d ed u c tiv e  lo g ic ?  I f  f i n a l  answers to  
some of th e se  q u e s t io n s  cannot be g iv e n ,  i t  i s  b e l ie v e d  th a t  
th e y  a re  fo rm u la ted  in  a manner to  b r in g  out t h e i r  s ig n i f ic a n c e .
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Chapter I
P la to  (430—347 B .C .)  i s  th e  f i r s t  of th e  Greek mathe­
m atic ians  In whose work we f in d  a n y th in g  r e l a t e d  a t  a l l  d i ­
r e c t l y  to  oar s u b je c t .  I t  was he who s tu d ie d  co n ic  s e c t io n s ,  
which foim a c o n s id e r a b le  p a r t  o f  th e  s u b je c t  m a tte r  o f  pro­
j e c t iv e  geom etry . There i s ,  however, no ev idence th a t  P la to  
developed many o f  t h e  p r o p e r t i e s  o f  th e s e  c u rv e s .  He was th e  
f i r s t  to  f e m u l a t e  th e  id e a  o f  g e o m e tr ic a l  l o c i ,  which i s  
in g o r ta n t  in  a l l  branches o f  m athem atics.
E u c l id ,  about 300 B. C. ,  i s  famous f o r  h is  "Elements" 
in  which he fo rm u la ted  r a t h e r  com ple te ly  th e  c l a s s i c a l  Greek 
geom etry, w i th  co n s id e rab le  e x te n s io n  and improvement o f  h is  
own. This i s  th e  b a s is  o f  o rd in a ry  modern e lem entary  geometry.
The method o f  " re d u c t io  ad absurdum" which i s  v a lu a b le  
in  p r o je c t iv e  geometry as everywhere e l s e  i n  l o g ic ,  was f o r ­
mulated by E u c l id .  Among h is  works which have no t come down 
to  us th e re  a r e  fo u r  books on con ic  s e c t i o n s ,  th e  theory  o f  
which he had c o n s id e ra b ly  augmented.
A pollon ius o f  P erga , abou t 247 B. C . , perhaps th e  g r e a t ­
e s t  of a n  th e  Greek m a th em atic ian s , w ro te , b e s id e s  o th e r  
minor works, a t r e a t i s e  o f  e ig h t  books on conic s e c t i o n s .
I t  was A po llon ius  who f i r s t  co n s id ered  co n ic s  as. s e c t io n s  
of any obliq[ue cone w i th  a c i r c u l a r  b a s e ;  u n t i l  th en  th e y  had 
been conceived on ly  as s e c t io n s  of r i g h t  c i r c u l a r  cones, and 
th e  c u t t in g  p la n e  had always been supposed p e rp e n d ic u la r  to
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one o f  th e  l i n e s  o f  th e  cone p ass in g  th ro n g h  th e  v e r te x .
This required, th r e e  cones of d i f f e r e n t  v e r te x  a n g le s  t o  form 
the  th r e e  conic s e c t io n s .  These curves were d e s ig n a te d  by 
the  words " s e c t io n  o f  th e  a c u te -a n g le d  cone", " s e c t io n  o f  
the  r ig h t - a n g le d  cone", " s e c t io n  o f  th e  o b tu se -a n g le s  cone"; 
th ey  f i r s t  took  d e f i n i t e l y  th e  names e l l i p s e ,  p a ra b o la ,  and 
hyperbo la  in  th e  work of A p o llo n iu s ,  a l th o u g h  th e  words 
e l l i p s e  and p a rab o la  w ere known t o  Archimedes.
The whole of A p o llo n iu s ’ t r e a t i s e  on co n ics  was based 
on a un ique  p ro p e r ty  of con ic  s e c t i o n s :  Suppose an ob liq u e
cone w ith  a c i r c u l a r  base  to  be out by a p la n e  through i t s  
v e r te x  and th rough  t h a t  d iam ete r  of th e  c i r c l e  a t  i t s  base 
which makes t h i s  p la n e  p e rp e n d ic u la r  to  th e  b ase .  The plane 
w i l l  c o n ta in  th e  a x i s  of th e  cone, ( th e  l i n e  from  the  v e r te x  
th rough  th e  c e n te r  of th e  c i r c l e  a t  t h e  b ase )  and w i l l  d e te r ­
mine, w ith  t h e  cone and  t h e  c i r c l e  a t  th e  b a s e ,  a t r i a n ' ^ e  
whose base i s  th e  d iam ete r  o f  th e  c i r c l e  and whose two s id e s  
a re  th e  l i n e s  from th e  e n d -p o in ts  o f t h i s  d iam eter  to t h e  
v e r te x  o f  the cone. This i s  c a l l e d  t h e  " t r i a n g l e  through the  
a x i s " .  A pollon ius supposes th e  c u t t in g  p la n e  always perpen­
d i c u l a r  to  t h e  p la n e  o f  t h i s  t r i a n g l e .
In  th e  f i g u r e ,  YQ i s  th e  a x i s  
and A Y A3 i s  th e  t r i a n g l e  
th rough  th e  a x i s .  The plane 
EFQ- i s  p e rp e n d ic u la r  to  p la n e  YAB.
- ' G 
P i t  I
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The p o in ta  A^and s ' i n  which th e  c u t t in g  p la n e  meets 
th e  two s id e s  of t h i s  t r i a n g l e  a r e  th e  v e r t i c e s  o f  th e  curve 
determ ined  "by th e  cone and t h i s  p la n e ,  and th e  l i n e  which 
jo in s  these  two p o in ts  i s  a d ia m e te r .  A pollon ius  c a l l s  t h i s
d ia m e te r  t h e  l a t u s  t ran av ersu m .
I f  through e i t h e r  o f th e  two v e r t i c e s  of th e  cu rv e , we 
e r e c t  a p e rp e n d ic u la r  to  t h e  p lane of th e  t r i a n g l e  th ro u g h  
th e  a x i s ,  and g ive  i t  a c e r t a i n  le n g th ,  to  he de term ined  as 
we s h a l l  say l a t e r ,  and i f  from  th e  e x tre m ity  D of t h i s  p e r ­
p e n d ic u la r  we draw a l i n e  DB to  the o th e r  v e r t e x  of t h e  cu rve , 
and i f  f u r t h e r  we e r e c t  an o rd in a te  p e rp e n d ic u la r ly  from some 
p o in t  0 o f  th e  d iam eter  o f  t h e  cu rv e ,  t h e  squa re  o f  t h i s  
o rd in a te  taken  between th e  d iam ete r  and the  curve w i l l  equal 
th e  r e c t a n g le  0 2 -OA c o n s t ru c te d  on the  p a r t  of th e  o rd in a te  
between th e  d ia m e te r  and the l i n e  and on t h e  p a r t  o f  th e  diam­
e t e r  between th e  f i r s t  v e r te x  and  th e  fo o t  of the  r o d in a te ,  
f o r  any p o in t  £ ,  p rov ided  A D i s  tak en  such t h a t  t h i s  r e l a ­
t i o n  ho lds  f o r  any one p o in t  0.
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In th e  hands o f  A p o llo n iu s  t h i s  r e l a t io n  p la y s  much th e  
game p a r t  a s  the e q u a tio n  o f  th e  s e o o n i  d egree  in  a n a ly t ic  
geom etry .
I t  i s  se e n  from  t h i s  th a t  th e  d ia m e ter  o f  th e  cu rve and 
th e  p e r p e n d ic u la r  t o  one o f  i t s  e z t r e m it ie s  s u f f i c e s  t o  oon^- 
s tr u o t  th e  c u r v e . The p e r p e n d ic u la r  i n  q u e s t io n  was c a l l e d  
l a t u s  erectum j b u t i s  now c a l l e d  l at u s ^ e otu m or  p aram eter .
Working w ith  t h i s  r e l a t i o n  A p o llo n iu s  fou n d  a l l  o f  th e  
best-k now n p r o p e r t ie s  o f  c o n i c s .  T hese w e r e ^ p r in o ip a lly , th e  
c o n sta n t r a t i o  o f  t h e  p r o d u c ts  o f  th e  segm en ts made by a c o n ic  
on two t r a n s v e r s a ls  p a r a l l e l  t o  two f ix e d  a x e s  and drawn 
th rou gh  any p o in t ,  t h e  p r in c ip a l  p r o p e r t ie s  o f  th e  f o c i  o f  
th e  e l l i p s e  and h y p er b o la , w h ich  he c a l l s  " p o in ts  o f  a p p lic a ­
t io n " , and th e  id e a  o f  c o n ju g a te  d ia m e te r s . The c o n c e p tio n  o f  
asym p totes l ik e w is e  o r ig in a te d  w it h  A p o llo n iu s .
The f o l lo w in g  theorem  i s  p a r t i c u la r ly  i n t e r e s t i n g  from  
our v ie w -p o in t :
F ig .  3
" I f  from  th e  p o in t  o f  i n t e r s e c t i o n  o f  tw o ta n g e n ts  to  a 
c o n ic  s e c t io n  one draws a t r a n s v e r s a l  m ee tin g  th e  cu rve  in  
two p o i n t y  and th e  chord  j o in in g  th e  p o in t s  o f  c o n ta c t
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o f  th e  two ta n g e n ts  In  a t h ir d  p o in t ,  t h i s  th ir d  p o in t  and 
th e  p o in t  o f  in t e r s e c t i o n  o f  th e  two ta n g e n ts  w i l l  be harmon­
i c  c o n ju g a te s  w ith  r e s p e c t  to  th e  f i r s t  tw o ."
(A p o llo n iu s  d id  n o t u se  th e  word "harmonic" but gave th e  
r a t i o ,  w hich in  th e  c a se  o f  th e  above f i g u r e ,  i s
A lth ou gh  A p o llo n iu s  was one o f  th e  most o r ig in a l  and 
p r o l i f i c  o f  a l l  th e  a n c ie n t  g e o m e te r s , i t  seem s th a t  a l l  o f  
h i s  work th a t  h as any d ir e c t  i n t e r e s t  t o  u s  h ere  i s  t h a t  
w h ich  has been  o u t l in e d  a b o v e .
The p e r io d  a f t e r  A rchim edes and A p o llo n iu s , whose works 
marked th e  most b r i l l i a n t  epoch o f  a n c ie n t  g eom etry , was one 
o f  g r e a t  p r o g r e ss  in  astronom y, and m ath em atic ian s were p r in ­
c i p a l l y  concerned  w ith  th e  problem s i t  p r e s e n te d , w4*h th e  
r e s u l t ^ t h a t  p la n e  and s p h e r ic a l  tr ig o n o m e tr y  w ere d is c o v e r e d  
and d e v e lo p e d . R e s u lt s  o f  im portance in  geom etry were o n ly  
o c c a s io n a l  and i s o l a t e d .
P to lem y , an astronom er and m ath em atic ian  o f  about 125  
A. P . ,  d is c o v e r e d  two theorem s o f  i n t e r e s t  t o  u s in  t h i s  con­
n e c t io n .  They w ere: #
"The p rod u ct o f  th e  two d ia g o n a ls  o f  a q u a d r i la t e r a l  in ­
s c r ib e d  in  a c i r c l e  e q u a ls  th e  sum o f  th e  p ro d u cts  o f  th e  op­
p o s i t e  s id e s ."
"A t r a n s v e r s a l  drawn in  th e  p la n e  o f  a t r i a n g l e  c u ts  s i x  
segm en ts on i t s  t h r e e  a id e s  su ch  th a t  th e  p rodu ct o f  th r e e  o f  
t h e s e  segm en ts h a v in g  no common e x tr e m it ie s  eq u a ls  th e  p rod u ct
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F ' l t
That I s ,  AL*BM*C]? =
T h is l a t t e r  theorem  form ed th e  b a s i s  f o r  P to le m y 's  
tr ig o n o m e tr y . (P to lem y , a f t e r  H ip parohns, whose work has  
been  l o s t ,  was th e  g r e a t  o r ig in a t o r  o f  tr ig o n o m e tr y .)
Here t h e  p e r io d  o f  Greek geom etry  ended, t o  have a 
sh o r t  r e v iv a l  n e a r ly  th r e e  hundred y e a r s  l a t e r  in  th e  f i g u r e  
o f  P appus, b e fo r e  i t  became c o m p le te ly  a th in g  o f  th e  p a s t .
Pappus o f  A le x a n d r ia , tow ards th e  l a s t  p a r t o f  t h e  t h ir d  
cen tu ry  A. D . , g a th e r e d  t o g e th e r  i n  h i s  "M athem atical C o lle c ­
t io n s "  v a r io u s  i s o l a t e d  d i s c o v e r ie s  o f  th e  g r e a t e s t  mathe­
m a tic ia n s  and s t a t e d  a m u lt itu d e  o f  c u r io u s  p r o p o s i t io n s  and 
lemmas d e s ig n e d  to  f a c i l i t a t e  th e  r e a d in g  o f  t h e i r  w ork s.
These c o l l e c t i o n s  c o n ta in e d  many o f  th e  p r o p o s i t io n s  o f  Pappus 
h im s e l f ,  whom D e sc a r te s  c o n s id e r e d  one o f  th e  most e x c e l l e n t  
g eo m eters o f  a n t iq u i t y .  I t  i s  th rou gh  h i s  w r i t in g s  th a t  we 
have o b ta in e d  much o f  our know ledge o f  th e  works o f  th e  
Greek m a th e m a tic ia n s .
Of t h e s e  o r ig in a l  theorem s th e r e  are  th r e e  th a t  a r e  o f  
i n t e r e s t  to  u s ,  two of them in  p a r t i c u la r .  P r o p o s it io n  1S9 i s i
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”Wh«tt fo ttr  l i n e s  are drawn from  
a s in g le  p o in t  th e y  form  on a tr a n s ­
v e r s a l  drawn a r b i t r a r i l y  in  t h e i r  
p la n e  fo u r  segm ents w h ich  have among 
them  a c e r ta in  c o n sta n t  r a t i o ,  what­
e v e r  th e  t r a n s v e r s a l ."
Thnm, i f  A, B, C, B a r e  th e  
p o in t s ,  and AC, j ü ) ,  BC, BD th e  seg ­
m en ts,
I ' / /
AC BC A G  B C 
jjy ‘ ^  " '£ ' W  * e t c . ,  w h a tev er  th e  t r a n s v e r s a l ,
P r o p o s i t io n  131 i s
"In e v er y  q u a d r i la t e r a l ,  a d ia g o n a l i s  c u t h a r m o n ic a lly  
by th e  second  d ia g o n a l  and th e  l i n e  w h ich  j o in s  t h e  p o in t  o f  
i n t e r s e c t i o n  o f  o p p o s ite  s i d e s ."  ,
A
H6F<i -  G
Though t h i s  i s  n o t  i d e n t i c a l  in  form  to  th e  theorem  
t h a t  on a l i n e  th ro u g h  th e  tw o p o in t s  o f  i n t e r s e c t i o n  o f  op­
p o s i t e  s id e s  o f  a q u a d r i la t e r a l  th e  p o in t s  form ed by th e  two 
d ia g o n a ls  divide t h e s e  two f i r s t  p o in t s  h a r m o n ic a lly , i t  i s ,  
how ever, i t s  e x a c t  e q u iv a le n t ,  a s  w i l l  be s e e n  i f  we oon^
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s ld e r  ABCD in  f ig u r a  6 to  be th e  « q u a d r ila tera l in  th e  f i r s t  
e a s e .  Pappus* theorem  th en  sa y s  th a t  A a r e  harm onic
p o in t s .  I f ,  in  th e  o th e r  th eorem , w h ich  i s  th e  b a s i s  o f  th e  
modern d e f i n i t i o n  o f  th e  harm onic s e t  o f  p o in t s ,  th e  qu ad ri­
l a t e r a l  i s  taken  t o  be AÇBP, th en  th e  second  theorem  a l s o ,  
u s in g  th e  same l i n e s ,  sa y s  th a t  A E C^F a r e  harm onic p o i n t s .
1 3 9 th  i s ;
"When a hexagon has i t s  s i x  v e r t i c e s  p la c e d , th r e e  by  
t h r e e ,  on two s t r a i g h t  l i n e s ,  th e  t h r e e  p o in ts  o f  i n t e r s e c ­
t io n  o f  i t s  o p p o s ite  s id e s  a r e  in  a  s t r a i g h t  l i n e . "
F '& 7
T h is i s  known a s  th e  theorem  o f  P appus. I t  i s ,  a s  w i l l  
be se e n  l a t e r ,  a s p e c ia l  c a s e  o f  P a s c a l ' s  thaorem .
I t  i s  in t e r e s t in g  to  know t h a t  Pappus, in  co m p le tin g  th e  
work o f  A p o llo n iu s , fou n d  th e  f o c u s  o f  t h e  p a ra b o la  ( i t  w i l l  be 
rem anbered th a t  A p o llo n iu s  fou n d  th o s e  o f  t h e  e l l i p s e  and hy­
p e r b o la  o n ly )  and d is c o v e r e d  th e  p r o p e r ty  o f  a c o n ic  h a v in g  a 
d i r e c t r i x .
These are th e  p r in c ip a l  c o n tr ib u t io n s  w h ich  Pappus made 
to  th e  e v o lu t io n  o f  th e  s u b je c t  o f  p r o j e c t iv e  geom etry , and in  
tu r n in g  from  t h i s  l a s t  f ig u r e  in  th e  ranks o f  th e  Greek math­
e m a tic ia n s  we le a v e  th e  f i r s t  g r e a t  s ta g e  in  th e  h is t o r y  o f  
m athem atics — th e  Greek geom etry .
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r u in  o f  th e  m a g n if io e n t  l i b r a r i e s  o f  A le x a n d r ia ,  
due to  n e g le c t  and t o  d e p r e d a tio n s  from  many q u a r te r s , th e  
p r o g r e s s  o f  geom etry  came to  a s t a n d s t i l l *  For n e a r ly  te n  
c e n t u r ie s ,  w h ile  Europe was in  th e  ig n o r a n t d ark n ess o f  th e  
M iddle A ges, th e  Arabs w ere th e  c u s to d ia n s  o f  t h e  a n c ie n t  
Greek m a th em a tics . A lthough  th e y  d id  p r a c t i c a l l y  n o th in g  to  
e x te n d  o r  t o  im prove upon geom etry  a s  th e  G reeks had l e f t  i t ,  
th e y  a t  l e a s t  saved  i t  from  o b l iv io n  by t h e i r  c o p ie s  and 
t r a n s la t io n s  o f  th e  more in ^ o r ta n t works*
The f i r s t  s ig n  o f  an aw akening i n t e r e s t  in  geom etry  was 
th e  p u b l ic a t io n  in  1482 o f  R a t d o lt ' s  e d i t io n  o f  E u c l id 's  
E lem ents,. From t h i s  tim e  on geom etry  was ta k en  over  by th e  
E uropeans, a lth o u g h  n o t a g r e a t  d e a l  was done a t  f i r s t *  In  
th e  tim e b etw een  1480 and 1600  th e r e  w ere s e v e r a l  European 
g e o m e tr ic ia n s , th e  more n o ta b le  on es b e in g  T ern er , P a c iu o lo ,  
M essin a , leo n a rd o  da V in c i ,  Oordano, A lb r e ch t Durer^ and  
K ep ler*
K ep le r  was im p ortan t in  geom etry  b e c a u se  he o r ig in a te d  
th e  c o n c e p tio n  o f  i n f i n i t y .  He s t a t e d  th a t  one fo c u s  o f  a 
p a ra b o la  i s  a t  I n f i n i t y .  T h is c o n tr ib u t io n  opened a v a s t  
new f i e l d  o f  s p e c u la t io n #  in  geom etry*
G irard D e sa r g u e s , born a t  ly o n  in  1 5 9 3 , was the f i r s t  
g r e a t  g e o m e tr ic ia n  o f  t h i s  r e n a is s a n c e  o f  m ath em atics, w h ich  
fo l lo w e d  somewhat b eh in d  th e  g r e a t  R en a issa n ce  o f  a r t  and
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l e t t e r s .  S i s  work, thoiigh. f a r  from  volxualnous, was e x tr a o r ­
d in a r i ly  rioh . in  new c o n c e p tio n s  and new th eo rem s.
D esargn es o o n o e ire d  a s t r a ig h t  l in e  as ex ten d ed  to  i n f i n ­
i t y  and tkn s i t s  " o p p o s ite  ends" n n it e d .  He c o n s id e r e d  two 
p a r a l l e l  l i n e s  a s two s t r a ig h t  l i n e s  i n t e r s e c t i n g  a t  i n ­
f i n i t y ,  and, c o n v e r s e ly , i f  two sn eh  s t r a ig h t  l i n e s  i n t e r s e c ­
t e d  a t  i n f i n i t y ,  he c o n s id e r e d  them  p a r a l l e l .  He showed th a t  
a l i n e  and a c i r c l e  were two o a s e s  o f  th e  same k in d  o f  c u r v e , 
and th a t  t h e i r  c o n s tr u c t io n  c o u ld  be s t a t e d  in  th e  same w ord s.
D esargues was th e  f i r s t  to  make e x p l i c i t  s ta te m e n ts  
about p o in t s  and l i n e s  a t  i n f i n i t y ,  among o th e r  th in g s  to  con­
s id e r  a sym p to tes a s ta n g e n ts  th rou gh  th e  p o in t s  a t  i n f i n i t y  
on th e  cu rves in  q u es tio n *
D esargues* m ajor work was a  s h o r t  t r e a t i s e  on c o n ic s ,  in  
w h ich  th e  fo l lo w in g  was th e  c e n tr a l  th eorem :
"Given a c o n ic  and a q u a d r i la t e r a l  in s c r ib e d  i n  i t ,  and a 
t r a n s v e r s a l  drawn in  th e  p la n e  o f  th e  c u r v e . The p rodu ct o f  
th e  segm ents on th e  t r a n s v e r s a l  b etw een  a p o in t  on th e  c o n ic  
and >fee two o p p o s ite  s i d e s  o f  th e  q u a d r i la t e r a l  i s  to  th e  
product o f  th e  segm ents b etw een  th e  o th e r  p o in t  o f  th e  c o n ic  
and th e  two o th e r  o p p o s ite  s i d e s  o f  th e  q u a d r i la t e r a l ,  in  a 
r a t i o  w h ich  i s  e q u a l to  th a t  o f th e  s im i la r  p r o d u cts  w ith  t h e  
secon d  p o in t  o f  th e  curve lo c a t e d  on th e  t r a n s v e r s a l ."
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F' ê  s
That i s ,  i n  F ig .  8 ,
_  Hl'HBwm scnffi*
The r e l a t i o n  o f  th e s e  s i z  p o in t s  on th e  t r a n s v e r s a l  D gs-  
a rg n es c a lle d , an in v o lu t io n  o f s i z  p o in t s .  H is o r ig in a l  d é f­
i n i t i o n  o f  in v o lu t io n  w h ich  he showed to  he e q u iv a le n t  to  th e  
above r e l a t io n  w as:
I f  on a s t r a ig h t  l i n e  a  p o in t  A i s  ta k e n  a r b i t r a r i l y ,  
and. i f  s i z  p o in t s  B, G, _H, F a re  ta k en  on th e  l i n e  so
th a t  AB*AH = AC'AG « AD'AF, th en  t h e s e  s i x  p o in ts  c o n s t i t u t e  
an in v o lu t io n  o f  w h ich  B and_H, 0̂  and. G, and D and F are p a ir s  
o f  p o in t s .
The fo l lo w in g  v e r y  im portant p r o p o s i t io n s  on p o le s  and 
p o la r s  were f o r  a lo n g  tim e a t t r ib u t e d  to  Be l a  H ir e , b u t a re  
now known t o  have o r ig in a t e d  w ith  B e sa r g u e s .
(1 )  "*If abou t a f i x e d  p o in t  one tu r n s  a t r a n s v e r s a l  w hich  
m eets a c o n ic  in  two p o in t s ,  th e  ta n g e n ts  a t  t h e s e  p o in t s  w i l l  
a lw ays meet on  a f i x e d  l i n e , ” and r e c ip r o c a l l y ,
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" I f  from  each  p o in t  o f  a g iv e n  l i n e  one draws two ta n ­
g e n ts  to  a o o n io , th e  l i n e  w h ich  j o in s  th e  two p o in t s  o f  
c o n ta c t  w i l l  p a s s  th rou gh  a f i x e d  p o in t ."
(2 )  " I f  th rou gh  a f i x e d  p o in t  one draws s e v e r a l  t r a n s ­
v e r s a ls  w h ich  meet a o o n io  in  two p o in t s  e a ch , th e  l i n e s  w h ich  
j o in  th e  p o in t s  i n  w h ich  each  o f  two o f  th e  t r a n s v e r s a ls  c u t  
th e  o o n io  meet on th e  p o la r  o f  th e  f i x e d  p o in t ."
(3 )  "The p o in t  where e a ch  t r a n s v e r s a l  m eets th e  p o la r  o f  
th e  f ix e d  p o in t  la  th e  harm onic c o n ju g a te  o f  t h i s  f i x e d  p o in t  
w ith  r e s p e c t  to  t h e  two p o in t s  w here th e  t r a n s v e r s a l  m eets 
th e  c u r v e ."
T h is l a s t ;  a s  may b e  rem em bered, was known to  A p o llo n iu s .
P rob ab ly  D esargues» g r e a t e s t  s in g le  ach ievem en t was re­
g a rd in g  a c o n ic  s e c t i o n  a s  the curve d eterm in ed  by c u t t in g  
any cone w ith  any c o n ic  f o r  b a se  by any p la n e , th u s  d e f i n i t e l y  
doin g  away w ith  th e  t r i a n g le  th ro n g h  th e  a x i s  and in c lu d in g  
th e  p o in t ,  th e  l i n e ,  and th e  sy stem  o f  two o o p o in ta l  l i n e s  
u n der th e  g e n e r a l  c a te g o r y  o f  c o n ic  s e c t i o n s .
Easing shown th a t  any c o n ic  s e c t i o n  i s  th e  p r o je c t io n  o f  
a c i r c l e ,  ard n o t ic in g  th a t  th e  in v o lu t io n  o f  s i x  p o in ts  i s  a  
p r o j e c t iv e  r e l a t i o n ,  he proved  h i s  fam ous theorem  { s t a t e d  a -  
b o v e) by p ro v in g  i t  f o r  th e  c a se  o f  th e  c i r c l e  by means o f  
o r d in a r y  E u c lid ia n  m ethods and th e n  e x te n d in g  th e  theorem  t o  
a l l  c o n ic  s e c t i o n s ,  by p r o j e c t io n  and s e c t i o n .
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In  oonclxid.ing otir d i s c u s s io n  o f  D esargu es we w i l l  s t a t e  
th e  fam ous theorem  w hich b e a r s  h i s  name. I t  n e v e r  appeared  
in  any o f  h is  own w o rk s, b u t was comm unicated by him t o  h i s  
f r ie n d  B o ss e , who p u b lish e d  i t  i n  h i s  work on p e r s p e c t iv e .
" I f  two t r i a n g l e s  in  sp a ce  or in  th e  same p la n e  have t h e i r  
v e r t i c e s  p la c e d  two by two on t h r e e  s t r a ig h t  l i n e s  i n t e r s e c t in g  
in  th e  same p o in t ,  t h e i r  s id e s  w i l l  m eet two by two in  t h r e e  
p o in t s  on a s t r a ig h t  l i n e ,  and r e c ip r o c a l ly ."
B la is e  P a s c a l ,  n e x t t o  D e s c a r te s ,  was th e  most in f lu e n ­
t i a l  f ig u r e  o f  h i s  tim e i n  m ath em atica l th o u g h t , a lth o u g h  h is  
work in  geom etry  was n o t  v e r y  s i g n i f i c a n t  from  our v ie w -p o in t ,  
ex cep t th a t  i t  was b a sed  on D esargu es p roced u re  o f  r e g a r d in g  
any c o n ic  as th e  p r o j e c t io n  o f  a c i r c l e  or o f  any o th er  c o n ic .
P a s c a l ' s  one r e a l  c o n tr ib u t io n  was th e  theorem  w h ich  he 
c a l l e d  th e  "hexagrammum m ystioum ", an d ^ is now known a s P a s c a l ' s  
th eo rem . In  i t s  o r ig i n a l  form  i t  r e a d ;
"Every ohord—hexagon in  a c i r c l e  has th e  p r o p e r ty  th a t  
th e  th r e e  i n t e r s e e t i o n - p o i n t s  o f  each two o p p o s ite  s id e s  l i e  






Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
17
T h is he im m ed ia te ly  ex ten d ed  t o  any c o n ic ,  u se  o f  
D esargues* p r o o f  th a t  a l l  o o n io s  a r e  p r o j e c t io n s  o f  a c ir c le *  
W ith t h i s  p r o p e r ty  o f  c o n ie s  a s a  b a s i s ,  P a s c a l  w rote  a 
t r e a t i s e  on oonio s e c t i o n s ,  in  w h ich  fo u r  hundred c o r o l la r i e s  
to  th e  above theorem  were p r o v e d . T h is t r e a t i s e ,  w h ich , u n ­
f o r t u n a t e ly ,  was e n t i r e l y  l o s t ,  was w r i t t e n  in  1 6 4 0 , when th e  
au th or  was s i x t e e n  y e a r s  o f  a g e .
P a s c a l  seem s to  have no o th e r  im portance fo r  us ex cep t  
as he encouraged  h i s  c o n tem p o ra r ie s , p a r t i c u la r ly  D esa rg u es , 
from  whom he le a r n e d  a g r e a t  d e a l  o f  w hat he knew about geom­
etry*
D e s c a r te s ,  a contem porary o f  D esargu es and P a s c a l ,  b y
h i s  c o n c e p tio n  o f  th e  a p p l ic a t io n  o f  a lg e b r a  to  th e  th e o r y  o f
cu rv es  c r e a te d  a t  once an e n t i r e l y  new g eo m etry , and p ro v id ed
ne ans f o r  overcom ing o b s t a c le s  w h ich  had h i t h e r t o  b a f f l e d  th e
g r e a t e s t  g e o m e tr ic ia n s*  The d i s t in g u is h in g  c h a r a c t e r i s t i c s
d o y c  T.‘'ie 4
o f  a n a l y t i c a l  geom etry are to o  w e l l  known to  be djfi-muewe d  here,
The im portance o f  D e sc a r te s  in  regard  t o  "pure geom etry"  
was in d ir e c t  but g r e a t ,  in  th a t  he c r e a te d  a c o m p le te ly  new 
branch o f  m athem atics whose a d v a n ta g es and n o v e l t i e s  a t tr a c te d  
th e  a t t e n t io n  o f  m ath em atic ian s to  th e  e x c lu s io n  o f  th e  o ld e r  
g eo m etry . T h is phenomenon was o b serv ed  b e fo r e ,  when in  th e  
f i r s t  and secon d  c e n tu r ie s  A* D. astronom y and tr ig o n o m etry  
su p ersed ed  geom etry  in  th e  i n t e r e s t  o f  th e  Greek m athem ati­
c ia n s .
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H owerer, th e r e  were a few  m ath em atic ian s who co n tin u ed  
t o  work w ith  th e  c l a s s i c a l  geom etry , and i t  was u s u a l ly  th e  
g r e a t e s t  in n o v a to r s  in  m athem atics who were th e  g r e a t e s t  
m a sters o f  th e  Greek geom etry»
Jan de W itt (1625—1672)^ a lth o u g h  no v e r y  famous mathe­
m a t ic ia n , s t a t e d  one theorem  w h ich  i s  v e r y  in t e r e s t in g  t o  u s .  
I t  i s  g e n e r a l iz a t io n  o f  a th eorem  o f  C a v a l ie r i:
“G iven an a n g le ,  draw t r a n s v e r s a ls  p a r a l l e l  among them­
s e l v e s ;  from  t h e  p o in t s  where ea ch  t r a n s v e r s a l  o u ts  th e  
s id e s  o f  th e  a n g le ,  draw two l i n e s  th rou gh  two f ix e d  p o in t s ,  
r e s p e c t i v e l y .  T h ese two l i n e s  w i l l  i n t e r s e c t  in  a p o in t  
w hich  w i l l  have f o r  g e o m e tr ic  lo c u s  a c o n ic  p a s s in g  th ron gh  
th e  f i x e d  p o in t s ."
T h is i s  a s p e c ia l  c a se  o f  th e  c o n s t r u c t io n  o f  a c o n ic  
by two p r o j e c t iv e  p e n c i l s ,  w h ich  i s  fu n d am en ta l in  r e c e n t  
p r o j e c t iv e  g eo m etry .
De l a  H ir e , a lth o u g h  he d id  n o t ,  a s  h as b een  su p p osed , 
d is c o v e r  th e  th eorem s on p o le s  and p o la r s  w hich w ere above  
a t t r ib u t e d  t o  D esa rg u es , w as, a c c o r d in g  to  s e v e r a l  a u th o r i­
t i e s ,  th e  f i r s t  t o  s o lv e  th e  problem ; "Given th r e e  p o in t s  o f  
a harm onic s e t ;  t o  c o n s tr u c t  th e  fo u r th  by means o f  th e  
r u le r  a lo n e .
Pappus c e r t a in ly  had th e  means t o  s o lv e  t h i s  problem  
w ith  e a s e , had i t  e v e r  come to h i s  a t t e n t io n ,  so  t h i s  d l s -  
co v ery  o f  De l a  H ire may have b e e n  v ery  c le v e r ,  b u t a i t  may
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hare b een  a veiry s im p le  u se  o f  th e  p r o p o s i t io n  w hieh Pappus 
had a lr e a d y  s t a t e d .
]Jewton, i n  h i s  "Enum eration o f  l i n e s  o f  th e  t h ir d  order"  
(1700) s t a t e d  th e  f o l lo w in g  two p r o p o s i t io n s ,  w hich he pre­
se n te d  a s e x te n s io n s  o f  th e  p r in c ip a l  p r o p e r t ie s  o f  c o n i c s .
"G iven, i n  th e  p la n e  o f  a g e o m e tr ic  c u r v e , t r a n s v e r s a ls  
p a r a l l e l  among th e m se lv e s , and ta k in g  on ea ch  t h e  c e n te r  o f  
mean d is ta n c e s  o f  a l l  th e  p o in t s  i n  w h ich  i t  m eets th e  c u r v e , 
a l l  t h e s e  c e n te r s  l i e  on a s t r a ig h t  l i n e  w h ich  w i l l  be th e  
d ia m eter  o f  th e  curve c o n ju g a te  to  t h e  d i r e c t io n  o f  th e  
t r a n s v e r s a l s ."
" I f  through  some p o in t  ta k en  i n  th e  p la n e  o f  a  g e o m e tr ic  
curve one draws two t r a n s v e r s a ls  p a r a l l e l  t o  two f i x e d  a x e s ,  
th e  p rodu ct o f  th e  segm ents on t h e s e  two l i n e s  betw een  th e  
p o in t  through  w hich th e y  a r e  drawn and th e  cu rv e , are in  a 
c o n sta n t r a t i o ,  w h atever  th e  p o in t  ta k e n ."
Eewton means b y  " geom etr ic  curve" an a lg e b r a ic  cu rve o f  
any o r d e r .
S im ila r  t o  th e s e  th eo rem s, and a t  l e a s t  a s  in p o r ta n t ,  
a re  th e  two f o l lo w in g  due t o  M aclau rin , somewhat n ew to n 's  
ju n io r .
( l )  " I f ,  about a f i x e d  p o in t ,  one tu r n s  a t r a n s v e r s a l  
w h ich  m eets a g e o m e tr ic  curve in  a s  many p o in t s  A, B, . . .  a s  
i t  h as d im e n sio n s , and i f  one ta k e s  on t h i s  t r a n s v e r s a l ,  in
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eaola o f  i t s  p o s i t i o n s ,  a p o in t  M so  th a t  th e  r e c ip r o c a l  o f  
i t s  d is ta n c e  t o  th e  f ix e d  p o in t  i s  th e  a r ith m e t ic  mean be­
tw een  th e  r e c ip r o c a ls  o f  th e  d i s t a n c e s  o f  A, B  to
t h i s  f ix e d  p o in t ,  t h e  p o in t  g  w i l l  have a s t r a ig h t  l i n e  f o r  
g e o m e tr ic  l o c o s . ”
(T h is  f i r s t  theorem  was s u g g e s te d  t o  M aclau rin  by h i s  
f r ie n d  C o te s .)
(2 )  ”I e t  a t r a n s v e r s a l  be drawn th ro u g h  a f i x e d  p o in t  
in  th e  p la n e  o f  th e  g eo m e tr ic  c u r v e , m ee tin g  th e  curve in  
a s many p o in ts  a s  i t  h as d im e n sio n s; l e t  ta n g e n ts  be drawn 
t o  th e  curve through  t h e s e  p o in t s ;  and draw, th ro u g h  th e  
f i x e d  p o in t , a second  l i n e  o f  a r b it r a r y  d i r e c t io n ,  but w h ich  
w i l l  rem ain f ix e d ;  th e  segm en ts on t h i s  l i n e ,  betw een  th e  
f i x e d  p o in t  and a l l  th e  ta n g e n ts  to  th e  c u r v e , w i l l  have th e  
sum o f  t h e i r  r e c ip r o c a ls  c o n s ta n t ,  w h atever  th e  f i r s t  tr a n s ­
v e r s a l  drawn th rou gh  the f i x e d  p o in t ;  t h i s  sum w i l l  be eq u a l 
t o  th a t  o f  th e  r e c ip r o c a ls  o f  th e  segm en ts on th e  same f ix e d  
l i n e ,  b etw een  th e  same p o in t  and th o s e  in  w h ich  th e  l i n e  in ­
t e r s e c t s  th e  c u r v e ."
In  t h e s e  two th eorem s th e  "d im ensions"  o f  a curve ne an 
i t s  d e g r e e . Thus a cu rve o f  two d im en sio n s i s  one o f  th e  
secon d  d e g r e e .
These theorem s r e p r e s e n t  c o n s id e r a b le  th a t  i s  new and 
th a t  i s  o f  im portance and i n t e r e s t .  In  th e  f i r s t  p la c e ,  th e y  
are  th e  b a s i s  f o r  an im m ediate e x te n s io n  o f  th e  th e o r y  o f
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p o le a  and p o la r s  to  cxurves o f  any d e g r e e . In  th e  second  
p la c e ,  th e y  in v o lT e  th e  id e a  o f  a c o n tin u o u s  harm onic s c a l e ,  
and the c e n te r  o f  mean harm onics w ith  r e s p e c t  t o  such  a s c a l e .  
In  th e  t h ir d  p la c e ,  th e y  in v o lr e  a new m e tr ic  s ta te m e n t o f  
th e  harm onic r e l a t i o n ,  p e c u l ia r ly  adap ted  f o r  th e  th e o r y  o f  
c e n te r s  o f  mean h arm on ics.
In  t h e s e  l a s t  fo n r  theorem s t h e  te n d e n c y  toward g en er­
a l i z a t i o n  in  geom etry becom es q u it e  n o t i c e a b le .  T h is ten ­
dency sh ou ld  be k ep t i n  mind i n  coB ^ arin g  th e  theorem s and 
methods o f  d i f f e r e n t  e p o c h s . I t  h as b een  th e  u n v a iy in g  d i­
r e c t io n  o f  p r o g r e s s  i n  geom etry th a t  w h a tev er  th e  ch anges  
in  method o r  su b je c t-m a tter ^  th e  u n d e r ly iz g  change has b e e n  
away from  th e  s o l u t i o n  o f  p a r t ic u la r  problem s tow ard g r e a te r  
and g r e a te r  g e n e r a l i t y .
B e fo re  d is c u s s in g  th e  n e x t m ajor develop m en t in  geom­
e tr y ,  w h ich  to o k  p la c e  tow ard th e  end o f  th e  e ig h te e n th  cen­
tu r y , nam ely t h e  d e s c r ip t iv e  geom etry  o f  Monge, l e t  u s  
p ause to  t r a c e  th e  r e a l l y  r a th e r  g r a d u a l e v o lu t io n  o f  t h i s  
branch o f  m athem atics th a t  seemed to  sp r in g  in t o  b e in g  so  
su d d e n ly .
D e s c r ip t iv e  geom etry seem s t o  have owed i t s  f i r s t  de­
velop m en t to  a r c h i t e c t u r e .  V it r u v iu s ,  th e  fam ous a r c h i t e c t  
and b u ild e r  o f  th e  tim e  o f  J u l iu s  C aesar and A u gustus, sp ea k s  
in  th e  f i r s t  book o f  h i s  " A r c h lte c tu r a " , o f  th e  " ich o n o -  
grap h ia"  and " orth o g ra p h ia " , th a t  i s ,  th e  "ground plan" and
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th #  " e le v a t io n "  o f  a b n l lâ ln g ,  a s  a id s  t o  th e  d e s c r ip t io n  
o f  i t .  These m ethods had q u ite  p o s s ib ly  o r ig in a t e d  w ith  
th e  G reek s, but i t  was he who made them  w ell-k n ow n  and 
w id e ly  u s e d . However, a lth o u g h  t h i s  p r o to ty p e  o f  a v ery  
w ell-k n ow n  method o f  d e s c r ip t iv e  geom etry  gave a v e r y  e a sy  
and c o n v e n ie n t  way o f  r e p r e s e n t in g  th r e e -d im e n s io n a l  f i g ­
u r e s ,  i t  d id  n o t  p o in t  o u t th e  way to  a p p ly  th e  o rd in a ry  
m ethods o f  geom etry  to  th e  p rob lem . Those who s tr o v e  w ith  
t h i s  d i f f i c u l t y  w ere n o ta b ly  D esargu es ( a s id e  from  b e in g  a 
g r e a t  m ath em atic ian  he was a w e ll-k n o w n  a r c h i t e c t  and c i v i l  
e n g in e e r ) .  B o s s e , th e  e n g r a v e r , who p u b lish e d  a work on p er ­
s p e c t i v e ,  P a te r  Derand, and M i l l i e t —D e c h a le s . Hone o f  th e s e  
w ere v ery  s u c c e s s f u l ,  b u t ea ch  by h i s  i n t e r e s t  and c o n t r i ­
b u t io n s  k ep t th e  s u b je c t  b e fo r e  th e  minds o f  a t  l e a s t  a few  
m a th em a tic ia n s .
Andrée F r a n c o is  F r e z ie r ,  an e n g in e e r  in  th e  French  
army, was b orn  in  1 6 8 2 . I t  was he who f i n a l l y  a c h ie v e d  what 
D esargu es and B o sse  had been  u n a b le  to  do — t o  g iv e  " S te r -  
eotomy" a c o m p a r a tiv e ly  f ir m  r a t io n a l  fo u n d a t io n .
In  1737 he p u b lish e d  h i s  work " la  t h é o r ie  e t  l a  p r a t i -  
tu e  de l a  coupe d es p ie r r e s  e t  d es  b o i s , . . . ,  on T r a ité  de 
s té r é o to m ie  a l ’u sa g e  de l ’ a r c h it e c t u r e " .  The f i r s t  book  
c o n s i s t s  o f  two p a r t s .  The f i r s t  d e a ls  w ith  th e  p la n e  
s e c t io n s  o f  v a r io u s  b o d ie s  a s  th e  sp h e r e , con e , c y l in d e r ,
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arm tilar s u r fa c e , e t c .  The seco n d  p a r t  d e a ls  w ith  T a r io n s  
cu rv es and s u r fa c e s  o f  th e  fo u r th  d e g r e e . The secon d  p a r t  
o f  th e  secon d  book c o n s id e r s  cu rv es  form ed by t h e  in t e r s e c ­
t io n  o f  two curved  s u r f a c e s .  The f i r s t  p a r t  o f  th e  t h ir d  
book i s  g iv e n  t o  p r o j e c t io n .  I t  seem s th a t  F r e z ie r  was th e  
f i r s t  t o  u se  two p r o j e c t io n s  o f  a  f i g u r e .  T h is , in  regard  
t o  b o th  p r o j e c t iv e  and d e s c r ip t iv e  geom etry , was a v e ry  im­
p o r ta n t in n o v a t io n .
The g r e a t  fou n d er  o f  d e s c r ip t iv e  geom etry  was Gaspard 
Monge (1746—1 8 1 8 } . P erhaps th e  g r e a t e s t  s in g le  ach ievem en t  
o f  Monge was th e  a p p l ic a t io n  o f  a n a ly t ic  m ethods to th e  
r e p r e s e n ta t io n  o f  s u r f a c e s .  T h is ,  a s  w i l l  be s e e n , has an  
i n s e r t  ant b e a r in g  on h i s  d e s c r ip t iv e  gome t r y .
The c h a r a c t e r i s t i c  procedure in  th e  geom etry o f  Monge 
i s  to  p r o je c t  th e  th r e e -d im e n s io n a l f ig u r e  in  q u e s t io n  by 
means o f  p a r a l l e l  l i n e s  on to  a p la n e  p e r p e n d ic u la r  to  t h e s e  
l i n e s .  The same f ig u r e  i s  p r o je c te d  tw ic e  by t h i s  "orthog­
o n a l p r o je c t io n "  — f i r s t  o n to  one p la n e  and th en  onto an­
o th e r .
The f i r s t  volume o f  Monge»s g r e a t  work "G eom etrie d e s ­
criptive^"' (1 8 0 0 ) i s  d e v o ted  t o  an e x p la n a t io n  o f th e  method 
o f  d ou b le  o r th o g o n a l p r o j e c t io n  ( r e p r e s e n ta t io n  o f  th e e e  
d im e n sio n a l f i g u r e s  on a p la n e , and th e  d e r iv a t io n  o f  th e  
p r o p e r t ie s  o f  th e s e  f i g u r e s  from t h i s  r e p r e s e n t a t io n .)
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Here th e  au th or shows th e  u s e f u ln e s s  o f  ta k in g  th e  two pro­
j e c t  iou r-p lanes a t  r ig h t  a n g le s  to  each  o th e r ,  one h o r iz o n t a l
and th e  o th e r  v e r t i c a l ,  and th e n , l e a v in g  th e  f ig u r e s  on them
in v a r ia b le ,  tu r n in g  them about t h e i r  l in e  o f  i n t e r s e c t i o n  
u n t i l  th e y  c o in c id e .
The r e a l l y  n o v e l th in g  about t h i s  m ethod was n o t s o  much
th e  d e s c r ip t io n  o f  sp a ce  c u r v e s  but o f  s u r f a c e s .  In  v iew  o f
th e  f a c t  th a t  a curved  s u r fa c e  i s  d e v e lo p e d  by th e  m otion  o f  
a c u r v e , w hose form  i s  v a r ia b le  s u b je c t  t o  c e r t a i n  r e s t r i c ­
t i o n s ,  and whose m otion  i s  l ik e w is e  s u b je c t  to  c e r ta in  r e s t r i c ­
t i o n s ,  the p roced u re  i s  to  r e p r e se n t  a sy stem  o f  i t s  c u r v e s .
I t  i s  more c o n v e n ie n t to  d e s c r ib e  two su ch  sy s te m s , ch osen  so  
th a t  a curve o f  e a ch  system  g o es  through  each  p o in t  o f  th e  
s u r f a c e .  The c o n ic a l ,  c y lin d r ic a l^  and r o t a t io n a l  s u r fa c e s  
make in t e r e s t in g  exam ples o f  t h i s  method o f d e s c r ip t io n ;  th e  
same i s  tr u e  o f  th e  r u le d  s u r f a c e s ,  whose d e te r m in a tio n  by  
th e  m otion  o f  a s t r a ig h t  l i n e  w h ich  c o n s t a n t ly  i n t e r s e c t s  
th r e e  f ix e d  d i r e c t r i c e s  i s  g iv e n  i n  th e  f i r s t  p a r t o f  the  
f i r s t  vo lum e.
The p la n e  i s  d e s c r ib e d  by the m otion  o f  a s t r a ig h t  l i n e  
c o n s ta n t ly  in t e r s e c t i n g  an o th er  s t r a ig h t  l i n e  and p a r a l l e l  to  
a t h ir d ;  a s d e term in in g  l i n e s  o f  a p la n e  i t  i s  co n v en ien t to  
ch oose  th o se  in  w h ich  th e  d e s c r ib e d  p la n e  c u ts  th e  p r o j e c t io n -  
p la n e  s ; th e s e  are c a l l e d  th e  " tr a c e s"  o f  th e  p la n e , a name 
c o in e d  by Monge and now in  common u s a g e .
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These methods a l low  t h e  a u th o r  to  so lve  a l a r g e  number 
of im portan t  problems; some o f  th e s e  a r e :  th rough  a p o in t  to
c o n s t ru c t  th e  l i n e  which i s  p a r a l l e l  to a n o th e r ,  or p e rp en d ic ­
u l a r  to  a p la n e ,  or to c o n s t r u c t  t h e  p la n e  which i s  p a r a l l e l  
to  an o th e r  o r  c u t s  an o th e r  l i n e  p e r p e n d i c u l a r ly ;  to  f i n d  th e  
l i n e  o f  i n t e r s e c t i o n  o f  two p la n e s ;  and to determine  t h e  a n ^ e  
between two p la n e s ,  two l i n e s ,  or a p lane  and a l i n e .
With t h e s e  problems the f i r s t  p a r t  ends .  The second p a r t  
d ea ls  w i th  th e  t a n g e n t  p lanes  and th e  normals to  s u r f a c e s .
The tangen t  p lane  a t  g. g iven  p o in t  of a s u r f a c e  i s  de term ined  
by t h e  ta n g en ts  t o  the  two p r o j e c t i o n s  of the  s u r f a c e  in  t h e  
two p o i n t s  co r responding  to  t h i s  p o i n t .  With t h i s  equipment 
the  tangen t  p lanes  t o  c y l i n d r i c a l ,  c o n i c a l ,  and r o t a t i o n a l  
s u r fa ce s  a r e  c o n s t ru c te d .  The ta n g e n t  p la n e s  to  r u l e d  s u r ­
f a c e s  a re  t r e a t e d  i n  t h e  t h i r d  p a r t  o f  the  f i r s t  volume.
Then follows th e  d e te rm in a t io n  of t h e  s h o r t e s t  d i s t a n c e  be­
tween two skew l i n e s ,  vh ich  i s  accomplished by use o f  th e  t a n ­
gen t  p lane  to  a c i r c u l a r  c y l i n d e r .
Monge then  t u m s  to t h e  d e t e r m in a t io n  of  t a n g e n t  p lanes  
when t h e  p o in t  of  tangency i s  n o t  g iv e n .  The f i r s t  problem 
given i s  to f i n d  th e  ta n g en t  p la n e  t o  a given sphere  p a s s in g  
through a g iv e n  l i n e .  He g iv e s  two s o l u t i o n s ;  1 .  by p as s in g  
a p lane  th ro u g h  the  c e n t e r  of the  sphere  and p e rp e n d ic u la r  to  
th e  l i n e  in q u e s t io n ,  or 2 .  by u s e  o f  t h e  cone determined by 
t h i s  sphere  and a p o in t  o f  the  l i n e .  With t h i s  second s o l u -
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t i o n  are  in o lu d ed  th e  p r in c ip a l  p r o p e r t ie s  o f  p o la r a  w ith  
r e s p e c t  to  c i r c l e s  and c o n ic s ,  and a ls o  th e  c h a r a c t e r i s t i c  
p r o p e r t ie s  o f  th e  c e n te r  o f  s im i l i t u d e  o f  c i r c l e s  or  s p h e r e s .
"The i n t e r s e c t  i o n - l in e  s  o f  cu rv ed  su r fa c e s "  i s  th e  sub­
j e c t  o f  th e  fo u r th  p a r t o f  th e  w ork . Here Monge g iv e s  th e  
g e n e r a l  method th a t  i s  s t i l l  u sed  to  c o n s tr u c t  th e s e  c u r v e s .  
To d eterm in e  th e  i n t e r s e c t i o n - l i n e  o f  two s u r fa c e s  F'^and F^, 
p o in t  by p o in t ,  he makes u s e  o f  an a u x i l i a r y  su r fa c e  F .
T h is d e ter m in e s  two c u r v es  FF^and FF" th a t  can su p p o sed ly  
be r e p r e se n te d  b y  h i s  method o f  d e s c r ip t io n .  The i n t e r s e c -  
t i o n - p o in t  o f  t h e s e  two c u r v e s  i s  a  p o in t  o f  th e  d e s ir e d  
c u r v e , so  i f  we move F we a ls o  move t h i s  p o in t  FF̂ F̂" a lo n g  
th e  c u r v e . In  t h i s  manner th e  whole curve can be d e s c r ib e d .  
XTsually_F i s  ta k en  a s  a h o r iz o n t a l  or v e r t i c a l  p la n e , but 
i f  F^^and ^  a r e  co n e s  or c y l in d e r s  some o th e r  p la n e  i s  ta k e n ,  
and i f  th e y  a re  two s u r fa c e s  o f  r o t a t io n  whose ax es in t e r ­
s e c t  F i s  ta k en  as a  sp h e r e . In  t h i s  way Monge in v e s t ig a t e d  
th e  c a s e s  o f  th e  i n t e r s e c t i o n  o f  c o n e s , c y l in d e r s ,  and su r ­
f a c e s  o f  r o ta t io n  w h ich  e i t h e r  i n t e r s e c t  w ith  each  o th e r  or 
w ith  p la n e s .  In  th e  c a se  o f  th e  i n t e r s e c t i o n  w ith  p la n e s  
n o t  o n ly  were th e  p r o j e c t io n s  o f  th e  p o in t s  and ta n g e n ts  
fo u n d , b u t a l s o  th e  r e a l  form  and d im en sio n s o f  th e  c u r v e , 
by co m p o sit io n  from  th e  p r o j e c t io n s .
The u s e f u ln e s s  o f  th e  above c o n s tr u c t io n s  fo r  th e  solur- 
t i o n  o f  prob lem s o f  t h e o r e t i c a l  and p r a c t i c a l  i n t e r e s t  i s  
shown in  th e  fo u r th  p a r t ,  by  means o f  s e v e r a l  exam p les.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
27
Ik e f i r s t  problem  i s  th e  d e te r m in a t io n  o f  th e  c e n te r  
o f  th e  sp h ere  in s c r ib e d  in  or o iron m sor ib ed  about a t e t r a ­
hedron , and th e  d e te r m in a tio n  o f  th e  p o in t  w h ich  h as g iv e n  
d is ta n c e s  from  th r e e  o th e r  p o in t s .  The o th e r  problem s have  
t o  do m ain ly  w ith  ca rto g ra p h y .
The f o l lo w in g  b i t  o f  th e o r y  i s  i n t e r e s t i n g  m o stly  f o r  
i t s  c u r i o s i t y ,  b u t a ls o  a s a  p r o o f  o f  th e  s t e a d i l y  irt-  
o r e a s in g  freed om  o f  th e  u s e  o f  p r o j e c t io n .
I f  th e  p o in t  0 , i s  a  so u rce  o f  l i g h t ,  and i f  a l l  b o d ie s  
w ith  w h ich  we a r e  d e a lin g  a r e  opaque, th e n , i f  th e s e  b o d ie s  
a r e  p o ly h ed ro n s , th e  problem  o f  f in d in g  th e  shows th e y  w i l l  
o a s t  on a p la n e  o f  p r o je c t io n  i s  e a s i l y  s o lv e d  b y  th e  fun­
dam ental method o f  d e s c r ip t iv e  geo m etry . The i l lu m in a te d  
p a rt o f  th e  body i s  se p a r a te d  from  th e  dark p a r t  by a skew  
p o ly g o n  DDhioh can be d eterm in ed  by th e  p o s i t i o n  o f  th e  body  
w ith  r e s p e c t  t o  0 .  I f ,  how ever, we d e a l  w ith  a curved  su r ­
f a c e ,  th e  d i v i d i n g - l i n e  i s  a v e r y  im portant c u r v e , w h ich  
Monge c a l l e d  " l ig n e  de con tou r  ap p aren t d 'u ne s u r fa c e " . To 
c o n s tr u c t  t h i s  cu rve  he p a sse d  a p^ane t h r o u ^  0 , norm al 
to  t h e  p la n e  o f  p r o j e c t io n ;  t h i s  c u ts  th e  s u r fa c e  in  a curve  
r~ w h ich  can b e  c o n s tr u c te d  and d e s c r ib e d ;  th e  p o in t  o f  ta n ­
g en cy  o f  th e  ta n g en t drawn t o £ ” from  £  b e lo n g s  t o  th e  re ­
q u ired  l i n e .  I f  ^  i s  a llo w e d  t o  tu r n  about 0 in  su ch  a way 
th a t  i t  i s  a lw a y s norm al t o  th e  p la n e  o f  p r o j e c t io n ,  t h i s
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l i n e  i s  d e so r ilïe d  p o in t  "by p o in t .  0 ma^ o f  oonT se, be
ta k e n  a t  i n f i n i t y  i f  d e s ir e d .  Monge a ls o  made th e  r e -
gtLired m o d if ic a t io n  t o  e x te n d  t h i s  th e o r y  to  th e  ca se
where th e  so u rce  o f  l i ^ t  i s  a s u r fa c e .
y*1rt
T his c o n c lu d e s^ th e  work o f  Monge w h ich  we s h a l l  ou t­
l i n e  h e r e , e x c e p t  f o r  th e  f o l lo w in g  two theorem s w hich seem  
w orth  q u o tin g .
(1 )  " I f  one h as in  a p la n e  two t r ia n g le s  ABC and Â B* 
whose co rresp o n d in g  s id e s  i n t e r s e c t  two by two in  th r e e  
p o in t s  I ,  M, n  in  th e  same s t r a ig h t  l i n e  1 , and i f  th rou gh  
a p o in t  0 taken  a r b i t r a r i l y  one draws th e  th r e e  l i n e s  OA,
OB, and extends them  u n t i l  th e y  cu t th e  l i n e  1  in  th e  
th r e e  p o in t s  Mf i f  one j o in s  th e s e  p o in t s ,  r e s p e c t iv e ly ,  
w ith  th e  th r e e  v e r t i c e s  o f  th e  secon d  t r i a n g l e  by th r e e  l i n e s  
f t h e s e  l i n e s  w i l l  i n t e r s e c t  i n  a s in g le  p o in t  ^  .
a
10
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2>esargties* theorem  i s  ohT iotusly a s p e c i a l  c a se  o f  
t h i s ,  nam ely, when 0 and. ^  o o in c i& e . Then ^  and l ' , M and 
M^, H and w i l l  c o in c id e #
(£ )  " I f  one draws any t r a n s v e r s a l  th ro n g h  th e  in t e r ­
s e c t io n  p o in t*  o f  th e  two ta n g e n ts  common t o  any two c o n ic s  
in  a p la n e , c u t t in g  each  o f  t h e s e  cu rv es  i n  two p o in t s ,  and 
i f  one draws t h e i r  ta n g e n ts  a t t h e s e  p o in t s ,  th e  ta n g e n ts  
to  th e  f i r s t  w i l l  m eet t h e  ta n g e n ts  t o  t h e  seco n d  i n  fo u r  
p o in ts  w h ich  w i l l  b e ,  two by tw o , on two l i n e s  w h ich  rem ain  
f i x e d ,  w h atever  t h e  t r a n s v e r s a l  drawn th rou gh  th e  i n t e r s e c -  
t io n - p o in t  o f  th e  two ta n g e n ts  common to  th e  two c o n ic s ."
I f  much o f  t h i s  m a te r ia l  seem s d e t a i le d  and t r i v i a l  f o r  
in c lu s io n  in  a work o f  t h i s  s c o p e , i t  sh ou ld  be remembered
A S  yi«U
th a t  h e r e , on th e  ev e  o f  th e  b ir t h  o f  p r o j e c t iv e  geom etry , 
i t  i s  im portant to  know what was occu p y in g  th e  a t t e n t io n  o f  
th e  g r e a t e s t  g e o m e tr ic ia n s  in  Europe, and th a t  m ath em atics, 
a s w e l l  a s  ev ery  o th e r  f i e l d  o f  human th o u g h t , was much more 
e x te n s iv e  and c o m p lic a te d  than  e v er  b e f o r e .
To th e  end t h a t  we sh ^ l  g e t  a more com p lete  p ic t u r e  o f  
geom etry  in  th e  e ig h t e e n t h  c e n tu r y , in a s fa r  a s  i t  has a 
b e a r in g  on our s u b j e c t ,  we s h & i  now tu rn  our a t t e n t io n  to  
th e  developm ent o f  what was known a s  " p e r s p e c t iv e " , o r , in  
i t s  l a t e r  and more d ev e lo p ed  s t a g e s ,  " p e r s p e c t iv e  geom etry" . 
A lth ou gh  p e r s p e c t iv e  was n o t  in  t e e l f  a v e r y  h ig h ly  organized
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branoh o f  geom etry , i t  d o u b t le s s  had an e f f e c t  on th e  o r ig in  
and developm ent o f  p r o j e c t iv e  geom etry  eq u a l to  th a t  o f  des­
c r i p t i v e  g eom etry , a lth o u g h  a p p a r e n t ly  n o t so d i r e c t ,  Mong^ 
by h is  tec h n iq u e  o f  s tu d y in g  sp a ce  f i g u r e s ,  added im m ensely  
t o  th e  s u b je c t  m a tter  o f  geoum try^ ^  o b ta in in g  f ig u r e s  in  
sp ace  a n a lo g o u s  to  th e  a lr e a d y  w ell-k n o w n  p la n e  f ig u r e s  and 
d e m o n stra tin g  th a t  t h e i r  p r o p e r t ie s  w ere a ls o  a n a lo g o u s .
He a l s o  s e t  th e  s ta g e  f o r  the d is c o v e r y  o f  th e  p r in c ip le  o f  
d u a l i t y .  In  p e r s p e c t iv e  g eo m etry , on th e  o th e r  hand, we 
s e e  n o t so much a g r e a t  body o f  su b je o t—y a t t e r  in  th e  form  
o f  th e  d e s c r ip t io n s  and p r o p e r t ie s  o f  new f ig u r e s  as th e  con­
s c io u s  u se  and developm ent o f  a method w h ich  i s  fundam ental 
i n  p r o j e c t iv e  g e o m e try ,
W ilhelm  Jacob s'G raves& nde (1688—1 7 4 2 ) was th e  au th o r  
o f  a famous work " E ssa i de P e r s p e c t iv e "  (1 7 1 1 ) ,  He b e g in s  
w ith  a d i s c u s s io n  o f  th e  u s e f u ln e s s  o f  th e  th e o r y  o f  p e r ­
s p e c t iv e  and a sta te m en t o f  th e  fu n dam enta l methods in  i t s  
u s e .  Then he b u i ld s  th e  m a th em a tica l fo u n d a tio n  o f  p ersp ec ­
t i v e ,  He f i r s t  shows th a t  a  l i n e  p a r a l l e l  to  t h e  " ta b le"  
(p la n e  on w h ich  p r o j e c t io n s  a r e  made) i s  a l s o  p a r a l l e l  to  i t s  
p r o j e c t io n ,  and th a t  "a f ig u r e  whose p la n e  i s  p a r a l l e l  to  
th e  ta b le  i s  s im i la r  to  i t s  p e r s p e c t iv e ,"  Then he makes th e  
fo l lo w in g  im p ortan t o b s e r v a t io n :  " I f  a l i n e  c u ts  th e  t a b le  
in  a s in g le  p o in t ,  i t s  p e r s p e c t iv e  i s  th e  l i n e  co n n ec tin g  
t h i s  p o in t  w ith  th a t  in  w h ich  th e  t a b le  i s  cut by the l i n e
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p a r a l l e l  to  th e  f i r s t  l i n e  and drawn t h r o n g  th e  c e n te r  o f  
p r o je c t io n  . . . .  The p o s i t i o n  o f  th e  p e r s p e c t iv e  o f  a l i n e  
u n d ergoes no change i f  th e  c e n te r  o f  p r o j e c t io n  moves a lo n g  
t h i s  p a r a l l e l  l i n e ."
These p r in c ip l e s  are  th e n  a p p lie d  to  th e  c o n s tr u c t io n  
o f  th e  “p e r s p e c t iv e s "  o f  f i g u r e s  w hich  l i e  i n  a h o r iz o n ta l  
p la n e , th e  t a b le  b e iq g  p la c e d  v e r t i c a l l y  upon i t .
In  f i g .  It T i s  th e  c e n t e r  o f  p r o j e c t io n  ^ d  0̂  th e  p er ­
p e n d ic u la r  dropped from  V onto th e  t a b l e ;  P i s  an a r b itr a r y  
p o in t  o f  th e  h o r iz o n ta l  p la n e  and S  i t s  v e r t i c a l  p r o j e c t io n  
on the t a b l e .  Then th e  " p e r sp e c t iv e "  o f  ^  i s  th e  p o in t  p' 
where TP and OH i n t e r s e c t ;  t h e r e f o r e  p 'd iv id e s  th e  segm ent 
OH in  th e  r a t i o  TO:PH. From t h e s e  c o n s id e r a t io n s  s 'G r a v e s -  
ande d e r iv e s  th e  f i r s t  o f  h is  m ethods o f  p e r s p e c t iv e .
. II
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In  f i g .  n i e t  t  be th e  " lig n e  de te r r e "  ( i n t e r s e c t i o n  o f  
t h e  h o r iz o n t a l  p la n e  and th e  t a b le )  and £  th e  l i n e  p a r a l l e l  
t o  i t  drawn th rou gh  Oj th e  segm ent 07 i s  p e r p e n d io n la r  to  SL 
and e q u a l t o  th e  segm ent 70  in  f i g .  f * ; th e  l i n e s  OH and 7?  
w i l l  th e n  i n t e r s e c t  in  th e  p o in t  I f  one draws th e  c i r ­
c l e s  w ith  P and 7 , r e s p e c t i v e l y ,  a s  c e n te r s  and ^  and 70 a s  
r a d i i ,  th en  P̂  i s  th e  c e n te r  o f  aym m sti^ o f  th e  two c i r c l e s ;  
t h e r e f o r e  P̂  can a ls o  be found  a s th e  in t e r s e c t io n - p o in t  o f  th e  
two ta n g e n ts  conmon to  th e  two c i r c l e s .  How i f  one c o n s id e r s  
a secon d  p o in t  Q o f  th e  h o r iz o n ta l  p la n e  and w ish e s  to  f in d  
o f , one can make u se  o f  th e  f a c t  th a t  ^  and P ^  i n t e r s e c t  on  
t h e  l i n e  j t ;  one d e term in es  the p o in t  P€l*t and c o n n e c ts  i t  w ith  
P  ̂ ; t h i s  c o n n e c tin g  l i n e  w i l l  b e  cu t by th e  l i n e  7Q, a t  
How, a f t e r  one h as d eterm in ed  P^and cf, i f  one c o n s id e r s  a 
t h ir d  p o in t  R o f  th e  h o r iz o n t a l  p la n e , i n  ord er  to  f in d  R'^use 
can be made o f  th e  f a c t  t h a t  PQR and P̂  ^  R* a r e  p e r s p e c t iv e  
t r i a n g l e s ,  w ith  _7 a s c e n te r  and t  a s  a x is  o f  sym m etry. I t  
m ust be n o t ic e d  th a t  in  th e  above c a s e s  the e n t i r e  f ig u r e  o f  
f i g , / /  i s  c o l la p s e d  so  a s  to  l i e  in  a p la n e .  We determ in ed  
t h e  lo œ a t io n  o f  p e r s p e c t iv e s  ^  o f  p o in ts  ^  by th e  c o n s id e r a ­
t i o n s ,  m e tr ic  and o th e r w is e , d e r iv e d  from  f i g . / /  . In  d es­
c r ib in g  th e  l a s t  c a se  i t  s u f f i c e s  t o  sa y  th a t  th e  ta b le  i s  
f i r s t  ta ]œ n  p e r p s e d io u la r  to th e  h o r iz o n t a l  p la n e , as in  
f i g . l j  , and th e n  i s  l a i d  upon i t  by sim p ly  tu r n in g  i t  about
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t j  t h e r e f o r e ,  what l a  t h i s  o o im e o tio n  s^G-ravesande c a l l s  th e  
p r o je c t io n  o f  a f ig n r e  F we w ou ld  c a l l  th e  s u p e r p o s it io n  ( F ) ,
g)-̂ ' t —
w h ile  h i s  o b ject i v e  f ig u r e  ( l y in g  i n  th e  h o r iz o n t a l  p la n e )  
i s  to  u s th e  h o r iz o n ta l  p r o j e c t i o n ^  o f  2" th e  problem s 
w h ich  he s o lv e s  by t h i s  method th e  d e r iv a t io n  o f  ^  from  (_ )̂ 
a p p e a r s . The a u th o r  now e x te n d s  h i s  m ethods to  th e  d e te r ­
m in a tio n  o f  th e  p e r s p e c t iv e s  o f  p o ly g o n s and g i v e s  fo u r  ad­
d i t i o n a l  methods f o r  f in d in g  th e  p e r s p e c t iv e  o f  an a r b it r a r y  
p o in t  in  sp a c e . (He had p r e v io u s ly  d e a l t  o n ly  w ith  p o in t s  
l y in g  i n  th e  h o r iz o n ta l  p la n e ) .  Thai he in c lu d e s  th e  c a se  
where th e  c e n te r  o f  p r o j e c t io n  i s  a t  a v ery  g r e a t  d i s t a n c e ,  
so  th a t  th e  l i n e s  o f  p r o j e c t io n  can be c o n s id e r e d  p a r a l l e l ,  
and a l s o  where th e  two p la n e s  a r e  n o t a t  r ig h t  a n g le s ,  an im­
p o r ta n t s p e c ia l  ca se  b e in g  where th e y  a re  p a r a l l e l .
W ith a d is c u s s io n  o f  th e  s u b je c t  o f  shadows and a s im p l i ­
f i c a t i o n  o f  th e  problem s w h ich  he s t a t e d  a t  th e  b e g in n in g  o f  
th e  b ook , th e  " e s s a i  de P e r s p e c t iv e "  comes t o  a c l o s e .  Al­
th ou gh  h is  m ethods seem  h ig h ly  s p e c i a l i z e d  and th e  work as  
a w hole r a th e r  l a x  from  a m ath em atica l stan d —p o in t ,  t h i s  
was n e v e r t h e le s s  a b e g in n in g  o f  th e  c o n sc io u s  u s e  o f  a method 
w h ich , a lth o u g h  i t  had a lre a d y  b een  made p o s s ib le  by th e  d i s ­
c o v e r ie s  o f  g eom etry , was n ot a t  th a t  tim e a p p r e c ia te d  a t  i t s  
f u l l  w o r th .
The work o f  Brook T a y lo r  (1 6 8 5 -1 7 3 1 ) , e n t i t l e d  "Hew
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p r ln o ip le a  o f  l in e a r  p e r a p e o tiT e  . . .  e t c ." ,  p u b lish e d  in  
1 7 4 9 , was no l e s s  in ç o r ta n t  th an  th a t  o f  s 'G ra v esa n d e , in  
s p i t e  o f  i t s  o o m p a ra tiv e ly  sm a ll amount o f  m a tte r .
T ay lor  b e g in s  h i s  book w ith  an eacp lan ation  o f  h is  
b a s ic  id e a s  and h is  r a th e r  n o v e l  n o m en c la tu re . The c e n te r  
o f  p r o j e c t io n  he c a l l s  " p o in t o f  s ig h t " .  He c o n s tr u c ts  a 
p la n e  th ron gh  t h i s  p o in t  o f  s ig h t  p a r a l l e l  t o  th e  " p ic tu r e -  
p lan e"  and c a l l s  i t  th e  d ir e c t in g  p la n e .  I t s  in t e r s e c t io n s  
w ith  a r b it r a r y  p la n e s  a r e  c a l l e d ,  r e s p e c t i v e l y ,  d ir e c t in g  
l i n e s  and d ir e c t in g  p o in t s .  The " sea t"  o f  a p o in t  or l i n e  
i s  i t s  o r th o g o n a l p r o j e c t io n  on th e  p ic t u r e —p la n e . The pro­
j e c t i o n  o f  an e lem en t a t  i n f i n i t y  i s  a " v a n is h in g  e le m e n t. 
T a y lo r  ob served  th a t  th e  v a n ish in g — and d ir e c t in g —l i n e s  o f  
a p la n e  have the same v a n ish in g —p o in t . I t  sh ou ld  be b o m  
in  mind th a t  th e  v a n is h in g - l in e  o f  any p la n e  i s  th e  p r o je c ­
t i o n  o f  th e  l i h e  a t  i n f i n i t y  in  t h a t  p la n e  upon th e  p i c t u r e -  
p la n e , w ith  th e  p o in t  o f  s ig h t  a s  c e n te r  o f  p r o j e c t io n .  In  
o th e r  w ord s, th e  v a n is h in g - l in e  o f  a p la n e  i s  th e  in t e r s e c ­
t i o n  o f  a p la n e  drawn p a r a l l e l  t o  i t  th ro u g h  th e  p o in t  o f  
s ig h t  w ith  th e  p io tn r e —p la n e . S im i la r ly ,  th e  v a n is h in g -p o in t  
o f  a l i n e  i s  th e  p o in t  in  w h ich  a l i n e  drawn p a r a l l e l  to  i t  
th rou gh  th e  p o in t  o f s ig h t  c u ts  th e  p ic t u r e - p la n e .  P a r a l l e l  
l i n e s  w h ich  are  p e r p e n d ic u la r  to  th e  p ic tu r e -p la n e  have t h e i r  
(common) v a n is h in g  p o in t  su ch  th a t  i t  i s  th e  s e a t  (o r th o g o n a l
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p r o je o t io n )  o f  th e  p o in t  o f  s i g h t .  T h is p o in t  i s  c a l l e d  
th e  " c e n te r  o f  th e  p ic tu r e ?
The fo l lo w in g  are  problem s w h ich  T ay lor  s o lv e d  by u s in g
h i s  method o f  p e r s p e c t iv e :  I ,  The p r o j e c t io n s  o f  th r e e  c o l -
l in e a r  p o in t s  A, B, C a r e  g iv e n ,  and a ls o  th e  v a n ish in g —
c
p o in t  o f  th e  l i n e  ; t o  d e term in e  th e  r a t io  AC;Bf. I I .  The 
p r o j e c t io n s  o f  th r e e  c o l l in e a r  p o in t s  A, B, C and th e  r a t i o  
^ :B C  are  g iv e n ;  t o  f in d  th e  v a n is h in g -p o in t  o f  th e  l i n e .  
I I I .  Given th e  p r o j e c t io n  o f  a t r i a n g l e ,  th e  v a n ish in g —l i n e  
o f  i t s  p la n e , th e  c e n te r  o f  th e  p i c t u r e ,  and th e  d is ta n c e  
{ th e  word " d is ta n c e"  i s  ta k en  t o  mean th e  d is ta n c e  from  th e  
c e n te r  o f  th e  p ic t u r e  t o  th e  p o in t  o f  s i g h t ) ;  t o  f in d  th e  
n a tu re  o f  th e  t r i a n g le  ( s i z e ,  sh a p e , p o s i t i o n ) .  IT . One 
knows th e  p r o j e c t io n  and th e  n a tu r e  o f  a t r i a n g le  and th e  
v a n is h in g - l in e  o f  i t s  p la n e ;  t o  f i n d  th e  d is ta n c e  and th e  
c e n te r  o f  th e  p ic t u r e .  T. The p r o j e c t io n  o f  a known tr a p e — 
z o id  i s  a ls o  known; t o  f in d  th e  v a n is h in g - l in e  o f  i t s  p la n e ,  
th e  c e n te r  o f  th e  p ic tu r e  and th e  d i s t a n c e .  V I. Given th e  
p r o j e c t io n  o f  a  r e c ta n g u la r  p a r a l le le p ip e d ;  t o  f i n d  th e  cen^- 
t e r  o f  th e  p ic t u r e ,  th e  d i s t a n c e ,  and th e  n a tu re  o f  th e  
sp ace  f i g u r e .
The rem arkable th in g  abou t T a y lo r» s work on p e r s p e c t iv e
(5 does
w*e th a t  not o n ly  i t  c o n ta in , due t o  th e  e le g a n c e  o f  i t s
c o n c e p tio n  and w o r k in g -o u t , a g r e a t  d e a l o f  new and v a lu a b le  
n a t e r i a l  in  o n ly  e ig h ty  pages o f  p r in te d  m a tte r , but a lsg ^ a
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la r g e  p o r t io n  o f  i t  was in  mach th e  same form  in  w h ich  we 
f in d  i t  to d a y  i n  th e  b e s t  w orks on p e r s p e c t iv e .
There rem ains one more g r e a t  f ig u r e  in  e ig h t e e n th -
< 5
c e n tu r y  p e r s p e c t iv e  th e o r y . I t  « a *  Johann H e in r ic h  Lam­
b e r t .  H is work "Freye P e r s p e c t iv e *  was p u b lish e d  f i r s t  in  
1759 and l a t e r ,  w ith  in m ortant a d d i t io n s ,  i n  1 7 7 4 . In  d i s ­
c u s s in g  t h i s  work we w i l l  c o n s id e r  one by one th e  e ig h t  
c h a p te r s  in t o  w hich i t  i s  d iv id e d .
In  th e  f i r s t  ch a p ter  Lambert makes th e  a ssu m p tion s (a )  
th a t  l i g h t  i s  p rop agated  r e e t i l i n e a r l y ,  and (b ) i f  th e  
t a b le  i s  p la c e d  v e r t i c a l l y  th en  v e r t i c a l  l i n e s  w i l l  have 
p r o j e c t io n s  upon i t  w hich w i l l  b e  v e r t i c a l  l i n e s .  The l i n e  
in  w h ich  th e  ta b le  i n t e r s e c t s  th e  h o r iz o n t a l  p la n e  i s  c a l l e d  
th e  fu n dam enta l o r  ground l i n e .  The d is ta n c e  OS. ( f i g . * 3 ) o f  
th e  eye 0, from  th e  h o r iz o n ta l  p la n e  i s  c a l l e d  th e  " le v e l  o f  
th e  eye" ; th e  fo o t  P o f  th e  p e r p e n d ic u la r  dropped to  th e  
t a b le  from  g , i s  t h e  " p o in t o f  th e  e y e" ; th e  le n g th  o f  th e  
segm ent OP i s  c a l l e d  th e  " d is ta n c e " ;  f i n a l l y ,  th e  h o r iz o n ta l  
l i n e  th rou gh  th e  p o in t  o f th e  eye  and ly in g  in  th e  t a b l e  i s  
c a l l e d  th e  " h o r iz o n ta l l i n e " .  How l e t  be th e  fo u r th  v e r ­
t e x  o f  th e  r e c ta n g le  POSQ,. jC 
an a r b itr a r y  p o in t  o f  th e  
h o r iz o n t a l  plane^and c i t s  
p r o j e c t io n ,  low  we draw 
th ro u g h  £  in  th e  h o r iz o n ta l  
p la n e  some a r b itr a r y  a u x i l i -
F<i- <3
c
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a iy  lin ©  m eetin g  th e  ground—l i n e  in  M, and th en  we draw th e  
l i n e  whioh i s  p a r a l l e l  t o  CM and p a s s e s  th r c a g h  0 ,  m eetin g
TO
th e  ta b le  in  th e  p o i n t y  on th e  h o r iz o n ta l  l i n e ;  p ^ w i l l  be 
th e  p r o j e c t io n  o f  where ^ i s  th e  p o in t  a t  i n f i n i t y  on  
CM* A l l  l i n e s  p a r a l l e l  to  CM w i l l  have a s p r o j e c t io n s  
l i n e s  w h ich  go th ro n g h  p , a p o in t  w h ich  depends o n ly  on th e  
a n g le  oCwhioh th e s e  o r ig in a l  l i n e s  make w ith  t h e  groim d  
l i n e ,  or t h e  a n g le P  = w hioh th e y  make w ith  a l i n e
p e r p e n d ic u la r  to  th e  ground l i n e .  l o  d e term in e  one o f  t h e s e  
l i n e s  i t  i s  n e c e s s a r y  to  g iv e  th e  p o in t  i n  w h ich  i t  c u ts  th e  
l i n e  S_3  ( f i g .  If ) .  Then 
we n o t i c e  th a t  ^ %CM POp 
= p> and t h e r e f o r e  Pp =
OP tan/3 .  now i f  we know 
/3 , we can la y  o f f  from_P, 
a lo n g  th e  h o r iz o n ta l  l i n e , a 
segm ent eq u al to  OP tan /^  . ,
We th u s  o b ta in  two p o in t s  p and  
a . The p r o j e c t io n s  o f  a l l  l i n e s  
o f  th e  h o r iz o n t a l  p lan e  making 
an  a n g le  o f/3  w ith  th e  ground—l i n e  mast go th ro u g h  and a l l  
making an a n g l e , through  p . F u r th e r , i f  one s e t s  OP equal 
t o  PQ., th e n  th e  t r i a n g le s  PQp and POp are con gru en t and so  
z. pop = /  PQjp “ /3 • If  one d e s c r ib e s  on th e  ta b le  a c i r c l e
4-
<A *5
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w ith  c e n te r  and ra d in a  Of and draws through, q. th e  l i n e s  
3^ in g  in  th e  ta b le  msOcing th e  a n g le s  o f  1 ° ,  2 ° ,  . . .  e t c ,  
w ith  O f, th e n  a " s c a le ” o f  p o in t s  w i l l  be determ ined  on th e  
h o r iz o n ta l  l i n e .  These a r e  c o r r e sp o n d in g ly  d en oted  by 1 ° ,
-  f
2 , . . .  e t c .  How two l i n e s  making a n g le s  o f/3  and ^  , r e s — '
p e o t iv e ly ,  w ith  th e  ground—l i n e ,  make an a n g le  o i f i '  
w ith  each  o th e r ,  and th e  p r o j e c t io n s  o f  two l i n e s  o f  th e  
h o r iz o n t a l  p la n e  making an a n g le  w ith  each  o th e r  go 
th rou gh  two p o in t s  o f  th e  ab ove-m en tion ed  s c a l e  whose de­
n o t in g  numbers have th e  d i f f e r e n c e  i f '  •
Working w ith  t h e s e  id e a s  Lambert a d o p ts  th e  fo l lo w in g  
c o n v e n tio n s ;  I .  Two l i n e s  o f  the t a b le  w h ich  go th rou gh  th e  
same p o in t  o f  th e  h o r iz o n t a l  l i n e  w i l l  be c a l l e d  " p a r a lle l"  
b eca u se  t h ^  are  p r o j e c t io n s  o f  p a r a l l e l  l i n e s .  I I .  A l i n e  
o f  th e  ta b le  a t  r i g h t - g ^ l e s  to  th e  h o r iz o n ta l  l in e  i s  
c a l l e d  " p erp en d icu lar"  b e c a u se  i t  i s  th e  p r o j e c t io n  o f  a 
v e r t i c a l  l i n e .  I I I .  E very a n g le  on th e  ta b le  w i l l  be a s s ig n e d  
th e  sca le -n u m b er  eq u a l t o  th e  m agnitude o f  th e  co rresp o n d in g  
an g le  o f  th e  h o r iz o n ta l  p la n e . 1 7 . F in a l l y ,  e v er y  segm ent 
on th e  ta b le  i s  d en o ted  by th e  le n g t h  o f  th e  segm ent in  th e  
h o r iz o n ta l  p la n e  w hose p r o j e c t io n  i t  i s .
The f o l lo w in g  problem s w i l l  se r v e  t o  in d ic a t e  ju s t-  
how th e  above c o n c e p tio n s  were u se d : I  Through a g iv e n  p o in t  
t o  p a s s  a l i n e  p a r a l l e l  to  a g iv e n  l i n e .  I I .  Through a p o in t  
g iv e n  on a l i n e  to  draw a n o th er  l in e  making a g iv e n  a n g le
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W ith th e  f i r s t *  I f  th e  s id e s  o f  a f ig i i r e  and t h e i r  p o s i ­
t io n s  are  g iv e n ,  and a l s o  th e  a n g le s  o f  th e  f i g u r e ,  to  con­
s t r u c t  i t s  p e r s p e c t iv e *  IT . To c o n s tr u c t  th e  p e r s p e c t iv e  
o f  a c i r c l e  o f  w h ich  one knows a chord co rresp o n d in g  t o  a 
g iv e n  a r c .
In  regard  to  m easurem ents Lambert s t a t e s  th a t  i f  
A^B ' c ' l / l s  a q u ad ran g le  on th e  t a b le ,  and i f  A^C'^and B ^  
are  p a r a l l e l ,  w h ile  à! and 0*̂ 1)̂ in t e r s e c t  on th e  h o r iz o n ta l  
l i n e ,  ABOD w i l l  be a p a r a lle lo g r a m  and t h e r e fo r e  AB » Op,
^  » Bp, ^  = BO. T h erefo re  i f  one knows a s c a le  on a l i n e  
p a r a l l e l  t o  th e  ground l i n e ,  i t  i s  e a s y  t o  m easure a seg­
ment p a r a l l e l  to  i t .  The a n a lo g o u s q u e s t io n  i s  th e  c a se  o f  
th e  a r b it r a r y  segm ent, how ever, i s  more d i f f i c u l t ;  Lambert 
gave i t s  s o lu t io n  w ith  th e  h e lp  o f  th e  fo l lo w in g  problem : 
"G-iven on th e  ta b le  an a n g le  w hose a id e . S Q^ia h o r iz o n t a l .
To d eterm in e th e  p o in t  ^ ''so  t h a t  ^  = 1^ *”
The seco n d  c h a p te r  o f  th e  work i s  e n t i t l e d  "On th e  
p rop er  p o s i t io n  o f  th e  ^ e  and i t s  d is ta n c e  from  th e  t a b le ."  
T h is i s  a c o l l e c t i o n  o f  n o t e s  and a d v ic e  f o r  a r t i s t s .
In  th e  f i f t h  c h a p te r  Lambert m o d if ie s  th e  d e f i n i t i o n s  
and p r o o fs  w h ich  he s e t  up in  th e  f i r s t  ch a p ter  so t h a t  t h ^  
w i l l  ap p ly  to  th e  c a se  w here t h e  ta b le  i s  n o t  v e r t i c a l .
Among th e  problem s w h ich  he s o lv e s  i s  one in  w h ich  i t  i s  re ­
q u ired  to  f in d  th e  l i n e  p e r p e n d ic u la r  to  a g iv e n  p la n e  and 
p a s s in g  th rou gh  a g iv e n  p o in t .
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In  th e  s e v e n th  ch a p ter  th e  eye I s  su pp osed  a t i n f i n i t y  
and th u s th e  p r o j e c t in g  ra y s  a r e  p a r a l l e l .
The e ig h t h  (and  l a s t )  c h a p te r  d e a ls  w ith  th e  "R ecipro­
c a l  problem s o f  p e r s p e c t iv e " .  Here i t  i s  r e q u ir e d  t o  f in d  
t h e  c o n d it io n s  under w h ich  a g iv e n  p e r s p e c t iv e  p r o je c ­
t e d ,  th a t  i s ,  t o  f i n d  th e  p o s i t i o n  o f  th e  ey e  and th e  t a b l e . 
In  t h i s  c o n n e c tio n  Lambert g iv e s  a r ic h  s to r e  o f  problem s  
and ex a m p les .
F i f t e e n  y e a r s  a f t e r  th e  app earance o f  th e  "Freye Per­
s p e c t iv e "  Lambert p u b lis h e d  a new e d i t io n  o f  th e  work in  
w hich  a secon d  volume was ad d ed . T h is c o n ta in e d  inq)ortant 
n o te s  and a p p e n d ic e s . The most im p ortan t c o n ta in s  a group  
o f  s i g n i f i c a n t  p rob lem s, w h ic h  we s h a l l  enum erate b r i e f l y .
I .  G iven fo u r  n o n - c o l l in e a r  p o in t s  o f  w hich each l i e s  
o u ts id e  th e  t r i a n g l e  d eterm in ed  by th e  rem ain in g  t h r e e ,  to  
d eterm in e  more p o in ts  o f  th e  c lro u m feren ce  o f  some e l l i p s e  
p a s s in g  th rou gh  them , th e  c o n s tr u c t io n  t o  be accom p lish ed  
by means o f  l i n e s  o n ly .  I I .  G iven a p a r a lle lo g r a m ; t o  
draw a l i n e  th ro u g h  a g iv e n  p o in t  p a r a l l e l  t o  a g iv e n  l i n e ,  
u s in g  o n ly  l i n e s  in  th e  c o n s t r u c t io n .  I I I .  A c i r c l e  and i t s  
c e n te r  are g iv e n ;  t o  e r e c t  a p e r p e n d ic u la r  t o  a g iv e n  l i n e  
th rou gh  a g iv e n  p o in t ,  u s in g  o n ly  l i n e s  in  th e  c o n s tr u c t io n .  
IT . A segm ent i s  b i s e c t e d ;  t o  d iv id e  i t  in to  an a r b itr a r y  
number o f  e q u a l p a r t s ,  u s in g  o n ly  l i n e s .  T . Two l i n e s  are  
g iv e n  w h ich  i n t e r s e c t  in  an  in a c c e s s ib le  p o in t ;  w ith o u t ex—
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te n d in g  th e s e  l i n e s ,  t o  draw a l i n e  th ro u g h  a g iv e ^  p o in t  
w hioh s h a l l  p a ss  th rou gh  the p o in t  o f  in t e r s e c t i o n  o f  th e  
two g iv e n  l i n e s .  Use o n ly  l i n e s  i n  th e  c o n s tr u c t io n .  
(L am b ert's s o l u t i o n  o f  t h i s  problem  i s  s t i l l  u s e d . I t  de­
pends upon th e  harm onic r e l a t i o n  o f  a co m p lete  q u a d r ila t ­
e r a l . )  7 1 . Two l i n e s  a re  ea ch  d iv id e d  in to  tw o eq u a l p a r t s ;  
t o  draw a l i n e  p a r a l l e l  t o  a g iv e n  l i n e .  7X1. To prove th e  
P yth agorean  p r o p o s i t io n  by p e r s p e c t iv e  m ethods, u s in g  o n ly  
l i n e s .  (G iven , o f  c o u r s e , th e  h o r iz o n ta l  p la n e  and th e  ta b le  
p e r p e n d ic u la r  t o  i t . )  7 I I I .  A c i r c l e  and i t s  c e n te r  a re
g iv e n ;  to  b i s e c t  an a r b it r a r y  a rc  o f  th e  c i r c l e .  H .  Two se g ­
m ents AC and ^  in t e r s e c t  in  th e  p o in t  JB so  t h a t  AE « EC,
ED » 2BB. To c o n s tr u c t  a p a r a lle lo g r a m , u s in g  o n ly  l i n e s .  
I - 2 I I .  D e ter m in a tio n  o f  p a r a l l e l s  w ith  o th e r  sy stem s o f  d a ta .  
1 1 7 . I f EBP = ZABE, t o  c o n s tr u c t  th e  p e r p e n d ic u la r  to  ^  
th rou gh  B, u s in g  o n ly  l i n e s .
In  ord er  to  g iv e  an id e a  o f  L am bert's p ro ced u re , we
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L et ^  and BD be th e  l i n e s  w h ich  oononraf in  an  In ­
a c c e s s i b l e  p o in t ,  and B th e  g iv e n  p o i n t .  Draw two l i n e s  
4 5 , GB th rou gh  E and th e n  draw ^  and th r o u g h JÇ ( i n t e r ­
s e c t io n  p o in t  o f  13  and draw th e  l i n e  KCD and "then CE 
and Gl); i f  F i s  th e  in t e r s e c t i o n  p o in t  o f  th e  l a t t e r  two 
l i n e s ,  th e n  ^  i s  th e  reg^uired l i n e . "
From t h e s e  l a s t  few  problem s we s e e  th a t  Lambert i s
ap p roach in g  a n o n -m etr ic  g e o m e tiy , w ith  th e  c o n c e p tio n  o f
p e r s p e o t iv i t y  a s  fu n d a m en ta l. H owever, upon e x a m in a tio n ,
i t  w i l l  be se e n  t h a t  a lth o u g h  in  each c a se  th e  c o n s tr u c t io n
i t s e l f  i s  e n t i r e l y  H p n rm etric , t h e r e  a r e  m e tr ic  e lem en ts
in v o lv e d  in  th e  p rob lem s, an d , t h e r e f o r e ,  n e c e s s a r i ly  in  th e
I
d a ta .  Problem s ^  and 7 ,  how ever, a r e  c o m p le te ly  n o n -m etr ic  
in  n a tu r e .
A lthough  Lam bert’ s work in  n o n -m etr ic  p e r s p e c t iv e  geom­
e t r y  was v e r y  sm a ll in  amount, t h i s  e x p l i c i t  em phasis on  
n o n -m e tr ic  c o n s tr u c t io n s  and p r o o fs  was n e v e r t h e le s s  v e r y  
im p o r ta n t, f o r  th ou gh  many n o n -m etr ic  p r o p o s i t io n s  had been  
p roved  in  n o n -m etr ic  ways b e fo r e  th a t  tim e  th e r e  was a s  y e t ,  
a p p a r e n t ly , no th ou gh t o f  d e v e lo p in g  a c o m p le te ly  non­
m e tr ic  geom etry , or even  o f  e x p er im en tin g  w ith  su ch  a geom­
e t r y .
Lam bert, th e n , by r e s t r i c t i n g  th e  s o lu t io n s  o f  some o f  
h i s  problem s to  th o se  in  w h ich  o n ly  l i n e s  w ere u sed  ( l in e a r )  
made th e  f i r s t  move i n  th e  developm ent o f  n o n -m etr ic  geom­
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e tr y *  T h is geom etry  was a t  f i r s t  l im i t e d  to  th e  p la n e , and  
so was c a l l e d  "G eom etrie d e s  L in e a ls"  ( i n  F ren ch , "geom etrie  
de l a  r e g ^ e " ) .
In  snmmlng up t h e s e  e x c u r s io n s  in to  th e  f i e l d  o f  p er ­
s p e c t iv e  geom etry we w i l l  sa y  th a t  a lth o u g h  p e r s p e c t iv e  
th e o r y  in  th e  e ig h te e n th  c en tu ry  was p r im a r ily  a te c h n o lo g y  
f o r  a r t i s t s ,  y e t  i t  k ep t th e  id e a  and t h e  word " p e r sp e c tiv e "  
b e fo r e  th e  m ath em atic ian s o f  th a t  tim e  and d ir e c t e d  t h e i r  
a t t e n t io n  t o  th e  problem s i t  in v o lv e d , making th a n  f a m il ia r  
in  b o th  a t h e o r e t i c a l  and i n t u i t i v e  way w ith  th e  r e la t io n s  
betw een  a f ig u r e  and i t s  " p e r sp e c tiv e " #
Though p r o j e c t iv e  geom etry  a s an o rg a n ize d  s u b je c t  
b e a r s  o n ly  a d i s t a n t  resem b lan ce  to  p e r s p e c t iv e  geom etry , in  
r e a l i t y  th e  two b ran ch es o f  geom etry  have many t h in g s  in  com­
mon,, So a lth o u g h  we can n ot say  t h a t  p r o j e c t iv e  geom etry  
grew o u t o f  p e r s p e c t iv e  g e o m e tiy , n e v e r t h e le s s  p e r s p e c t iv e  
geom etry  was an im p ortan t p a r t o f  t h a t  m a tr ix  o f  t h e o r ie s  
and p r o p o s i t io n s  i n  w h ich  we must lo o k  f o r  th e  o r ig in i^  o f  
p r o j e c t iv e  g eom etry .
However, i t  seem s q u ite  l i k e l y  th a t  th e  in d iv id u a l  th e ­
orems th e n  known were th e  most im p ortan t e lem en t i n  d e v e l­
op in g  th e  new t h e o i y .  A v e ry  few  o f  th e s e  th eorem s are  fun­
dam ental i n  p r o j e c t iv e  g eom etry , and t h e s e  had w ith  but few  
e x c e p t io n s  b een  p roved  b e fo r e  1700 .
Howeve r , - i t  oooma qu i t e  l i k e l y -th a t - th o  in d iv id u a l
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In  th e  y e a r  1800 the  fo l lo w in g  were,  b r i e f l y ,  th e  p r i n ­
c i p a l  m a t e r i a l s  which l a y  a t  hand f o r  th e  c o n s t r u c t i o n  of the  
new geometry:
(1) Theorems.
Cross r a t i o  { in  p o le  and p o l a r  t h e o r y ) ,  A pollon ius
Ptolemy’ s theorem (py. ^?)  «
In v a r ian c e  of anharmonio ( c r o s s )  r a t i o  under  p r o j e c t i o n ,  
Pappus (p .  10 ) .
Harmonic p r o p e r ty  o f  complete q u a d r i l a t e r a l ,  Pappus 
(Ppld l̂l).
I n v o lu t io n  o f  f o u r ,  f i v e ,  and s i x  p o in t s ,  Desargues 
( P3P. '
Theorems on p o le s  and p o l a r s ,  Desargues (p / î iy ^ *  
Desargues» theorem ( p . 14 )•
P a s c a l ' s  theorem (pp.14̂ 7) .
Theorems o f  Hewton and Maolaur in  on t r a n s v e r s a l s  of 
geom etr ic  curves  (p^MÿW.
(2 ) Methods and t h e o r i e s .
P r o j e c t i o n  and s e c t i o n ,  Desargues (p .  ) .
Theory of t r a n s v e r s a l s ;  Ptolemy, Pappus,  Desargues
Conception of  i n f i n i t y ;  K ep le r ,  Desargues (pmf:y3). 
P e r s p e c t iv e ;  Desargues,  s ’Gravesande an d  his  p rede­
ce s so r s  (p .3^ ) .
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îîon-metrio  geometry; Pappus, lam ber t  (pJ/<^W).
Center  of  mean harmonics ,  L h e la u r in  .
D e s c r ip t iv e  geometry, Konge ( p . ; t 3 ) *
We have now completed a survey of  th e  development of 
geometry up to the  end of th e  e i g h t e e n th  c e n tu ry ,  w ith  
s p e c i a l  r eg a rd  t o  the  h e a r in g  which t h i s  development had 
upon th e  o r i g i n  of  p r o j e c t i v e  geometry.
I t  remains to  t r a c e  the  development of p r o j e c t i v e  geom­
e t r y  p ro p e r  from th e  f i r s t  p a r t  of t h e  n i n e t e e n t h  cen tu ry  to 
the  p r e s e n t  t im e .  This w i l l  he th e  s u b je c t  of  t h e  next  two 
c h a p te r s .
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C hapter I I I
Jean  T io to r  P o n o e le t  was born a t Metz in  th e  y ea r  1788 , 
He s tu d ie d  a t  th e  E co le  P o ly te c h n iq u e  from 1808 to  ISlO ^wkevt
he came under th e  In f lu e n c e  o f  Monge. As a  l ie u t e n a n t  
o f e n g in e e r s  he s e r v e d  u n der H apoleon from  1812 u n t i l  he was 
ta k e n  p r is o n e r  by th e  R u ss ia n s  in  th e  sp r in g  o f  1 8 1 3 . In  
p r is o n  he commenced h is  g r e a t  work, th e  " T raite' des prop— 
r ië ' t ë s  p r o j e c t iv e s  d es f ig u r e s " .  T h is was f i r s t  p u b lish e d  
in  1 8 2 2 , and a secon d  e d i t io n  appeared in  1 8 65 , w ith  th e  ad­
d i t i o n  o f  a secon d  vo lum e. We s h a l l  d i s c u s s  th e  e d i t io n  o f  
1865 , rem em bering th a t  m o s t .o f  th e  m a te r ia l  w h ich  was added  
t o  th e  o r ig in a l  work had b een  p u b lish e d  i n  o th e r  form s p r io r  
to  1 8 3 0 .
At th e  b e g in n in g  o f  th e  work P o n o e le t  makes th e  s t a t e ­
ment th a t  in  what f o l lo w s  th e  word " p r o je c t io n "  s h a l l^ u n le s s  
o th e r w ise  sp e c if ie d ^ h a v e  th e  same meaning a s " p e r sp e c t iv e " .
A c o n ic  i s  tak en  to  be a p la n e  s e c t i o n  o f  a  cone o f  c ir c u la r  
b a s e .  The f i r s t  theorem  i s  one on th e  in v a r ia n c e  under pro­
j e c t i o n  o f  a m e tr ic  r e l a t io n  among l i n e  seg m en ts. Hue to  
i t s  fundam ental im portance in  th e  w ork, we s h a l l  g iv e  both  
th e  theorem  and i t s  p r o o f .
"In an e q u a t io n  o f  two t e im s ,  i f  b oth  term s are  r a t io n a l  
in  form , and i f  th e  same l e t t e r s  o ccu r  th e  same number o f  
t im e s  on each  s id e  o f  t h e  e q u a t io n , t h e  l e t t e r s  b e in g  tak en
• Zo
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in  p a ir s  and in t e r p r e te d  as r e p r e s e n t in g  th e  end—p o in t s  o f  
segm ents whose m agnitudes th e y  a r e  in te r p r e te d  a s  r e p r e s e n t­
in g  i n  p a ir s ,  and i f  t h e s e  p o in t s  a re  a l l  on th e  same s t r a ig h t  
l i n e ,  th en  th e  r e l a t io n  i s  " in v a r ia n t  nnder p r o j e c t io n ."
In  th e  f ig u r e
area  SAB _ SA*SB 
a rea  SA* B' S3? •SB'T'’
so a r e a  SAB ~ “SA*SS"
area  SA^B* 
SÂ  'SB'
^ in ^ B S A  »
L et SA be a , SB be b , e t c .
Then area  SAB = ^œa*b. ♦
I f  p i s  th e  p e r p e n d ic u la r  from  
8 to  _AB, th en
a r ea  SAB = ^P'AB, so J
^p»AB = ^ « a » b , and
AB .
P
For a n o th er  segm ent GB o f  th e  f i g u r e ,  c a l l i n g  o , d , m , 
and p̂  th e  new v a lu e s  co rresp o n d in g  to  i t ,  we have
CD m/.o*d
How s in c e  th e  segm ents a r e  c o l l i n e a r ,  p = p '=  e t c . ,  and 
f o r  any r e l a t i o n  o f  th e  above fo rm 3 » Jb, _o, e t c . ,  w i l l
o b v io u s ly  d iv id e  ou t in  th e  s u b s t i t u t io n  f o r  CD, e t c .
So we o b ta in  a r e l a t io n  among t h e  s i n e s  o f  th e  a n g le s  a t  _S. 
E v id e n t ly , th e n , f o r  any o th e r  t r a n s v e r s a l ,  i f  À,  3̂ , e t # . .
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are  th e  p o in t s  on e t c , ,  th e n  we have th e  same r e l a ­
t i o n  among i t s  segm ents ^  ( /  3p/ e t o . ,  a s  we had among t h e
segm ents 1 2 , CD, e t o .  T h is r e l a t i o n ,  t h e r e f o r e ,  i s  p r o je c ­
t i v e .  %.E.D.
Now h y  t h i s  th eorem  a r e l a t i o n  o f th e  form  AC*22 = 
klD'BC i s  p r o t e c t i v e .  In  th e  form  = k i t  i s  c a l l e d
th e  anharm onic or c r o s s  r a t i o .  The s p e c i a l  c a se  = 1
i s  c a l l e d  th e  harm onic r a t i o .  The p o in t s  A, 2 ,  _0, 2  in  t h i s  
c a se  are c a l l e d  harm onics p o in t s  and t h e  l i n e s  SA, ^ 2 ,
82  are  c a l l e d  a harmonic p e n c i l .  I t  f o l lo w s  t h a t  any tr a n s ­
v e r s a l  o f a harm onic p e n c i l  (any p r o j e c t io n  o f  harm onic
fu A  t'h  ÎK
p o in t s )  harm onic s e t  o f  p o in t s .
The f o l lo w in g  r e l a t io n  among 
th e  segm en ts d eterm in ed  on th e  
s id e s  o f  a t r i a n g l e  by any c i r c l e  
i s ,  i t  i s  ea sy  to  v e r i f y ,  p r o je c ­
t iv e *
AP*AP'' •BQ'BQ' 'GR'CR'
f i t  A
« 2P*2P *CQ*CQ "AR'AR .
T h erefo re  t h i s  r e l a t io n  h o ld s  i n  /6
any p r o j e c t io n  o f  th e  f i g u r e ,  and s in c e  t h e  p r o je c t io n  o f  a 
c i r c l e  i s  a c o n ic  and th e  p r o j e c t io n  o f  a t r ia n g le  s t i l l  a 
t r i a n g l e ,  t h a i  f o r  any c o n ic  in t e r s e c t i n g  a t r ia n g le  in  s i x  
p o in t s  t h e  above r e l a t i o n  h o ld s .
/
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Suppose now th a t  A g o e s  to  i n f i n i t y #
s in o e  th e  r a t i o s  ^  and g-gy beoome eq u a l t o  o n e .
How i f  th e  th r e e  s id e s  o f  a t r i a n g l e  a r e  ta n g e n t t o  any  
c o n ic  a t  2 ,  S f aiiA R, th en  
AP'BQ'CR = BP*CQ*AR.
Suppose BÇ drawn p a r a l l e l  to  
PR. Then ^  and th e r e fo r e
BQ, -  OQ, so t h a t  Q i s  on th e  l i n e  
AO throTjgh th e  v e r t e x  A_ and th e  
mid—p o in t  0 o f  T h er e fo r e :
P a r a l l e l  chords o f  c o n ic  s e c t i o n s  have t h e i r  m id -p o in ts  
and th e  p o in t s  o f  in t e r s e c t i o n  o f  th e  ta n g e n ts  drawn th rou gh  
t h e i r  r e s p e c t iv e  e x t r e m it ie s  on a s in g le  l i n e  c a l le d  a diam­
e t e r .
Drawing a new ta n g e n t B 'C 'p a r a l le l  t o  BC, we can c o n s id e r  
BQ,, B'Q as form in g a c ir cu m sc r ib e d  t r i a n g le  BB^K, where K  




A ls o , and
Then * That i s ,  th e  d ia m e ter  QQ̂ i s  d iv id e d  har­
m o n ic a lly  b y  th e  m id -p o in t o f  each chord  ^  and th e  v e r te x  A 
o f  the c ir cu m sc r ib e d  a n g le .
Bow, ( f i g . ' J  ) i f  MN and PR a r e  two p a r a l l e l  ch ord s o f
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any e o u ic  s e c t io n  and AB th e  
d iam eter  t l s e o t l n g  each  o f  them .
/
/
.   ̂ /k
th e n  p r o p o s i t io n  (1 )  w i l l  become . /
Q M S ' “ whence / H
§3“̂ « p*OA*OB, p b e in g  a c o n s ta n t  -̂ 7̂
v a r y in g  o n ly  w ith  th e  d ir e c t io n  o f  f
For th e  c a se  o f  th e  p a r a b o la , OB and BQ b o th  beoome 
I n f l n t e l y  la r g e ,  so
ÔM® = p*OA (p =
T hese r e la t io n e  a r e  v e r y  c o n v e n ie n t  f o r  c e r t a in  p u rp oses  
a s w i l l  be s e e n .
G iven two c o n ic s j  th ey  w i l l  be d eterm in ed  by  
QB  ̂ = p»OA*OB 
0^M* ^ = p # 0 'A f "O'B*
How I f  we assume th e  c o n ic s  to  be s im i la r ,  and th e  
d ia m eters  ^  and A'B' to  b e  hom ologous d ia m e te r s , and th e  
chords CM and o'M  ̂to  b e  l ik e w is e  hom ologous, th e n  
OA r OB ,  AB _ OM
P T "  0 ^  I T  m r *
so th a t  E = 1 .  T h erefo re  p = In  t h i s  way we o b ta in  
p'
a c r i t e r i o n  f o r  th e  s i m i l a r i t y  o f  c o n ic  s e c t i o n s .
In  th e  c a se  o f  th e  p a r a b o la ,
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Ô W  -  ô & .
■’ T h erefo re  a l l  p a r a b o la s  are s i m i la r .
From th e  above c o n s id é r â t  ions_, i f  a l i n e  mn i s  drawn in
t h e  p la n e  o f  a c o n ic ,  (1 ) th e  mid—p o in t  0̂  o f  th e  chord  W
w hich  th e  curve in t e r c e p t s  upon i t  i s  a t t h e  i n t e r s e c t io n  of
t h i s  l in e  w ith  t h e  d ia m eter  ^  c o n ju g a te  to  i t s  d ir e c t io n ;
(2 )  th e  p o in t  O' in  w h ich  th e  ta n g e n ts  a t  M and i n t e r s e c t
i s  on t h i s  same d ia m eter  and i s  t h e  harm onic co n ju g a te  o f  jO
w ith  r e s p e c t  t o  ^  and B; th a t  i s ,
o'A  ,  OÂ
O'B OB*
Bow i f  we c o n s id e r  a l i n e  m'n'  ̂drawn e x t e r io r  to  th e  
c u r v e , and i f  _o' i s  th e  p o in t  in  w h ich  i t  m eets th e  d iam eter  
o f  th e  curve c o n ju g a te  t o  i t s  d i r e c t io n ,  th en  t h i s  d iam eter  
^  w i l l  c o n ta in  th e  mid—p o in t s  o f  th e  chords o f  the cu rve  
p a r a l l e l  to  m 'nl I f  two ta n g e n ts  O'M, o'B  are  drawn to  th e  
c u r v e , th e  mid—p o in t  0 o f  M  w i l l  l i e  on AB so t h a t  0 0 'AB 
c o n s t i t u t e  a harm onic s e t .
Here P o n o e le t  in tr o d u c e s  t h e  id e a  o f  im a g in a r ie s . Inas­
much a s  he was th e  f i r s t  to  make u se  o f  t h i s  id e a  in  pure  
geom etry , i t  w i l l  be in t e r e s t i n g  to  g_uote a p a s sa g e .
”W eshall d e s ig n a te  by "im aginary" e v er y  e lem en t w hich, 
a lth o u g h  r e a l  in  a g iv e n  f ig u r e ,  becom es e n t i r e ly  im p ossib le  
or in c o n s tr u c t ib le  in  some c o r r e la t iv e  f i g u r e .  (C o r r e la t iv e -
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”t h a t  which i s  c o n s id e re d  to  have come from th e  f i r s t  hy 
th e  p r o g re s s iv e  and con t inuous  movement o f  c e r t a i n  p a r t s  
w i th o u t  v i o l a t i n g  t h e  p r i m i t i v e  laws of  th e  s y s t e m .” )-; 
the  word " i d e a l "  s h a l l  d e s ig n a te  t h e  mode o f  e x i s te n c e  
o f  an element which on th e  c o n t r a ry  remains r e a l  in  the  
t r a n s f o r m a t i o n  o f  the  f i g u r e ,  but  ceases  to depend in  a 
r e a l  manner on o the r  e lements  which d e f in e  i t  g r a p h ic a l ly ,  
because these  elements  have become im a g in a ry . "
With th e s e  d e f i n i t i o n s  i n  mind, m^n' can be c a l l e d  
the  i d e a l  secan t  o f  t h e  c o n ic ,  (m'n ' i s  a r e a l  l i n e  
w i th  imaginary p o i n t s  of  i n t e r s e c t i o n  w i th  th e  c u rv e . )
How l e t  us co n s id e r  the  r e l a t i o n
= p .O 'A 'O 'B .
I t  d e f in e s  the  p o in t s  and on m ' n ' . The d i a t a a e »
M'W w i l l  be t h e  i d e a l  cord on th e  i d e a l  s e can t  m ' n ' .
I f  we c o n s t ru c t  t h e  t o t a l i t y  of i d e a l  cords  M'E' s a t i s ­
fy in g  th e  above r e l a t i o n  we s h a l l  e v i d e n t l y  o b t a in  a 
second c o n ic ,  which we s h a l l  c a l l  supplementary  to th e  
f i r s t .  There i s  o b v ious ly  one such f o r  eve ry  d i r e c t i o n  
o f  th e  d iam e te r  AB.
The a n a l y t i c a l  c o u n t e r p a r t  o f  th e  f a c t  t h a t  the  p o in t s  
and_E^ a re  imaginary i s  t h a t  in  
W ^ '2  _ p .O 'A 'O 'B, 
e i t h e r  O'A or O'B w i l l  be a n e g a t iv e  q u a n t i ty ,  i f  both OA
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and OB a r e  co ns ide red  p o s i t i v e .  So i n  so lv in g  t h e  eg n a t io n  
we o b ta in  imaginaiy  s o l u t i o n s ,  showing t h a t  i n  the problem 
as s t a t e d ,  M and E a re  im aginary .  Of two supplementary  
con ics  e i t h e r  can, of co u rse ,  be co n s id e red  r e a l  and the  
o th e r  i s  th e n  im aginary .
I f  we co n s id e r  two c o n ic s  in th e  same p la n e ,  we know 
t h a t  i f  they  have a r e a l  common cord :  ( l )  The d iam ete rs  
con jugate  t o  i t s  d i r e c t i o n  in  each o f  t h e  cu rves  w i l l  meet 
i n  th e  mid—p o in t  of the co rd  in  q u e s t io n ;  (E) I f  t h i s  p o in t  
i s  0, and AB and A^B ' t h e  d i a m e te r s ,  and p and p '  the  con­
s t a n t s  correspond ing  t o  th e s e  d ia m e te r s ,  r e s p e c t i v e l y
. / / ( 
p'OA'OB = p 'OA *0B , s in c e  0M= OM .
These two c o n d i t io n s  a r e  n e c e s s a ry  and s u f f i c i e n t  to  
determine t h e  co rd s  which two co p lan a r  co n ics  have i n  com­
mon. The co rd s  which th e  su p p lem en ta r ie s  of  two such conics  
have i n  common we s h a l l  c a l l  i d e a l  common co rds  o f  the  
conic s e c t i o n s ,  i n  accordance w i th  the  above d i s c u s s io n  o f  
i d e a l  co rds .
I t  i s  th e n  proved t h a t  two con ic  s e c t i o n s  a c t u a l l y  do
have i d e a l  cords  meeting the  above c o n d i t io n s .  I n  t h i s
cwfc
p ro o f  P onoe le t  makes c l e a r - a s *  use  of th e  p r i n c i p l e  of  
c o n t i n u i t y ,  whose importance- i n  geometry he was t h e  f i r s t  
t o  s t a t e -
I t  i s  shown t h a t  r e a l  and i d e a l  common cords as d e f in ed  
by the  above r e l a t i o n s  a re  e q u iv a le n t  to  t h e  i n t e r s e c t i o n —
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l i n e s  of  t h e  p lanes  de te rm in ing  th e s e  oonios  by t h e i r  i n t e r ­
s e c t i o n s  w i th  a cone. ’Then t h e  l i n e  o f  i n t e r s e c t i o n  o f  two 
such p lan es  c u t s  th e  cone, i t  i s  a r e a l  common s e c a n t ,  and
when t h i s  l i n e  i s  e x t e r i o r  to t h e  cone, i t  i s  an i d e a l  com­
mon s e c a n t .
X.*'*
I t  i s  shown t h a t  i f  _S i s  th e  apex o f  th e  c one 0m2 =
P'OA'OB = p 'OS^, where p i s  t h e  c o n s ta n t  o f  any s e c t i o n
o f  the  cone by a  p lane  p a r a l l e l  to  t h e  p lane  OSM f o r  t h e  
d iam ete r  de term ined  by i t s  p lane and t h e  p lane  I f
t h i s  conic  i s  a c i r c l e ,  p = 1 and OM = OS.
l e a v in g  t h i s  s u b j e c t ,  Bonce le t  t u r n s  h i s  a t t e n t i o n  to  
s e r i e s  o f  c i r c l e s ,  now c a l l e d  p e n c i l s  o f  c i r c l e s .  The b a s i c  
theorem i s :
" I f  from any p o in t  P o f  the  i d e a l  common secan t  o f  two 
or  more c i r c l e s  one draws t a n g e n t s  PT, P T ^ . . .  to  t h e  c i r c l e s ,  
th e s e  segments w i l l  be e q u a l . "
Bow i f  we c o n s id e r  a s e r i e s  of  c i r c l e s  ( C) ,  ( o ' ) ,  ( c ' ' ) ,  
. . . i n  a p lane  a l l  having th e  same r e a l  or i d e a l  common 
secan t  mn, from any p o i n t  P o f  t h i s  s e can t  we s h a l l  draw 
ta n g e n t s  PT, P l f . . . ,  which w i l l  a l l  be e q u a l .  The p o i n t s  
o f  tangency T, T̂  , . . . ,  w i l l  t h e n  l i e  on a  c i r c l e  w i th  r a d iu s  
PT and c e n te r  a t  P, which w i l l  e v i d e n t l y  cu t  a l l  t h e  c i r c l e s  
( 0 ) ,  ( c / ) , . . . ,  o r th o g o n a l ly .  The l i n e  CC^ w i l l  be th e  com­
mon s e c a n t  o f  t h i s  o r th o g o n a l  s e r i e s  (P ) ,  ( P ^ ) , . . .
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The fo l lo w in g  th eo re n a  a r e  t h e n  proved:
"A l l  t h e  mid—p o i n t s  o f  oords  o f  co n tao t  co r respond ing  
to  any p o in t  i n  the  p la n e  o f  a s e r i e s  o f  c i r c l e s  having a 
common secant, a r e  on a new o iroum ference  o r th o g o n a l  to  a l l  
th e  f i r s t . "
"Two c i r c l e s  i n t e r s e c t i n g  o r th o g o n a l ly  i n  a p lane  a r e  
r e c i p r o c a l l y  siich t h a t  t h e  d iam ete rs  o f  one a r e  cut harmoni­
c a l l y  by the c i rcum fe rence  o f  th e  o t h e r - "
In  a s e r i e s  o f  c i r c l e s  hav ing  an i d e a l  common s e c a n t  
th e  " l i m i t  p o in t s "  a re  th e  two p o in t s  on th e  a x i s  C£' which 
th e  c e n t e r s  o f  t h e  c i r c l e s  approach  a s  t h e i r  r a d i i  become 
s m a l le r .  These a r e  s y n m e t r i c a l l y  p la c e d  w i t h  r e s p e c t  t o  
th e  common s e c a n t .
" I f  a s e r i e s  o f  c i r c l e s  having a  common s e c a n t  has two 
l i m i t —p o i n t s ,  th e s e  two p o i n t s  d iv id e  h a rm o n ic a l ly  a l l  t h e  
d iam e te rs  which correspond  to  them in  t h e  d i f f e r e n t  c i r c l e s  
o f  th e  s e r i e s . "  (This  i s  in  consequence of  th e  f a c t  t h a t  i n  
such a s e r i e s  a l l  th e  c i r c l e s  o f  t h e  o r thogona l  s e r i e s  pass  
th rough  the two l i m i t  p o i n t s . )
"A ll  t h e  co rds  o f  c o n t a c t ,  or  p o l a r s ,  which correspond  
to  some given p o i n t  and a s e r i e s  o f  c i r c l e s  having a common 
secan t  w i l l  i n t e r s e c t  i n  a un ique  p o in t  of  th e  p lan e  o f  t h e  
c i r c l e s . "
Let the  f i r s t  o f  th e s e  p o i n t s  be c a l l e d  A and th e  seoeed
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ond y  ; t h e  p o l a r s  o f  w i l l  a l s o  pass  t h r o n g  A. A 
and A a re  c a l l e d  " r e c i p r o c a l  p o i n t s "  w i th  r e s p e c t  to such  
a s e r i e s  o f  c i r c l e s .  The r e c i p r o c a l  p o i n t s  o f  a l l  p o i n t s  
on th e  common se can t  a r e  l i k e w is e  l o c a t e d  on th e  common 
s e c a n t .
The fo l lo w in g  theorem concludes  the s u b j e c t  o f  s e r i e s  
o f  c i r c l e s ;
"A l l  t h e  p o in t s  which a r e  th e  r e c i p r o c a l s  o f  those o f  
an a r b i t r a r y  s t r a i g h t  l i n e  w i th  r e s p e c t  to a  s e r i e s  o f  c i r c l e s  
l i e  on a  conic  s e c t i o n  p a s s in g  th ro u g h  th e  two l i m i t  p o in t s
( r e a l  o r  imaginary) o f  t h e  s e r i e s . "
The proof  o f  t h i s  theorem f o r  th e  case where th e  l i m i t — 
p o i n t s  are  r e a l  i s  v e ry  easy indeed ,  but i t s  e x t e n s io n  t o  
t h e  case  where the  c i r c l e s  have a r e a l  common secant  and th e  
l i m i t  p o in t s  a re  imaginary i s  q u i t e  ano ther  m a t te r ,  and  Ponce-  
l e t  ex tends h i s  theorem w ith o u t  p ro o f  to  t h i s  i n s t a n c e  by v i r ­
tu e  o f  th e  p r i n c i p l e  o f  c o n t i n u i t y .  He does ,  however, i n s e r t  
a n o te  i n  which t h e  p ro o f  i s  g iv e n  in  f u l l .  This i s  g iven  
as an example o f  Ponce l e t  *s conception  and  u s e  of th e  p r i n ­
c i p l e  of  c o n t i n u i t y ,  which he a d m i t te d  in to  h i s  geometry w i th ­
out p r o o f .
Here Ponoele t  r e t u r n s  to  the  c o n s i d e r a t i o n  of  conic sec­
t i o n s  i n  g e n e r a l .  S ince i n  two hyperbo las  which a re  s i m i l a r
and s i m i l a r l y  o r i e n t e d  the  aasym pto tes  a r e  p a r a l l e l ,  t h e
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ourves have two common p o i n t s  a t  i n f i n i t y  on th e s e  assymp— 
t o t e s ,  o r ,  in  o th e r  words, th e y  have a common se c an t  a t  in ­
f i n i t y .  This id e a  i s  then  extended to e l l i p s e s  which a re  
s i m i l a r  and s i m i l a r l y  o r i e n t e d ;  t h e i r  supplementary  hyper­
b o la s  w i l l  a l so  be s i m i l a r  and s i m i l a r l y  o r i e n t e d ,  and w i l l  
t h u s  have a r e a l  common s e c a n t  a t  i n f i n i t y ,  which w i l l  be 
th e  i d e a l  common secan t  a t  i n f i n i t y  o f  t h e  two e l l i p s e s .
I f  t h e  curves  a r e  f u r t h e r  supposed c o n c e n t r i c ,  they  w i l l  
have a r e a l  s e c a n t  o f  c o n ta n t  a t  i n f i n i t y  i f  hyperbo la s  
and an i d e a l  secan t  o f  c o n t a c t  a t  i n f i n i t y  i f  e l l i p s e s ,  o r  
r a t h e r  double  imaginary c o n t a c t  a t  i n f i n i t y .  I f  p a ra b o la s  
a re  s i m i l a r l y  o r i e n t e d  t h ^  touch in  a r e a l  p o in t  whose 
t a n g e n t  i s  a t  i n f i n i t y .
C i r c l e s  a r e  e v i d e n t l y  s i m i l a r  and s i m i l a r l y  o r i e n t e d ;  
then  a l l  c i r c l e s  i n  a p la n e  have an i d e a l  common s e c a n t  a t  
i n f i n i t y ,  or two imaginary common p o i n t s  a t  i n f i n i t y .  These 
p o i n t s  have s in c e  been c a l l e d  t h e  c i r c u l a r  p o i n t s  a t  in f in i t ;  
o r  simply the  c i r c u l a r  p o i n t s  o f  th e  p la n e .  They o r ig ina ted  
w i th  P o n o e le t .
S inoe two c i r c l e s  always have an o th e r  common se c a n t ,  
r e a l  o r  i d e a l ,  a t  a f i n i t e  d i s t a n c e ,  excep t  when th e y  a re  
c o n c e n t r i c ,  when t h i s  s e c a n t  u n i t e s  w i th  th e  o r i g i n a l  com­
mon secan t  a t  i n f i n i t y ,  we can cons ider  any two c i r c l e s  as
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having fo u r  p o i n t s  i n  oommon.
The secan t  a t  i n f i n i t y  oommon to  s e v e r a l  c i r c l e s  o r  
e l l i p s e s  i s  n e c e s s a r i l y  in d e te rm in a te  i n  d i r e c t i o n .  Fow 
in  g e n e r a l  when a s t r a i g h t  l i n e  i s  moved co n t in u o u s ly  to 
an i n f i n i t e  d i s t a n c e  i t  becomes in d e te rm in a te  i n  d i r e c t i o n ,  
so we can cons ide r  a l l  the p o i n t s  a t  i n f i n i t y  i n  a p la n e  as 
d i s t r i b u t e d  on a un ique  l i n e ,  i t s e l f  s i t u a t e d  a t  i n f i n i t y  on 
t h i s  p l a n e .
This id ea ,  o r i g i n a l  w ith  P o n o e le t ,  i s  one which i s  in ­
vo lved  in  n e a r l y  a l l  modem geom etry .  By nse of i t  and t h e  
co n cep t io n  o f  common s e c a n t s  a t  I n f i n i t y  he so lves  the  f o l ­
lowing problems:
Given a conic  s e c t i o n  (C) and any l i n e  M  i n  i t s  p la n e ,  
to  f i n d  a c e n t e r  and a p lane  of  p r o j e c t i o n  such t h a t  the  
l i n e  M  i s  p r o j e c t e d  to  i n f i n i t y  and t h e  conic  i s  p r o je c te d  
in to  a c i r c l e .
To p r o j e c t  the  above conic so t h a t  M  goes  to i n f i n i t y  
and the conic goes  in to  (1) an hype rbo la  s i m i l a r  to  a given 
h y p e rb o la ,  (2} an e l l i p s e  s i m i l a r  to a g iven  e l l i p s e .
These c o n s t r u c t io n s  a r e  accomplished by use  of t h e  
r e l a t i o n  o f  t h e  conic s e c t i o n  to th e  cone s t a t e d  above, 
namely, OM =• p*OA*OB = p *03 . For th e  f i r s t  case t h e  
locus  of  t h e  c e n t e r  of p r o j e c t i o n  i s  found to  be a sphere
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o f  r a d iu s  gM w i th  c e n t e r  a t  0, For th e  nex t  two i t  i s  an an­
n u la r  s u r f a c e .  The p lan e  upon which th e  p r o j e c t i o n  i s  made i s  
always supposed p a r a l l e l  to  the  p la n e  OIB co n ta in in g  t h e  center  
o f  p r o j e c t i o n  S and the s e ca n t  M .
The fo l lo w in g  theorems a r e  th e n  proved:
"When one p r o j e c t s  a conic  s e c t i o n  and a s t r a i g h t  l i n e  in 
i t s  p lane  so t h a t  on th e  new p lans  th e  l i n e  i s  r e p r e s e n te d  hy 
t h e  l i n e  a t  i n f i n i t y ,  t h e  pole  o f  t h i s  l i n e  has f o r  p r o j e c t i o n  
on t h e  new plane  t h e  c e n t e r  o f  t h e  c o n ic  which i s  t h e  pro jectio i  
of t h e  o r i g i n a l  conic  s e c t i o n . "
" I f  one p r o j e c t s  some conic s e c t i o n  ly in g  on an a r b i t r a r y  
p la n e ,  t h e  po le  o f  each l i n e  i n  t h e  p la n e  of  t h e  conic  w i l l  re­
main i n  p r o j e c t i o n  t h e  po le  of  t h e  l i n e  corresponding  to  th e  
o r i g i n a l  l i n e ."
"Any conic and an a r b i t r a r y  p o in t  in  i t s  p lane  can be 
p r o j e c t e d  in to  a c i r c l e  having the  p r o j e c t i o n  of t h i s  p o in t  as 
c e n t e r . "
"Any two con ics  i n  a p lane  can be p r o j e c t e d  in to  two circlf 
( I n  one p e r s p e c t i v i t y ) .
"Two or more conic s e c t io n s  i n  a plane having a secan t  in 
common can in  g e n e r a l  be r ega rded  a s  the  p r o j e c t i o n  of an equal 
number of c i r c l e s  f o r  which t h e  l i n e  i n  q u e s t io n  i s  t h e  l i n e  at 
i n f i n i t y  i n  t h e i r  p l a n e . "
"When one p r o j e c t s  two or more o o p lan o r  conic s e c t i o n s  ha?i
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a oommon s e c a n t  onto some new p la n e  so t h a t  t h i s  s e c a n t  p a s se s  
t o  i n f i n i t y ,  t h e s e  oonios  beoome, i n  g e n e r a l ,  a l l  s i m i l a r  and 
s i m i l a r l y  o r i e n t e d ,  having t h e  p r o j e c t i o n  o f  the o r i g i n a l  com­
mon s e c a n t  f o r  common se c a n t  a t  i n f i n i t y . ”
”The r e a l  or i d e a l  common s e c a n t s  o f  two or  more co n ic  
s e c t io n s  in  a p lane  remain common s e c a n t s  i n  any p r o j e c t i v e  
t r a n s f o r m a t i o n . ”
This l a s t  theorem i s  obvious f o r  r e a l  oommon s e c a n t s ,  
s inoe  r e l a t i o n s  of  c o n t i g u i t y  a re  p r o j e c t i v e .  I t  i s  e a s i l y  
shown t h a t  t h e  theorem is  l i k e w is e  t r u e  fo r  i d e a l  common s e c a n t s .  
That i s ,  r e l a t i o n  o f  imaginary c o n t ig u i ty  a r e  l i k e w is e  p r o j e c t i v e  
The fo l lo w in g  few theorems a r e  g iv e n  as r e s u l t s  o f  t h e  
above c o n s id e r a t i o n s :
p lane  f i g u r e  co n ta in in g  two or more con ics  which have a 
common double  c o n t a c t  can in  g e n e ra l  be regarded  as t h e  p ro je c ­
t i o n  of a n o th e r  in  which t h e  c o n ic s  are  r e p r e s e n te d  by c i r c l e s  
a l l  c o n c e n t r i c  and having a n  i d e a l  common s e ca n t  of c o n ta c t  a t  
i n f i n i t y ,  t h e  p r o j e c t i o n  of th e  cord of  c o n t a c t  in  th e  f i r s t  
f i g u r e . ”
"Any two or more pa rabo las  in  the  same plane have th e  l i n e  
a t  i n f i n i t y  as common tangen t  ; so t h a t  i f  one p r o j e c t s  them 
onto an a r b i t r a r y  p la n e ,  t h e re  w i l l  r e s u l t  an equal number o f  
con ies  having a common ta n g e n t ,  w i th  d i f f e r e n t  p o in t s  of  c o n ta c t
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i f  th e  axes o f  the  p a ra b o la s  a re  n o t  p a r a l l e l , "
"Two oonios i n  a p la n e  can in  g e n e r a l  be p r o j e c t e d  onto 
a new plane so t h a t  e i t h e r  one o f  them becomes a c i r c l e  concen­
t r i c  w i th  th e  p r o j e c t i o n  of  the o t h e r . "
Here Ponoele t  t u r n s  h i s  a t t e n t i o n  to  th e  " p r i n c i p l e  of 
c o n t i n u i t y "  upon which he l a i d  such g r e a t  s t r e s s .  This p r i n ­
c i p l e ,  as  Ponoe le t  conceived  i t ,  c o n s i s t e d  i n  r eg a rd in g  as  
g e n e ra l  and a p p l i c a b l e  to a l l  oases p r i n c i p l e s  which have been 
deduced f o r  some l i m i t e d  range of  c a s e s .  A good example of 
P o n o e l e t ' 3 use o f  t h i s  p r i n c i p l e  i s  the  case of i d e a l  cords 
o f  a c o n ic ,  above.  In  a n a l y s i s  t h e s e  i d e a l  or im aginary  
cases  w i l l  be r e p r e s e n te d  by imaginary  s o l u t i o n s .  I t  was 
P o n o e le t ’ s idea  t h a t  j u s t  a s ,  i n  g e n e r a l ,  we do n o t  exclude 
im a g in a r ie s  as m e a n in ^ e s s  in  a n a l y s i s ,  so t h ^  should no t  be 
exc luded  from pure geometry .
Ponoe le t  adm it ted  t h i s  p r i n c i p l e  w i th o u t  p r o o f ,  as a sort 
of  sweeping assumption  which he m a in ta ined  was n e c e s s a ry  in  
some cases  and very  h e l p f u l  i n  many o t h e r s .  Before him Monge 
had d i s t i n g u i s h e d  between r e l a t i o n s  which p e r s i s t e d  i n  a l l  
g e n e ra l  c o n s t r u c t i o n s  o f  a f i g u r e  and e lem ents  which in  one 
g e n e ra l  ca se  a re  r e a l  and i n  a n o th e r  a r e  im ag ina ry .  I t  was thi 
d o c t r i n e  of  P o n o e le t  s p r i n c i p l e  of c o n t i n u i t y  t h a t  th e  gen­
e r a l  r e l a t i o n  p e r s i s t e d  r e g a r d le s s  of  whether  i t  was w i th  real 
i d e a l  or  im aginary  e lements t h a t  i t  d e a l t ,  and n o t  only t h i s ,
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but t h a t  t h i s  g e n e r a l  r e l a t i o n  con t inued  to  have meaning. This 
d i s c u s s io n  of  th e  p r i n c i p l e  of c o n t i n u i t y  concludes t h e  f i r s t  
s e c t i o n  of the  work.
The second s e c t i o n  beg ins  w i th  a t r e a tm e n t  o f  the ^ th eo iy  
o f  t r a n s v e r s a l s , ” based on the  fo l lo w in g  theorem:
”I f  a l l  t h e  s i d e s  AB, BÇ, CD, DE, EA of a p la n e  polygon 
ABODE, or t h e i r  e x te n s io n s ,  a r e  c u t  by any s t r a i g h t - l i n e  t r a n s ­
v e r s a l  m* in  th e  p o i n t s  m, n ,  p ,  q., r ,  r e s p e c t i v e l y ,  t h e  t r a n s ­
v e r s a l  w i l l  de term ine  two segments on each side such t h a t  the  
p roduc t  of a l l  o f  th e s e  segments .nihieh have no common ex t re m i­
t i e s  w i l l  eq.ual t h e  p roduc t  o f  a l l  t h e  o t h e r s ;  t h a t  i s ,  
Am*Bn*Cp*Dq_*Er'= Ar*Bm*Cn*Dp*Eq.. ( l )
This i s  proved by showing i f  we p r o j e c t  t h e  f i g u r e  so t h a t  
th e  t r a n s v e r s a l  goes to i n f i n i t y ,  th en  Am = Ar, e t c ,  ( f o r  pur­
poses  o f  r a t i o )  and s i n c e  t h i s  r e l a t i o n  ( r e l a t i o n  {1}) i s  pro­
j e c t i v e ,  then  i t  must ho ld  in  t h e  o r i g i n a l  f i g u re .
This same r e l a t i o n  can be shown t o  h o ld  f o r  any skew poly­
gon c u t  by a t r a n s v e r s a l  p l a n e .  I f  we c o n s id e r  a new t r a n s ­
v e r s a l  m r  i n  t h e  p la n e  o f  the .  polygon ABODE above, we have 
A m '^'B n^'C p'^  • D q  • E r ' =  Ar*^* Bm'^- G z/ • D p ' '  Bq_"̂
Eow i f  we r e p r e s e n t  t h e  p ro d u c t  (Am*Am') by (Am), e t c . ,  we w i l l  
have, m u l t ip ly in g  term by te rm,
(Am)(Bn)(Cp)(DcL)(Er) = ( Ar ) (Bm) (Gn) (Dp ) (Eq)
This same r e l a t i o n  ho ld s  i f  we r e p l a c e  the two l i n e s  by any
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oonio s e c t i o n .  The p roo f  r e s t s  upon t h e  r e l a t i o n .
- B Q - B o f  .C R * C R ^  = B P 'B î* '  •C Q -C (i^  • AE*AR^  
where ABC i s  any t r i a n g l e  and P, 0.» Q.̂  » R, R  ̂ i t s  i n t e r ­
s e c t io n s  w i th  any c o n ic .  This p r o p o s i t i o n  i s  e a s i l y  extended, 
t o  skew polygons o u t  hy a s u r f a c e  o f  t h e  second o rd e r .  The 
fo l lo w in g  two theorems fo l lo w  e a s i l y  from t h e s e  cons idera t ions
" I f  a polygon, p lane  or  skew, has a l l  i t s  s i d e s  tan g en t  
to a g iven  ï*ee  or s u r f a c e  o f  the second o rd e r ,  t h e re  a re  two 
segments on each s i d e ,  measured from th e  p o i n t  o f  c o n ta c t  to 
the  v e r t i c e s ;  t h a t  product of  a l l  t h e s e  segments which have no 
oommon e x t r e m i t i e s  i s  equa l  t o  t h e  product  o f  a l l  t h e  r e s t . "
" In  every skew q u a d r i l a t e r a l  o I rcu m sc r i t  ed abou t  a surfac 
o f  t h e  second o rd e r  t h e  fo u r  p o i n t s  o f  c o n ta c t  l i e  in t h e  same 
p l a n e . "
The very im por tan t  p r o p e r ty  of a complete q u a d r i l a t e r a l  
of de te rm in ing  a harmonic s e t  of  p o in t s  i s  then  shown.
" In  every  complete q u a d r i l a t e r a l  having i t s  t h r e e  diagon­
a l s ,  each  o f  t h e  d ia g o n a ls  i s  d iv id e d  ha rm on ica l ly  by the  two 
o t h e r s ."
I f  E and F are  t h e  I n t e r s e c t i o n  p o in t s  o f  t h e  two p a i r s  
of  o p p o s i t e  s id e s ,  l e t  t h e  f ig u re  be p r o j e c t e d  so th a t  th e  
d iag o n a l  EF goes t o  i n f i n i t y .  Then the  f i g u r e  i s  a p a r a l l e l ­
ogram, and t h e  remaining, two d iagona ls  b i s e c t  each o th e r .  Bn 
th e  p o in t  of  each i n  which i t  meets  th e  l i n e  EF i s  a t  inf in it :
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So t h e  d ia g o n a ls  a re  out i n  harmonic p o i n t s .  
In  f i g .  / 1
\  p - * ~  ■------  ..— *
as can t e  v e r i f i e d  p r o j e c t i n g  . 6 ^
the  f i g u r e  so t h a t  W  goes t o  s/
i n f i n i t y  and n o t i c in g  t h a t  t h e  C
above r e l a t i o n  i s  p r o j e c t i v e .  \  p  _  .
n $ ' i i
I f  B i s  co n s id e red  to be any p o in t  i n  th e  p lane  of  t h e  
t r i a n g l e  ABO, th e n  the  l i n e s  t h r o u ^  JJ and th e  v e r t i c e s  o f  t h e  
t r i a n g l e  w i l l  meet t h e  s i d e s  BG, CA, A3, o p p o s i t e ,  r e s p e c t i v e ­
l y ,  to  th e s e  v e r t i c e s ,  in  t h e  p o i n t s  F, G_and E, r e s p e c t i v e l y ,  
so t h a t  AE'BF'CG = BE*CF*AGr. This can be v e r i f i e d  in  t h e  same 
way as the  s ta te m e n t  immediately b e f o r e .  I t  i s  e a s i l y  seen
0<le(
t h a t  t h i s  r e l a t i o n  can be extended to any polygon of an uneven
number o f  s i d e s .  I t  can be s t a t e d  th u s :
" I f  th rough  some p o i n t  taken  a t  w i l l  in  t h e  p lane  of  a 
o del
polygon of  an im aaea  number of s id e s  we draw a l i n e  p a s s in g  
th rough  each v e r t e x  and c u t t i n g  the  s ide  o p p o s i te  to  t h i s  v e r ­
t e x ,  two segments w i l l  thus  be determ ined  on each of th e s e  s id e s  
such t h a t  the  product  o f  a l l  of those  segments n o t  having t h e i r  
e x t r e m i t i e s  in  common w i l l  be equa l  t o  the  product o f  a l l  t h e  
o t h e r s .  "
This  can be extended  immediately to t h e  ease o f  t h e  po ly­
gon of an  even number of s i d e s ,  f o r  by v i r t u e  o f  the p r i n c ip l e
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o f  c o n t i n u i t y  one o f  t h e  s id es  o f  t h e  above polygon can be 
co n s id e red  as  becomii^ zerb i n  magnitude while  keep ing  a give 
d i r e c t i o n ,  i n  which ca se  the two segments determined on i t  
w i l l  become i d e n t i c a l  and cance l  from th e  equa t ion .
I t  i s  next shown by co n s id e ra t io n s  which a re  e s s e n t i a l ! ;  
the  same as th e  above t h a t  t h e  mid—poinds  o f  t h e  t h r e e  d iag­
ona ls  of a complete q u a d r i l a t e r a l  l i e  i n  a s t r a l ^ t  l i n e .
This im por tan t  theorem i s  then proved:
" I f ,  i n  f i g .  / I  , one j o in s  th e  fou r  p o i n t s  L, M, 1,  P, 
two by two, by l i n e s ,  t h e  p o in t s  o f  i n t e r s e c t i o n  ^ a n d  H_of 
t h e  oppos i te  s id e s  of  the q u a d r i l a t e r a l  LMP. w i l l  be ,  r e ­
s p e c t i v e l y ,  on th e  two d iagona ls  o f  the q u a d r i l a t e r a l  ABCD."
The p ro o f  of  t h i s  i s  i n t e r e s t i n g .  Let t h e r e  be a skew 
/ / ' /
q u a d r i l a t e r a l  ÎBCD p e r s p e c t i v e  w i th  ÆBCD. How s ince  r e l a ­
t i o n s  of c o n t i g u i t y  a r e  p r o j e c t i v e ,  t h e  l i n e s  corresponding 
to  EM and PL must i n t e r s e c t  in  a p o i n t  co r respond ing  t o
/  /  /
G-. i . e . ,  t h e ÿ  must be c o p la n a r .  T h ere fo re  t h e  p o in t s  L M I!  
must be co p lan a r ,  and for t h i s  t o  be so ,  s i n c e  Q and 
A^C ' and P ' n '  a r e  c o p la n a r  by pans but by h y p o th e s is  not  al l  
co p la n a r ,  then  A 0̂ /  , i /m ' '  and P^H' must a l l  meet i n  a s ingle  
p o i n t .  S im i l a r ly  , M JL ,  , must a l l  meet in  a s ingl!
p o i n t .  T herefore  t h e  l i n e s  IM, ^  and  i n t e r s e c t  in  th e  
p o in t  I ,  and the l i n e s  IP ,  MET and BD i n t e r s e c t  in  the p o in t
H.
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How from t h i s  o o n f ig u ra t io n  we can prove d i r e c t l y ;
"Any two t r i a n g l e s  be ing  so p laced  in  a plane t h a t  t h e i r  
r e s p e c t i v e  v e r t i c e s ,  two by two, determine th r e e  l i n e s  con­
v e rg in g  in  a s in g l e  p o in t ,  the  sides- o p p o s i t e  to  t h e  c o r r e s ­
ponding v e r t i c e s  w i l l  i n t e r s e c t  two by two in  t h e  same order  
in  t h r e e  p o in t s  in  a s t r a i g h t  l i n e ,  and c o n v e r s e ly /^
The p ro o f  c o n s i s t s  s im ply  i n  r e f e r r i n g  to t h e  f i g a r e ,  i n  
which c e r t a i n  r e l a t i o n s  o f  c o n t i g u i t y  have a l r e a d y  been proved. 
In  p a r t i c u l a r ,  i n  f i g . i f  the  t r i a n g l e s  a re  co n s id e red  to be 
ALP and CM, the  p o in t  of  convergence w i l l  be JC and the l i n e  
w i l l  be BL5, where ]B, D and H a re  the  t h r e e  p o i n t s .  This w i l l  
be recogn ized  as D esargues '  theorem.
The theorem of  Pappus: " In  every hexagon i n s c r i b e d  in
two l i n e s  in a p lane  the  r e s p e c t i v e  i n t e r s e c t i o n  p o in t s  o f  
p a i r s  o f  o p p o s i te  s id e s  l i e  in  a s t r a i g h t  l i n e "  i s  s i m i l a r l y  
proved from th e  f i g u r e .  I f  EM and ^  a r e  the two l i n e s  and 
i f  th e  hexagon i s  EHPPMLE, th e n  th e  l i n e  w i l l  be CIA.
How co n s id e r in g  a conic  in  which i s  i n s c r i b e d  a simple 
q u a d r i l a t e r a l ,  we know t h a t  we can p r o j e c t  t h e  conic so t h a t  
i t  becomes a c i r c l e  and a g iv e n  l i n e  in  i t s  plane goes to  in ­
f i n i t y .  I f  t h i s  l i n e  i s  the  l i n e  connec t ing  the  -two p o in t s  
of  i n t e r s e c t i o n  o f  o p p o s i te  s id e s  of  th e  q u a d r i l a t e r a l ,  we 
s h a l l  o b ta in  a r e c t a n g l e  i n s c r i b e d  in  a c i r c l e .
I f  the  fig-ore i s  cut by & l i n e  ae ,  we know
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ae* a f  _ aA»aB 
o e ' o f  oD'oG
On aocount of s i m i l a r  t r i a n g l e s .
a S â  ^  = ab  . 
oD od’ cC ob *
so a e - a f  _ ab»ad
06*of  ob'Od
This ,  i t  w i l l  be remanbered,  i s  D esa rgues’ in v o lu t io n  of 
s i x  p o i n t s .  Being p r o j e c t i v e ,  i t  h o ld s  f o r  any q^nadri la tera l  
i n s c r i b e d  in any con ic .
Suppose now th a t  we know f i v e  p o in t s  A, B, G. D and f  of 
a conic  s e c t i o n .  Having drawn t h e  q u a d r i l a t e r a l  ABCD and, any 
t r a n s v e r s a l  th ro u g h  f  we can, by th e  above r e l a t i o n ,  f i n d  the 
remaining  p o in t  of t h e  t r a n s v e r s a l ,  in  which i t  meets t h e  
curve .  In  t h i s  way we can c o n s t ru c t  t h e  conic  de te rm ined  by 
any f iv e  p o i n t s .
In  view of  th e  f a c t  t h a t  a  complete q u a d r i l a t e r a l  d e t e r ­
mines an in v o lu t io n  of  s i x  p o i n t s  on any t r a n s v e r s a l ,  th e  con­
s t r u c t i o n  can be accomplished n o n - m e t r i c a l l y  as  fo l lo w s :  con­
s t r u c t  t h e  new q u a d r i l a t e r a l  A ' s ' c   ̂ whose d iagona l  B^D  ̂ pass­
es th ro u g h  f  and whose p a i r s  of o p p o s i te  s i d e s  i n t e r s e c t  with 
t h e  s i d e s  o f  t h e  f i r s t  q u a d r i l a t e r a l ,  r e s p e c t i v e l y ,  i n  a and 
0 , b and d ; the  second d iag o n a l  w i l l  meet t h e  t r a n s v e r s a l  in 
^ 0 , t h e  r e q u i r e d  p o in t .
How i f  we suppose a ,  b , and c f i x e d  and move the inscribei
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
68
q .u a d r i l a t e r a l  so t h a t  i t  remains i n s c r i t ed and i t s  s id e s  
con t inue  t o  pass  th rough  th e s e  p o in t s  ( i n  th e  same o r d e r ) ,  
the  f o u r t h  w i l l  p iv o t  about t h e  f ix e d  p o in t  d o f  the  t r a n s ­
v e r s a l .  This i s  a s p e c i a l  case of  an  im por tan t  theorem 
which Ponoe le t  s t a t e s  much l a t e r  i n  the work.
About a c i r c l e  w i th  an i n s c r i b e d  r e c t a n g l e  ( the  pro­
j e c t i o n  o f  a conic  w i th  an i n s c r i b e d  q u a d r i l a t e r a l )  draw 
th e  c i rcu m sc r ib e d  p a r a l l e lo g r a m  abed , whose s id e s  a re  t a n ­
g e n t  to  t h e  c i r c l e  a t  t h e  p o i n t s  A, B, C, D, r e s p e c t i v e l y ,  
the  v e r t i c e s  o f  t h e  i n s c r i b e d  r e c t a n g l e .  The o p p o s i t e  
s id e s  of  t h i s  p a r a l l e lo g ra m  w i l l ,  o f  co u rse ,  i n t e r s e c t  at 
i n f i n i t y .  The d ia g o n a ls  ^  and ^  and bd, w i l l  a l l  
pass  th rough  P, th e  c e n t e r  o f  th e  c i r c l e ,  and th e  two 
l a t t e r  w i l l  be p a r a l l e l  to th e  s id e s  of th e  r e c t a n g l e  
ABCP. Tangents a t  E and ? and__H, where th e s e  d i a g o n a l s  
out th e  c i r c l e ,  w i l l  be, two by two, p a r a l l e l  t o  each o th e r  
and to  th e  s id e s  o f  the  i n s c r i b e d  r e c t a n g le .  F u r t h e r ,  a l l  
the  l i n e s  th rough  P_are c u t  by t h i s  p o in t  and t h e  circum­
fe r e n c e  of t h e  c i r c l e  or  th e  o p p o s i te  s id e s  of  e i t h e r  of  
the  two q u a d r i l a t e r a l s  ABOI or  abed in  two equal p a r t s .
They can  be r e g a rd ed  as c u t  h a rm o n ic a l ly  by th e s e  p o in t s  
and the  po in t  a t  i n f i n i t y .
I f  we r e tu r n  t o  the  o r i g i n a l  f i g u r e ,  a l l  t h e  l i n e s  
which were p a r a l l e l  to  each o t h e r  i n  t h e  case o f  t h e  c i r c l e
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i n t e r s e c t  on the l i n e  which co r responds  t o  t h e  l i n e  a t  
i n f i n i t y  i n  th e  p la n e  o f  t h e  c i r c l e ;  %  w i l l  he the  pole 
of  t h i s  l i n e .  We can now s t a t e  the  fo l low ing  theorem;
" I f  one i n s o r i h e s  any q u a d r i l a t e r a l  ABCD i n  a conic, 
and i f  one c i rcu m sc r ib e s  an o th e r ,  a b e d . whose s id e s  a r e  
tan g en t  t o  the  curve a t  the  v e r t i c e s  of th e  f i r s t ,  then :
"1. The f o u r  d i a g o n a l s  o f  th e s e  two q u a d r i l a t e r a l s  
w i l l  i n t e r s e c t  i n  a s i n g l e  p o i n t  P.
"2. The p o in t s  L and M, 1 and m, in  which th e  opposit 
s id e s  of  t h e  in s c r i b e d  and  c i rcum scr ibed  q u a d r i l a t e r a l s  ii 
t e r s e o t ,  r e s p e c t i v e l y ,  w i l l  be l o c a t e d  on t h e  p o l a r  ofJP,
"3. The d iag o n a ls  o f  t h e  c i rc u m sc r ib ed  q u a d r i l a t e r a l  
i n t e r s e c t  r e s p e c t i v e l y  in  th e  p o i n t s  L and where t h e  
oppos i te  s i d e s  o f  t h e  i n s c r i b e d  q u a d r i l a t e r a l  i n t e r s e c t ,  
two by two.
"4. Each of  th e s e  l a t t e r  p o in t s  i s  the  po le  of the  
l i n e  o r  d ia g o n a l  pass ing  t h r o u ^  th e  o th e r  and th e  point 
P.
"5. Every l i n e  p a s s in g  th rough  i s  d iv id e d  harmon­
i c a l l y  by th e  p o i n t s  in which i t  meets t h e  co n ic ,  t h e  
p o in t  P, and th e  p o in t  in which i t  meets the  p o la r  o f  P; 
s i m i l a r l y  f o r  th e  p o in t s  and M w ith  r e s p e c t  to  th e  
l i n e s  PM and PL o f  which th e y  a re  the  p o l e s . "
This very  im p o r tan t  theorem i s  a good example of
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how t e l l i n g l y  Ponoele t  used th e  idea  of p r o j e c t i o n  and sec ­
t i o n ,  which he was t h e  f i r s t  t o  submit to  a s y s te m a t ic  t r e a t ­
ment. Prom t h i s  theorem we can de r iv e  the fo l lo w in g :
" In  every q u a d r i l a t e r a l  I n s c r i b e d  in  a con ic ,  the  p o i n t s  
o f  i n t e r s e c t i o n  of  the  d ia g o n a l s  and t h e  opp o s i te  s id e s  a r e  
t h r e e  p o in t s  such t h a t  any one of  them i s  th e  po le  of the  
l i n e  th rough  the o th e r  t w o .”
" In  BYery complete q .u a d r i l a t e r a l  c i rcu m sc r ib ed  t o  a con­
i c ,  each o f  th e  th ree  d i a g o n a l s  i s  t h e  p o l a r  o f  th e  p o in t  of  
i n t e r s e c t i o n  of the  o th e r  tw o ."
We can f a r t h e r  s t a t e  t h a t  i f  we i n s c r i b e  a s e r i e s  o f  cords  
IB, i / s '  3 i n  a conic  s e c t i o n ,  a l l  d i r e c t e d  toward a s i n g l e  
a r b i t r a r y  p o in t  P;
1. A l l  t h e  p o i n t s  _C_, £, , . . . ,  which a r e  the  harmonic con­
ju g a te s  o f  P on th e  co rds  AB, A ^b/ , . . . e t c . ,  w i th  r e sp e c t  to  
the  p o in t s  A, _B» }  ' - ' e t c .  a l l  l i e  on a s i n g l e  l i n e ,
t h e  p o l a r  or cord  o f  c o n ta c t  of P.
2. A l l  t h e  p o in t s  of  i n t e r s e c t i o n  L and M, 1 and ^ . . . ,  
o f  th e  new oords connec t ing  th e  e x t r e m i t i e s  o f  t h e  d i f f e r e n t  
p a i r s  o f  o r i g i n a l  c o rd s ,  two by two, w i l l  a l s o  l i e  on the 
p o l a r  in  q .uestion.
3. A l l  t h e  p o in t s  T, I  , in  vdiich the  p a i r s  o f  t a n ­
g e n t s  drawn th rough  the a i d - p o i n t s  o f  each cord  , . . . ,  
a l s o  l i e  on t h i s  p o la r .
4 .  R e c ip ro c a l ly ,  i f  t a n g e n ts  to  t h e  curve a re  drawn from
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t h e  p o i n t s  T, __T of  an a r b i t r a r y  l i n e  in  i t s  p lan e ,  t h e
oords o f  o o n ta c t  co r re sp o n d in g  to  them w i l l  a l l  pass throtg^h 
a -unique p o in t  _P, th e  po le  o f  th e  l i n e  i n  q-uestion.
We may o u t l i n e  th e  remainder o f  t h e  d i s c u s s i o n  o f  polea 
and p o la r s  by the  simple s ta tem e n t  o f  theorems.  The p r i n c i ­
p a l  ones a r e :
" I f  a c e r t a i n  p o in t  i s  on a s t r a i g h t  l i n e  in  th e  p lan e  
of  a conic  s e c t i o n ,  i t s  p o l a r  w i l l  pass  th rough  th e  po le  of 
t h i s  same l i n e . "
This i s  the  b a s ic  theorem of P o n c e l e t ’ s t h e o r y  of poles. 
I t  i s  a simple r e s ta te m e n t  o f  some of  th e  above p r o p e r t i e s .  
Following t h i s  i s  Lambert’ s s o l u t i o n  o f  t h e  problem to draw 
a l i n e  th ro u g h  a g iv e n  p o in t  and th rough  t h e  i n a c c e s s i b l e  
p o in t  of i n t e r s e c t i o n  o f  -two g iven  l i n e s .  I t  i s  so lved  by 
c o n s id e r in g  th e  two g iv e n  l i n e s  as forming a d eg en e ra te  conic 
The p o l a r  o f  any p o in t  in  t h e  p lane  of t h i s  conic  w i l l  pas s  
th rough  th e  i n t e r s e c t i o n  p o in t  o f  th e se  two l i n e s .  The con­
s t r u c t i o n  i s  i d e n t i c a l l y  t h a t  of  Lambert ,  a l r e a d y  g iven .  A 
s p e c i a l  case i s  t h a t  in  which a l i n e  i s  to  be drawn through 
a g iv en  p o in t  p a r a l l e l  t o  a g iven  l i n e ,  g iven  a para l le logram  
in  t h e  p la n e .
P a s c a l ’ s theorem,
"In  every hexagon i n s c r i b e d  in  a conic t h e  p o in ts  of  in­
t e r s e c t i o n  o f  p a i r s  o f  oppos i te  s i d e s  a r e  a l l  t h r e e  on th e  
same s t r a i g h t  l i n e , "  i s  proved by p r o j e c t i n g  th e  f i g u r e  so
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t h a t  t h e  conic becomes a c i r c l e  a n i  t h e  l i n e  th ro u g h  two of the 
i n t e r s e c t i o n  p o i n t s  o f  o p p o s i t e  s i d e s  goes t o  i n f i n i t y ,  and 
showing t h a t  t h e  t h i r d  such p o in t  does a l s o .  From t h i s  i t  i s  
shown t h a t
"Throngh f i v e  a r b i t r a r y  p o i n t s  in  a plane one can draw 
only  one conic s e c t i o n . ”
B r i a n ü o n ’ a theorem,
" In  every  hexagon c i rc u m sc r ib ed  to  a conic  s e c t i o n  the 
d ia g o n a ls  which j o i n ,  two by  two, t h e  o p p o s i t e  v e r t i c e s  a l l  
c ro ss  in  a s i n g l e  p o i n t , ” i s  proved from th e  same f i g u r e  as 
i t s  d u a l ,  P a s c a l ’ s theotem. From t h i s  i t  i s  deduced, i n  a 
manner analogous to  th e  dem ons tra t ion  f rom P a s c a l ’s theorem 
t h a t  only  one conic can  be drawn t h r o u ^  f i v e  a r b i t r a r y  p o i n t s ,  
t h a t  only  one conic can be drawn ta n g e n t  t o  f i v e  a r b i t r a r y  
l i n e s .
From th e se  two theorems th e  f o l lo w in g  two a re  drawn.
" I f  the  s id e s  o f  a movable t r i a n g l e  FIE ly in g  in the  
p la n e  of two l i n e s  ICP, Egg, a r e  r e s t r i c t e d  so t h a t  th e y  
p iv o t  about  t h r e e  f i x e d  p o i n t s  ^  E, 1 as p o le s ,  and i f  a t  
t h e  same time th e  two v e r t i c e s  I and_E a r e  r e q u i r e d  t o  d e s c r ib e  
the  l i n e s  DOI and BCE as d i r e c t r i c e s ,  t h e  t h i r d  v e r t e x  F w i l l  
d e s c r ib e  a conic s e c t i o n . "  This conic  w i l l  pass through  A,
B, C, D, S. .The theorem i s  t h e  immediate c o r o l l a r y  of  t h e  
c o n s t r u c t io n  of a conic  th rough  f i v e  p o i n t s  by use of P a s c a l ’ s 
theorem. I t  i s  a s p e c i a l  case o f  an im portan t  theorem s t a t e d
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i n  a  l a t e r  p a r t  o f  t h e  woik. ?he aoaoad—tbe-eroi&i The second 
i s  simply t h e  p lan e  du a l  of th e  above, and i s  o b ta in ed  i n  a 
s i m i l a r  way. In  t h i s  way we have a non-m etr ic  method for c o d ] 
a t r u c t i n g  e i t h e r  p o in t  or l i n e  conics*
A f t e r  a - few p u re ly  m e tr ic  c o n s id e r a t i o n s  which, a l t h o u ^  
i n t e r e s t i n g ,  a r e  r a t h e r  s p e c i a l i z e d ,  tie fo l lo w in g  p ro p o s i t io n  
on p o le s  and p o l a r s  a r e  s t a t e d :
I f  two polygons in  t h e  p lane  o f  a conic s e c t i o n  a re  suchj 
t h a t  th e  v e r t i c e s  o f  one a re  r e s p e c t i v e l y  t h e  p o le s  o f  th e  
s id e s  of the  o th e r ,  r e c i p r o c a l l y  th e  v e r t i c e s  of  t h e  o th e r  
a re  the  p o le s  of  t h e  s id e s  of th e  f i r s t .
I f  th e  t h r e e  p o in t s  of i n t e r s e c t i o n  o f  o p p o s i t e  s id e s  
of a hexagon o f  a p a i r  of hexagons of  t h e  above n a tu re  a r e  
i n  a s t r a i g h t  l i n e ,  t h e  d ia g o n a ls  j o in in g  th e  opp o s i te  v e r ­
t i c e s  of  th e  o th e r  and  which a re  t h e  p o la r s  of  th e s e  t h r e e  
p o i n t s  ooncurr  i n  a s i n g l e  p o in t ,  t h e  p o le  of  t h e  l i n e  in  
q u e s t io n ,  and c o n v e rs e ly .
I f  one of  the  above hexagons i s  i n s o r ib a b le  t o  a conic 
s e c t i o n ,  the  o th e r  is  c i roum scribab le  to  such  a curve ,  and 
c o n v e rse ly .
By v i r t u e  of the  c o n s t r u c t i o n  of con ics  by q u a d r i l a t e r a l  
( s e e  above) ,  th e s e  theorems a re  extended to  any polygon. Fur 
t h e r ,  from the same c o n s i d e r a t i o n s ;
I f  a p o in t  o r  p o l e ,  taken i n  the plane of a conic sectio 
moves on an o th e r  cmic s e c t i o n ,  i t s  p o la r  w i l l  envelope a thir
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i n  i t s  motion, and c o n v e rs e ly .  This i s  extended in  two ways 
to  t h e  case of cu rves  of  any d e g re e .  One i s  by c o n s id e r in g  the 
curves as  l i m i t s  of c i rcu m sc r ib ed  and in s c r ib e d  polygons of an 
i n f i n i t e  number of  s i d e s ,  and the  o th e r  i s  by v i r t u e  of t h e  
" p r i n c i p l e  of c o n t i n u i t y , "  obse rv ing  t h a t  i f  a p o in t  i s  d i s ­
p laced  an i n f i n i t e s s i m a l  d i s t a n c e  on one o f  t h e  cu rv es ,  i t s  
p o l a r ,  by h y p o th e s i s  ta n g en t  t o  t h e  o th e r  curve ,  w i l l  te n d  t o  
t u r n  abou t  t h e  p o in t  of co n ta c t  o f  t h i s  t a n g e n t ,  which  i s  e v i ­
d e n t ly  the  pole of the element or  the t a n g e n t  co r respond ing  to 
t h e  po in t  we have co n s id e red  on t h e  f i r s t  curve .  These sy s ­
tems of p o in t s  and t a n g e n ts  can be c a l l e d  r e c i p r o c a l  p o l a r s .
Remembering t h a t  th e  t a n g e n ts  of  one curve  correspond to 
t h e  p o in t s  of a n o th e r ,  and p o in t s  correspond t o  l i n e s ,  t h e  de­
g ree  o f  a curve b e in g  de te rm ined  by t h e  number of p o i n t s  i n  
which i t  meets a s t r a i g h t  l i n e  t r a n s v e r s a l ,
"The degree of the  r e c i p r o c a l  p o la r  of  a g iven  curve i s ,  
a t  th e  most, egua l  to  th e  number e x p re s s in g  how many tan g en ts  
can be drawn t o  th e  l a t t e r  curve from a g iven  p o i n t . "
The c h a p te r  i s  concluded w i th  t h i s  f a r - r e a c h i n g  remark: 
"One c a n . . . s a y ,  i n  g e n e r a l ,  t h a t  t h e r e  e x i s t s  no d e s c r i p t i v e  
r e l a t i o n  of  a g iven  f i g u r e  i n  a plane t h a t  does no t  have i t s  
r e c i p r o c a l  i n  an o th e r  f i g u r e . . . "  By d e s c r i p t i v e  P o n c e le t  
means n o n -m e tr ic .  By r e c i p r o c a l ,  he means p o l a r  r e c i p r o c a l ,  
where p o in t s  correspond  t o  l i n e s  and l i n e s  to p o i n t s .  This 
c o n ta in s  the germ of the  whole th e o ry  of d u a l i t y .  P o n ce le t
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extended t h i s  o o n s id e ra h ly  somewhat l a t e r ,  as we s h a l l  see.
He hecame involved i n  a d i s p u te  w i th  Gergonne as t o  p r i o r i t y ,  
hut  we s h a l l  d e f e r  t h i s  m a t te r  u n t i l  afoaowlaat l a t e r .
The t h i r d  and l a s t  c h a p te r  of t h e  second s e c t i o n  may, in 
view of i t s  s i m p l i c i t y  and r e l a t i v e  un im por tance ,  he om it ted  
from t h i s  d i s c u s s i o n .  I t  i s  e n t i t l e d  "Of th e  c e n t e r  of  symr- 
metry i n  g e n e r a l ,  and o f  t h a t  of  two c i r c l e s  i n  p a r t i c u l a r ,  - 
Of c i r c l e s  which i n t e r s e c t  o r  to u c h  i n  a p la n e ,  -  Of s i m i l a r  
and s i m i l a r l y  o r i e n t e d  co n ic s ,  i n  g e n e r a l . "  I t  i s  a lm ost  en­
t i r e l y  a d i s c u s s i o n  of  the  c e n t e r s  and axes o f  symmetry o f  cii 
c l e s ,  homologous c o rd s ,  e t c . ,  and i s  no t  n ec e s s a ry  to an under 
s t a n d in g  o f  the nex t  s e c t i o n ,  a l th o u g h  r e l a t e d  to i t .
In  s e c t io n  I I I  o f  t h e  work, however, t h e  f i r s t  c h a p te r  Is 
q u i t e  im p o r tan t .  I t  i s  the  f i r s t  s y s t e m a t ic  t r e a tm e n t  of  the 
id ea  o f  homology. The te rms c e n t e r  and a x i s  of homology were 
in v e n ted  by P o n c e le t ,  A few n o t io n s  a re  ta k en  from the  chap­
t e r ,  which we om it ted  f rom c o n s i d e r a t i o n ,  so we w i l l  g iv e  then 
h e r e ,
I f  two f ig u r e s  have a c e n t e r  o f  symmetry they  are similar 
and s i m i l a r l y  o r i e n t e d ,  and th u s  have t h e i r  homologous l i n e s  
p a r a l l e l .  P a i r s  of homologous l i n e s  th u s  i n t e r s e c t  on th e  
l i n e  a t  i n f i n i t y ,  w h i le  p a i r s  of homologous p o in t s  are  
c o l l i n e a r  w i th  th e  c e n te r  o f  symmetry.
I n  t h e  case of two c i r c l e s ,  t h e r e  co r respond  to each  poic
/  /
A of one c i r c l e  two p o i n t s ,  A and E , of the  o th e r ,  w i th  resr
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^to e i t h e r  one o f  the c e n t e r s  o f  syianetry. I t  i s  obvions t h a t  
/
only one, _A  ̂i s  homologous w ith  ^  by s i m i l a r i t y .  We s h a l l  say 
t h a t  i s  d i r e c t l y  and E ' i n v e r s e l y  homologous w i th  k  w i th
r e s p e c t  to  th e  g iven  c e n t e r  of  symmetry. We s h a l l  extend t h i s  
terminology- t o  app ly  to two co rd s ,  two a r c s ,  two t a n g e n t s ,  e t c . ,  
which have as e x t r e m i t i e s  or p o in t s  o f  c o n ta c t  p o in t s  of one or 
th e  o th e r  k i n d .
Two c i r c l e s  can be rega rded  i n  two d i f f e r e n t  ways as p e r - '  
ap e c t iv e  or  p r o j e c t i v e  w i t h  one a n o th e r ,  w i th  r e s p e c t  t o  each 
o f  t h e  two c e n t e r s  of symmetry, accord ing  as the  p o i n t s ,  e t c . ,  
which one c o n s id e r s  a re  d i r e c t l y  or i n v e r s e l y  homologous. The 
word p r o j e c t i o n  i n  t h i s  sense  i s  q u i te  r e s t r i c t e d ,  s in ce  the  
homologous l i n e s  e i t h e r  i n t e r s e c t  on a g iven  l i n e  or a re  p a r a l l e l .
I t_S i s  a c e n t e r  o f  symmetry of two c i r c l e s ,  and i f  we 
draw two a r b i t r a r y  t r a n s v e r s a l s  SA, SB, meeting the two c i r c l e s ,  
the  f i r s t  in  A. and jE, a '  and th e  second i n B. and D.
I f
B and D , and then  i f  we connect th e  f o u r  p o in t s  i n  each
c i r c l e ,  two by two, by c o rd s ,
1. The oords ^  and a' B̂ ' ,  DB and D ê / , e t c . ,  which are
d i r e c t l y  homologous, w i l l  i n t e r s e c t  on the s e can t  a t  i n f i n i t y
common to  th e  two c i r c l e s .
f  ̂ {  r
2. The cords  ^  and D E , ^  and A B , e t c . ,  which a re
i n v e r s e l y  homologous, w i l l  i n t e r s e c t  on th e  r a d i c a l  ax is  o f
the  two c i r c l e s .
I f  we draw the  t a n g e n t s  t o  t h e  two c i r c l e s  a t  the  p o i n t s
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A and 2,  A and E { where one of t h e  t r a n s v e r s a l s  SA i n t e r ­
s e c t s  them, th e n ,
1. The t a n g e n t s  AP and a '^P^, 2P and E^P^, which a re  
d i r e c t l y  homologous, w i l l  i n t e r s e c t  on the  s e can t  a t  i n f i n i ­
t y  common to t h e  two c i r c l e s .
S. The t a n g e n t s  ^  and B ^P*", ^  and A^P % which a re  i n ­
v e r s e ly  homologo-ua, w i l l  i n t e r s e c t  on t h e  r a d i c a l  a x i s  of  t h e  
two c i r c l e s .
I f  from any p o in t  o f  e i t h e r  common se can t  o f  two c i r c l e s  
one draws ta n g e n t s  t o  h o t h  c i r c l e s ,  and j o in s  th e s e  f o u r  
p o in t s  o f  o o n ta c t ,  two by two, t h e  l i n e s  th u s  determined w i l l  
i n t e r s e c t  on one or t h e  o th e r  c e n te r  o f  symmetry of  th e  c i r ­
c l e s  in  q u e s t io n .
These theorems on t h e  c i r c l e  a r e  extended to  conics  i n  
g e n e r a l ,  by means of  s im ple  p r o j e c t i o n .  The co n ic s ,  of  course 
a re  supposed to  be s i m i l a r  and s i m i l a r l y  o r i e n t e d .  The pro­
j e c t i o n  i s  one i n  which th e  c e n te r  o f  p r o j e c t i o n  i s  a t  i n f  initj 
and th e  p la n e  co n ta in in g  th e  con ics  i s  any p la n e .
From th e s e  c o n s id e r a t i o n s  we see t h a t  any two con ies  in  
a p lan e  can be c o n s id e re d ,  i n  two d i f f e r e n t  vja.ys, as p ro je c ­
t i o n s  of one a n o th e r  w i t h  r e s p e c t  t o  each o f  th e  p o in t s  of 
i n t e r s e c t i o n  of t h e i r  common ta n g e n t s  t a k e n  i n  p a r t i c u l a r  f o r  
c e n te r  of p r o j e c t i o n .  F u r th e r ,  any two co n ics  i n  a p la n e  can 
be cons idered  as  th e  p r o j e c t i o n  of  two p la n e  s e c t io n s  of a con 
whose v e r t e x  i s  r e p r e s e n te d  by one o f  th e  i n t e r s e c t i o n  p o in ts
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o f  common t a n g e n t s .  Moreover, any two conics  in  a p lane  can 
be c o n s id e red  as the p r o j e c t i o n s  of  two conics  in  some o th e r  
p la n e  which a r e  s i m i l a r  and s i m i l a r l y  o r i e n t e d .  The p r o j e c ­
t i o n  of the  c e n t e r  of symmetry we s h a l l  c a l l  the ce n te r  o f  
homology, and the p r o j e c t i o n  of  t h e  a x i s  of symmetry we s h a l l  
c a l l  the  a x i s  o f  homology. These terms were co ined  by Ponce­
l e t .
The theory  o f  homology, of c o u r s e ,  a p p l i e s  much more 
g e n e r a l l y  th a n  merely t o  c o n i c s .  Any two f i g u r e s  in  a p lane  
which have between them a p r o j e c t i v e  correspondence  can be 
co n s id e red  as hom olog ica l  i n  a t  l e a s t  one way. The p u re ly  
d e s c r i p t i v e  (non-m etr ic )  p r o p e r t i e s  o f  homologous f i g u r e s  
do no t  depend on th o s e  o f  s i m i l a r  f i g u r e s ,  however,  except 
i n  t h a t  th e y  a r e  always th e  same as i n  s i m i l a r  f i g u r e s .  The 
s i g n i f i c a n t  c h a r a c t e r i s t i c  of homologous f i g u r e s  i s  t h a t  the 
l i n e s  connec t ing  p o in t s  which a r e  homologous i n  a p r o j e c t i v e  
t r a n s f o r m a t io n  a l l  pass th rough  a given p o in t ,  th e  c e n t e r  of 
homology, and  the. p o in t s  o f  i n t e r s e c t i o n  of such homologous 
l i n e s  a r e  a l l  on some uniq^ue l i n e ,  t h e  a x i s  of homology.
A ll  hom olog ica l  f i g u r e s  a r e  p r o j e c t i v e  w i th  each o t h e r ,  and 
t h e r e f o r e  a l l  r e l a t i o n ^  m e t r i c  or  n o n -m e t r ic ,  which a re  t r u e  
f o r  one, a r e  t r u e  f o r  th e  o t h e r ,  i f  th e s e  r e l a t i o n s  a re  pro­
j e c t i v e  .
A number o f  f a m i l i a r  problems on c o n s t r u c t i n g  homologous 
f i g u r e s  a re  g iv e n  n e x t .  Given a c e n t e r  and ax i s  of homology.
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and a conic  s e c t i o n ,  t o  c o n s t r u c t  t h e  homologous curve,  when 
e i t h e r  one p o in t  o r  one t a n g e n t  of  th e  requ ired  curve i s  
g iv e n .  Under t h e  same c i rc u m s ta n c es ,  i f  we do no t  know the  
a x i s  of  homology, to  c o n s t ru c t  t h e  homologous curve i f  th ree  
p o i n t s ,  two p o in t s  and one t a n g e n t ,  e t c . ,  of th e  r eq u i r ed  cur|
a re  g iven .  S i m i l a r l y ,  we can so lv e  th e s e  l a t t e r  problems i f
we a re  g iven  the  a x i s  i n s t e a d  o f  t h e  c e n te r  o f  homology. 
These a r e  a l l  so lved  by means of th e  r u l e r  only ,  u s in g  th e  
fundamental p ro p e r ty  of an homology.
The id ea  of homology is  made use  o f  t o  so lve  many d i f ­
f e r e n t  k in d s  of problems, among which is  th e  problem t o  con­
s t r u c t  a conic p ass in g  th rough  n p o i n t s  and tangen t  to  5-n 
l i n e s ,  n  n o t  be ing  g r e a t e r  t h a n  5.
By use of an a u x i l i a r y  c i r c l e ,  the  c e n te r ,  axes ,  asymp­
t o t e s ,  e t c . ,  can be c o n s t ru c te d  as w e l l  a s  th e  con ic  i t s e l f .  
By means of a g iven  c i r c l e ,  i n  f a c t ,  a l l  t h e  problems of the 
second degree can be so lved  by u se  of  th e  r u l e r  a lone .  This 
p r i n c i p l e ,  which was used  so e x h a u s t iv e ly  by S t e i n e r  some
time l a t e r ,  seems to have been d isc o v e re d  by P o n c e l e t .
Chapters  I I  and I I I  of t h i s  s e c t i o n  can f o r  our purposes 
be n e g le c t e d .  Chapter  I I  i s  on th e  complete of common secant; 
and tangen ts  of two con ics  i n  a p la n e ,  e t c .  Chapter I I I  i s  
th e  theory of double c o n ta c t s  of con ic  s e c t i o n s .  These chap­
t e r s  a r e  a p p l i c a t i o n s ,  sometimes r a t h e r  com plica ted ,  of the 
g e n e r a l  t h e o r i e s  we have o u t l i n e d  above. A h o s t  of i n t e r e s t !
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p r o p e r t i e s  a r e  e x h ib i te d ,  but  th e r e  i s  no th ing  o f  g r e a t  s i g n i -  
f io an o e .  The fo l low ing  problems on common se ca n t s  might be 
s t a t e d ,  however;
Given two conics i n  a plane^ d e s c r ib e  a n o th e r  having  th e  
same r e a l  o r  i d e a l  common s e c a n t s  w i th  each o f  the se  curves 
and p a s s in g  th rough  a g iven  p o in t  o r  t a n g e n t  to a g iv e n  l i n e .
The r e a d e r  w i l l  l i k e l y  see at once how th e  machineiy a l ­
ready  developed w i l l  app ly  i n  t h i s  c a s e .
The f i r s t  c h a p te r  o f  t h e  f o u r t h  s e c t i o n ,  d e a l in g  w i th  
c o n s ta n t  o r  v a r i a b le  ang les  i n  t h e  p la n e  o f  con ic  s e c t io n s ,  
f a l l  i n  th e  same c l a s s  as th e  above two c h a p t e r s .  The n e x t  
c h a p te r ,  however, on polygons which a r e  i n s c r i b e d  o r  c i r ­
cumscribed to  o th e r  polygons or to  conic  s e c t i o n s .  The most 
im portan t  theorem  is the  fo l low ing :
I f  a U  th e  s id e s  o f  any polygon i n  a p lan e  a re  s u b je c t ­
ed to t h e  r e s t r i c t i o n  of p iv o t i n g  about as many f ix e d  p o in t s ,  
while  a l l  the  v e r t i c e s  excep t  one d e s c r ib e d  g iven  l i n e s ,  
taken  as d i r e c t r i c e s ,  the  f r e e  v e r t e x  w i l l  d e s c r ib e ,  i n  the
movement, a conic s e c t i o n  p a s s i n g  th rough  th e  two f ix e d  p o in t s
A /  " ^or po les  upon i t s  a d j a c e n t  s i d e s .   ̂/
This theorem was proved a s  f o l lo w s :  /  /__ —»J
/ ___ f  - — '
In  f i g . 2 0  abed i s  an a r b i - //
t r a r y  polygon, p, pt p^
A,"
a re  the  a r b i t a r y  p o in t s  taken  '
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r e s p e c t i v e l y ,  about which th ey  p i v o t .  BC, and CD are  the
a r b i t r a r y  l i n e s  th rough  a ,  b , and c, r e s p e c t i v e l y ,  along which 
they  move. P i s  th e  f i x e d  i n t e r s e c t i o n  p o in t  of  pp 'and  p ^ ^
The l i n e  Pb de term ines  two p o i n t s ,  x  and y ,  on t h e  l i n e s  da and 
od, r e s p e c t i v e l y ,  which move in  th e  g e n e ra l  movement of the  
f i g u r e .  I t  can be shown t h a t  th e  t r i a n t e  dxy i s  such t h a t  
two of i t s  v e r t i c e s ,  x and y, move a long  th e  two f i x e d  l i n e s  
Ex and Oy, while  i t s  s i d e s  p iv o t  about t h e  f i x e d  p o in t s  p, p , 
P. The t h i r d  v e r t e x ,  d, of such  a t r i a n t e  d e s c r ib e d  a con ic
s e c t i o n ,  so t h a t  we have the  above theorem proved f o r  t h e  case
of  the  q u a d r i l a t e r a l .  By tak in g  f o u r  consecu t ive  v e r t i c e s  of 
any such polygon, no t  a d ja c e n t  to th e  f r e e  v e r t e x ,  we can 
determine a polygon of one l e s s  s id e  whose f r e e  v e r t e x  w i l l  
have th e  same motion.  In  t h i s  way we can f i n a l l y  reduce the 
polygon to  a q u a d r i l a t e r a l ,  and th u s  th e  theorem i s  proved.
I t  fo l lo w s  immediately from t h i s  t h a t  i f  we c o n s id e r  
t h e  p o in t s  p ,  p , ^ e t c .  a s  t h e  v e r t i c e s  of  an i n s c r i b e d  po ly­
gon and AB, BG, e t c . ,  as th e  s id e s  of  a c i rcu m sc r ib ed  poly­
gon, any polygon moving so t h a t  i t  remains c o n t i n u a l l y  c i r ­
cumscribed to  an o th e r  polygon of  t h e  same s o r t ,  and, a s i n g l e  
v e r t e x  excep ted ,  i n s c r i b e d  to a t h i r d  such polygon, t h i s  
s i n g l e  p o in t  w i l l  d e s c r ib e  a unique curve of t h e  second o rder-
We know by P a s c a l ' s  theorem t h a t  i f  a hexagon i s  i n ­
s c r ib e d  i n  a conic ,  i t s  o p p o s i te  s id e s  i n t e r s e c t  by p a i r s  in  
t h r e e  p o in t s  of a s t r a i g h t  l i n e .  Prom t h i s  and the  above
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theorem i t  i s  not c L i f f i e u l t  to prove t h a t  any polygon of an 
even number of  a i d e s  in s c r i b e d  i n  a conic  moving so t h a t  a l l  
i t s  s id e s  but one p iv o t  on p o in t s  on a given s t r a i g h t  l i n e ,  th e  
l a s t  s id e  w i l l  a l s o  p i v o t  abou t  a p o in t  on t h i s  l i n e .  In  t h e  
remainder  of  th e  c h a p te r  t h e  s u b je c t  i s  developed in  t h i s  wqy 
app ly ing  to  polygons a t  t h e  same time i n s c r i b e d  and  circum­
s c r ib e d  to  some conic whose v e r t i c e s  t r a c e  o th e r  con ics  having  
th e  same common tangen ts  w i t h  t h e  f i r s t ,  and  so f o r t h .  The 
r e a d e r  can imagine from what has been  g iven  above how th i s  
s u b je c t  i s  t r e a t e d .  The t h i r d  c h a p te r  o f  t h i s  s e c t io n  i s  an 
e x te n s io n  of th e  same t h e o r i e s  t o  the case where th e  d i r e c t r i ­
ces a r e  of any o rd e r ,  e t c .  The p r i n c i p a l  theorem of t h i s  chap­
t e r  i s  t h a t  i f  one r e p l a c e s  t h e  s t r a i g h t  l i n e s  of the  theorem 
of  th e  l a s t  c h a p te r  by cu rves  of the  o rd e r s  m, n, p, t h e
f r e e  v e r t e x  w i l l  d e s c r i b e  a curve whose o rd e r  w i l l  a t  t h e  most 
be 2 mnpq. . . .  and w i l l  reduce to  simply mnpq. . . .  when a l l  the  
f i x e d  p o in t s  a r e  on a s t r a i g h t  l i n e .  This depends p r i n c i p a l l y  
on th e  idea  th a t  "two geom etr ic  cu rv es  in  a p lan e  can n ev e r  
meet in  a g r e a t e r  number of p o in t s  t h a n  th e  product  o f  those 
which ex p res s* :  t h e  degree  of  th e se  c u r v e s . "  A f te r  an  ex ten ­
s io n  of  t h i s  subj e c t , t h e  su b je c t  m a t te r  of  t h e  second chap­
t e r  i s  f u r t h e r  examined, r e v e a l i n g  a d d i t i o n a l  p a r t i c u l a r  
p r o p e r t i e s  and r e l a t i o n s .  The e n t i r e  l a t t e r  p a r t  of  the book, 
i n  f a c t ,  seems to be a development from the  fundamental  ideas  
of  a h o s t  o f  i n t e r e s t i n g  and in  l a rg e  measure h i t h e r t o  unknown
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p r o p e r t i e s .  Many of  t h e s e  a r e  very  c u r io u s  and  i n t e r e s t i n g ,  bn 
i t  i s  w i th  t h e  fundamental ideas  t h a t  we w ish  to d e a l  h e r e .  A 
supplement on t h e  p r o j e c t i v e  p r o p e r t i e s  of  f i g u r e s  in  space is 
an e x t e n s i o n  o f  many of the  id e a s  which were developed only in 
the  p lane  to  th e  g e n e ra l  th ree -d im en s io n ed  form. I t  i s  shown 
th a t  a l l  t h e  p o in t s  a t  i n f i n i t y  in  space can he co n s id e red  t o  
belong to  a unique p la n e ,  n e c e s s a r i l y  in d e te rm in a te  in  posit ion
The theorem on the  Mobius t e t r a h e d r a  i s  g iv e n .  The ex ten s io n  o
th e  theory  o f  po le s  and p o l a r s  to  space i s  g iv e n ,  as w e l l  as of 
the  th eo ry  of homology.
As we sa id  a t  the  beg inn ing  o f  t h i s  d i s c u s s i o n ,  t h e  seconl 
volume was not  p u b l ish ed  u n t i l  the e d i t i o n  of 1865 was brought 
out.  I t  co n ta in s  two a r t i c l e s  which a r e  of i n t e r e s t  to  u s ,  
the second i n  p a r t i c u l a r -  They a r e the  th e o ry  of c e n t e r s  of 
mean harmonics, and a much extended t rea tm en t  of the  th e o ry  
o f  r e c i p r o c a l  p o l a r s .
The th e o ry  of c e n t e r  of mean harmonics depend^ on th e
1  _ 1  1  1  ^
s ta tem en t  o f  th e  harmonic r e l a t i o n  i n  the form ^  ~  2 ’̂ pa’*’p b ' ’
where th e  r e l a t i o n  in  the  o r d in a r y  form is  = 1 . This is
PB'QA
due to  M aolaurin .  This r e l a t i o n  i s ,  of course ,  p r o j e c t i v e  in 
th e  o r i g i n a l  form, and consequent ly  i n  t h e  above form. A 
s p e c i a l  p r o j e c t i o n  of t h i s  i s  where = PB, t h a t  i s ,  where JQ, 
i s  th e  mean d i s t a n c e  between PA and EB. I f  we have a l a rg e  
number of equal segments on a l i n e ,  t h e re  i s  s t i l l  a c e n te r  of 
mean d is tan ce s -  P. The ana logy t o  t h i s  in  the g e n e ra l  case  is
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where P i s  the  c e n t e r  o f  mean harmonics -  t h a t  i s ,  where we
have a number of p o in t s  AB, A'^B̂  , e t c . ,  such t h a t ,  f o r  each
o f  t h e  p a i r s  o f  segments QA, QB̂  9 :  ̂ > 9 ?  » ^  w i l l  be the
mean harmonic. In  th e  case  o f  the  c e n t e r  of mean d i s t a n c e s ,
Q w i l l  be t h e  p o in t  a t  i n f i n i t y .  Of c o u r se ,  the  f a c t o r  i
2
i s  only  f o r  t h e  case o f  two p o in t s ,  A and B. For  th r e e  p o in t s  
i t  w i l l  be i ,  e t c .  Thus
—  = —(A + i  + + • • • • J
PQ m PA PB PC ^
to  m te rm s .  This can be put i n  th e  foim
iQ  "  5 Ï  * ^  * ..............“
i û "  ^
3 0  M  + l à  + £ £  + • • • =  0
AP BP CD
( I f  any p o in t s  A, B, e t c . ,  a r e  on th e  s id e  o f  Q. o p p o s i t e  
from th e  o th e r s ,  th ey  w i l l ,  o f  c o u r s e ,  i n  t h i s ,  as  in  a l l  the  
above r e l a t i o n s ,  be p r e f ix e d  w i t h  a minus s i g n . )
This r e l a t i o n  can of  course  be extended to  p e n c i l s  o f  
l i n e s ,  where s in e s  of ang les  r e p la c e  t h e  above segmenta
Suppose now t h a t  i t  i s  r e q u i r e d  to  c o n s t r u c t  t h e  p o in t  jg,
such t h a t  one has
n  1  1  1  . . . ,
pq pq pb pc
m being the number o f  p o in t s  a,  b , . . . ,  whence
and pQ, = 5pq 
PQ. PCL ^
Let us suppose t h a t  one has between the  p o in t s  p, q, a ,  b ,
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c . , , ,  on a l i n e  th e  r e l a t i o n
t  f f  /  / /m + m  + m + . . . .  m m_ . . . .
pq pa pb pc
i n  which m, m a r e  num erica l  c o e f f i c i e n t s  Indepaendent 
of t h e  p o s i t i o n  of the p o in t s  a ,  b ,  c , . . . ,  q., w i th  r eg a rd  t o  p. 
S u b je c t ln g  t h i s  to  t h e  above r u l e  of s ig n s ,
SIM  ̂ sLë£ + sIm  + + . . .  = 0
ap bp op dp
pa pb pc pq
A being  some new o r i g i n .
The a u th o r  develops  t h i s  theo ry  i n  s e v e r a l  ways, and shows 
how i t  can be used  t o  f in d  t h e  c e n t e r  of mean harmonics o f  a 
system o f  p o in t s  or  l i n e s  l o c a t e d  h e te ro g e n e o u s ly  i n  a p lane  or 
i n  space .  For our purposes t h i s  i s  q u i t e  s u f f i c i e n t  space to 
devote t o  th i s  s u b j e c t .  The u s e f u ln e s s  of t h e  theo ry  w i l l  be 
r e a l i z e d  upon r e c a l l i n g  l i a o l a u r i n ' s  theorems on t r a n s v e r s a l s  
of cu rves  o f  any d eg re e .  Ponce le t  makes u s e  o f  th e s e  properties! 
i n  h i s  A na lys is  of T r a n s v e r s a l s ,  which forms th e  t h i r d  s e c t io n  
o f  t h e  second volume.
The second s e c t i o n ,  as we have sa id  b e f o r e ,  i s  a d i s c u s ­
s io n  o f  r e c i p r o c a l  p o l a r s .  I t  was p robab ly  t h i s  f o r  which 
P once le t  was most famous, a t  l e a s t  d u r ing  t h e  f i r s t  h a l f  of 
the  n i n e t e e n t h  ce n tu ry .  The d i s c u s s i o n  i n  t h e  f i r s t  volume 
lay s  th e  fo u n d a t io n  f o r  th e  t h e o ry ,  so t h a t  we s h a l l  o u t l i n e  
only th e  a d d i t i o n a l  developments t h a t  P o r c e l e t  g iv e s  h e r e .
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Mere s t a t e m e n t  o f  theorems w i l l  f o r  the  most p a r t  be s u f f i c i e n t .
I t  i s  shown t h a t  the  r e c i p r o c a l  p o l a r  of a curve of th e  mth 
degree i s  of a degree  no h ig h e r  th a n  t h e  m(ra- 1  ) t h , whence a l l  
con ics  have o th e r  con ics  as r e c i p r o c a l  p o l a r s .
P o in t s  of  i n f l e x i o n ,  double  p o i n t s ,  and s i n g u l a r  p o in t s  
a re  ta k en  up ,  and i t  i s  shown t h a t  t h e i r  r e c i p r o c a l  p o la r s  a r e  
a l s o  s p e c i a l  p o i n t s  i n  t h e  new c u rv e s .
A r a t h e r  d e t a i l e d  e x t e n s io n  to r e c i p r o c a l  p o la r s  i n  space., 
i s  th e n  g iv e n ,  and  to  curves o f  any d eg ree .  S p e c ia l  a t t e n t i o n  
i s  given to r e c i p r o c a l  s u r f a c e s  o f  th e  second d eg ree .
The most i n t e r e s t i n g  new p r o p e r t i e s  dem onstra ted  in  t h i s  
d i s c u s s io n  a re  the  m e tr ic  r e l a t i o n s  between a f ig u re  and i t s  
r e c i p r o c a l  p o l a r  w i th  r e s p e c t  to  a c i r c l e . I f  t h e r e  i s  any 
p r o j e c t i v e  r e l a t i o n  amoig th e  segments o f  a g iv e n  f i g u r e ,  th e  
s i n e s  of t h e  a n g le s  correspond ing  to  th e s e  segments i n  i t s  r e ­
c i p r o c a l  p o la r  w i l l  be i n  t h e  same r e l a t i o n .  In o th e r  words, 
r e c i p r o c a l  p o l a r s  a re  p r o j e c t i v e  f i g u r e s  w i t h  th e  elements 
corresponding  r e c i p r o c a l l y  a l s o  co r respond ing  p r o j e c t i v e l y .
This th e o ry  i s  immedia tely  extended to  app ly  t o  r e c i p r o c a l  
f i g u r e s  i n  space.
Here we w i l l  end th e  enum eration  of P o n c e l e t ’ s methods 
and theorem s,  and,  in  c l o s in g ,  a t tem p t  to  g iv e  a c r i t i c a l  
summary of t h e  work.
The most n o ta b le  f e a t u r e  of the e n t i r e  " T r a i t e "  i s  the  
o  o v j  , ' r f i e  k T  I K ?
c o n s i s t  p r o j e c t i v e  n ew- p o i n t , l e n d in g  m ethodical  u n i ty  to  a
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g r e a t  mass of  m a t e r i a l .  The n o t i o n  o f  t h e  in v a r la n o e  o f  th e  
harmonic r a t i o  u n d e r  p r o j e c t i o n  i s  t h e  s in g l e  fundamental  kqy to 
the  e n t i r e  work, a l t h o u ^  th e  concep t ion  o f  t h e  in v a r i a n c e  o f  
r e l a t i o n s  of c o n t i g u i t y  {non-metr ic  r e l a t i o n s )  i s  a l so  used  
co n s id e ra b ly .  The i d e a  o f  c o n t i n u i t y  i s  depended upon f o r  
g e n e r a l i t y  in  some c a s e s .  The th e o ry  o f  homology i s  g iv e n  
new, e le g a n t  t r e a t m e n t ,  and, what has never  been done b e fo re ,  
extended to t h r e e  d im ensions .  The t h e o iy  o f  r e c i p r o c a l  p o la rs  
i s  t h e  b a s i s  f o r  complete d u a l i t y ,  i n  t h e  p lane  and in  space,  
between non-m etr ic  t h e o r i e s ,  and ,  as  we have seen,  i f  t h e  aux­
i l i a r y  l i n e  o r  s u r f a c e  i s  a c i r c l e  o r  sp h e re ,  f o r  d u a l i t y  i n  
p r o j e c t i v e  m e tr ic  r e l a t i o n s .  This l a t t e r  k ind  of  d u a l i t y  
caused a co n s id e ra b le  s t i r  among t h e  contemporary mathemati­
c i a n s .  On th e  s u b je c t  o f  d u a l i t y  t h e r e  was c o n s id e r a b le  argu­
ment between Ponce le t  and  Gergonne, p r i n c i p a l l y  as to  p r i o r i t y .  
Gergonne, in  1826, made the  fo l lo w in g  s ta te m e n t ;
" In  plane geometry to  eve ry  theorem th e r e  n e c e s s a r i l y  cor­
responds  ano ther  which i s  d e r iv e d  from th e  f i r s t  by simply ex­
changing th e  two words p o in t  and l i n e ;  while  i n  s o l i d  geometry 
one must exchange t h e  words p o in t  and  p lane  to  pass  from one 
theorem to  i t s  c o r r e l a t i v e . "
The f i r s t  e d i t i o n  of the  T r a i t e  des P r o p r i é t é s  P ro je c t iv e s  
des F igu res  appeared in  1822, i n  which was co n ta in e d  t h e  f i r s t  
d i s c u s s i o n  o f  r e c i p r o c a l  p o l a r s  o u t l i n e d  above. The second 
t r e a tm e n t ,  which appears  in the  second volume of  th e  e d i t i o n
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of  1865 as s e o t lo n  I I  was read., b e fo re  th e  Académie F ran ça is  
i n  1824, We may conclnde, then ,  t h a t  a l th o u g h  t h e  s ta tem en t  
o f  G-ergonne was more e x p l i c i t ,  P o n ce le t» s  t r e a tm e n t  was not 
only  e a r l i e r  but more complete ,  f o r  i t  i s  ve ry  d o u b t fu l  t h a t  
G-ergonne in te n d ed  t o  in c lu d e ,  o r  was i n  a p o s i t i o n  to  in c lu d e ,  
m etr ic  r e l a t i o n s  i n  h i s  s t a t e m e n t .
We must n o t  f o r g e t  th e  importance o f  P o n c e l e t ’ s use o f  
elements a t  i n f i n i t y ,  f o r  he was t h e  f i r s t  t o  g ive  a c l e a r -  
out t r e a tm e n t  of  t h i s  im por tan t  q u e s t io n .  I t  was he who showed 
the  e x i s t e n c e  o f  the l i n e  and  p lane  a t  i n f i n i t y  and th e  c i r c u l a r  
p o in t s  a t  i n f i n i t y .  The m e tr ic  i n t r o d u c t i o n  o f  im a g in e r ie s  
in  connect ion  w i th  th e  p r i n c i p l e  o f  c o n t i n u i t y  was an im por tan t  
s t e p ,  paving th e  way f o r  Von S t a u d t ’ s n on -m etr ic  i n t r o d u c t i o n  
of  im a g in a r ie s  some y e a r s  l a t e r -
In  conc lus ion  we a r e  j u s t i f i e d  in  say ing  t h a t  Ponce le t  
was the  founder  o f  p r o j e c t i v e  geometry .  Hot only did he d e ­
velop  i t s  c e n t r a l  id e a ,  but he o u t l i n e d  i t s  p r i n c i p a l  sub­
j e c t  m a t te r  and the  s u b s i d i a r y  id e a s  of d u a l i t y ,  homology, 
e t c . ,  by which t h i s  m a t e r i a l  i s  hand led .  He c r e a t e d  a t  a s in g l e  
s t ro k e  a new b r a n c h 'o f  mathematics ,  f a r  f  romain i t s  f i n a l  form, 
to  be su re ,  and f a r - f r o m / f i g o r o u s i n  a c e r t a i n  sense ,  b u t  con­
t a i n i n g  p o s s i b i l i t i e s  o f  development and g e n e r a l i z a t i o n  which 
he never  imagined.
In 1847, tw e n t y - th r e e  yea rs  a f t e r  t h e  appearance o f  t h e  
J ’T r a i t e  des P r o p r i é t é s  Pro j e c t i v e s  des F i g u r e s ” of P o n c e le t ,
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a l i t t l e  work e n t i t l e d  "Geometrle d e r  Lage", by K. G-- C. Yon 
S ta u d t ,  wag p u b l i s h e d .
I t  was g u i t e  d i f f e r e n t  i n  s p i r i t  f rom P o n c e l e t ' s  work, 
b e ing ,  i n  t h e  f i r s t  p l a c e ,  e n t i r e l y  confined t o  non-m etr ic  
p r o p e r t i e s .  I t  showed c o n s id e r a b ly  g r e a t e r  a t t e n t i o n  t o  t h e  
ax iom at ic  f o u n d a t io n ,  which was much s im p le r  than P o n ce le t» s .  
A s e r io u s  a t tem p t  was made to  d e f in e  what was meant by t h e  
terms invo lved ,  a l though  th e  n o t io n  o f  u ndef ined  e lements aid 
r e l a t i o n s  as  d e f i n i n g  o th e r s  was not  a t  a l l  c l e a r ,  i f  p resen t ,  
In  th e  f i r s t  s e c t i o n  t h e  fo l lo w in g  remarks a r e  n o t a b l e :  
Every su r f a c e  has two s i d e s ,  every  l i n e  on a s u r f a c e  has 
two s id e s ,  and every  p o in t  on a l i n e  has two s i d e s .
A p o in t  i s  i n d i v i s i b l e . I f  a p o i n t  moves, i t  d e s c r ib e s  
a l i n e  ; i f  a l i n e  moves, i t  d e s c r i b e s  a s u r f a c e ;  i f  a su r face  
moves, i t  d e s c r ib e s  a b o d i ly  space .  Bodi ly  spaces a re  bounded 
and d iv id e d  by s u r f a c e s ,  s u r f a c e s  by l i n e s ,  and l i n e s  by 
p o i n t s .  A l i n e  passes  th rough  every p o in t  on i t ,  and a s u r ­
face  th rough  a l l  t h e  p o i n t s  on l i n e s  on i t .  B od i ly  spaces ,  
s u r f a c e s ,  l i n e s ,  p o i n t s ,  and  a g g re g a t io n s  o f  any of th e s e  are 
geom etr ic  fo rm s .  A f i g u r e  i s  u s u a l l y  a com ple te ly  bounded 
s u r f a c e .  The p e r ip h e ry  of  a f i g u r e  i s . t h e  l i n e  which en c lo s ­
es i t ,  o r  t h e  agg rega te  of l i n e s  which bounds i t .
Every p o in t  of a c lo s e d  l i n e  ( r e tu r n i n g  l i n e )  can be 
cons idered  as i t s  beg inn ing  and end. I f  a p o in t  d e s c r ib e s  
a c lo sed  l i n e  t o  which th e  t h r e e  p o i n t s  A, B, and 0 be long ,
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i t  must moTe e i t h e r  in  the sense ABC (wMoh i s  the same a s  BCA 
or Ga b ) or i n  the  o p p o s i t e  s e n s e ,  which can be denoted  by BAG 
o r  ACB or GBA. I f  a l i n e  i s  n o t  c l o s e d ,  and i f  t h r e e  p o in t s  
are  t a k e n  on i t ,  th e  two o u te r  ones a r e  s e p a ra te d  by t h e  middle 
one. I f  on a c lo se d  l i n e  we tak e  any f o u r  p o i n t s ,  two p a i r s  
a re  s e p a ra te d  by each o th e r .
One says t h a t  a s u r f a c e  and a l i n e  which go through one 
and th e  same po in t  i n t e r s e c t  o r  to u c h  a t  t h i s  p o i n t ,  a c co rd in g  
as the a d ja c e n t  p a r t s  o f  t h e  l i n e  l i e  on th e  o p p o s i t e  o r  t h e  
same s i d e s  o f  t h e  s u r f a c e .  I f  a l i n e  i s  drawn connec t ing  two 
p o i n t s ,  i t  i n t e r s e c t s  any s u r f a c e  an even or  odd number of  
t im es  according  as the  p o in t s  l i e  on th e  same or o p p o s i t e  
s id e s  of  the  s u r f a c e .  S i m i l a r l y ,  two l i n e s  on a s u r f a c e  touch  
o r  i n t e r s e c t  in  a g iv e n  common p o in t  accord ing  as the  a d j a c e n t  
p a r t s  o f  e i t h e r  l i e  on t h e  same o r  o p p o s i t e  s i d e s  of the o th e r -
Two s u r f a c e s  pass ing  th rough  one and t h e  same l i n e  i n t e i v  
s e c t  or  touch  each o th e r  i n  t h i s  l i n e ,  e t c . ,  and two s u r f a c e s  
a r e  t a n g e n t  i n  a p o in t  i f ,  e t c . .
A l i n e  which i s  f i x e d  by two p o in t s  so t h a t  i t  cannot 
change i t s  p o s i t i o n  i s  c a l l e d  a s t r a i g h t  l i n e .  A l i n e  i s  
c a l l e d  curved when no p a r t  o f  i t  i s  s t r a i g h t .  A s t r a i g h t -  
l i n e  form i s  in  gene ra l  t h e  ag g reg a te  of  a l l  p o in t s  (e lem en ts )  
on i t .
A su r fa c e  which can be de te rm ined  by t h e  motion of a 
s t r a i g h t  l i n e  i s  c a l l e d  a r u le d  s u r f a c e .
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A s t r a i g h t  l i n e  co ns ide red  as  an element i s  c a l l e d  a ray, 
which i s  d iv ided  by any p o in t  on i t  in to  two h a l f - r a y s , of 
which one i s  c a l l e d  th e  o p p o s i te  o f  t h e  o t h e r .
A po in t  i s  p r o j e c t e d  from a p o in t  A by the  r a y  ^  going 
through bo th  p o i n t s .  A i s  c a l l e d  t h e  c e n te r  o f  p r o j e c t i o n .
A bundle of  r a y s  i s  t h e  a g g re g a te  of  a l l  r ays  t h a t  a re  
conceived  through  a s i n g l e  p o in t  ( c e n t e r ) .  A bundle o f  h a l f ­
r a y s  i s  t h e  agg rega te  of a l l  h a l f - r a y s  o r i g i n a t i n g  a t  a s ing le  
p o in t  ( c e n t e r ) .
A simple ”a r g l e - s p a c e ” i s  a  p a r t  of  a bundle  of h a l f - r a y s  
such t h a t  every  h a l f - r a y  has t h e  same " c e n te r "  w i th  i t  and 
goes through  some p o in t  in  i t  i s  e n t i r e l y  w i th in  i t .  A surface 
which can be t h o u ^ t  of as f i l l e d  w i th  h a l f - r a y s  a l l  having a 
common c e n t e r  i s  c a l l e d  a s im ple  an g le  -  o r  c o n i c - s u r f a c e .  
Every h a l f - r a y  of  a s im ple  a n g l e - s u r f a c e  can be co n s id e red  
as th e  beginning  and end of i t ,  so f o u r  e lements o f  such  a 
s u r fa c e  s e p a r a te  each o th e r  by p a i r s  (on ly  two p a i r s ) .
In  a bundle o f  h a l f - r a y s  which i s  d iv id e d  in to  two p a r t s  
by an a n g l e - s u r f a c e ,  i f  two h a l f - r a y s  no t  l y in g  on t h i s  su r ­
f a c e  a re  connected by a n o th e r  simple a n g l e - s u r f a c e ,  th e se  
s u r f a c e s  w i l l  i n t e r s e c t  an, even o r  odd number of  t im es  accord­
ing as  th e  h a l f - r a y s  l i e  on the  same or  o p p o s i te  s id e s  of 
the  f i r s t  s u r f a c e .  Two simple c lo sed  a n g l e - s u r f a c e s  having a 
common c e n te r  i n t e r s e c t  an even  number of t im e s .
Two simple ang le  spaces  or  ang le  su r fa ce s  a r e  c a l l e d
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oomplementary spaces  or s u r f a c e s  t o  each, o th e r  i f  every  h a l f ­
r ay  i n  one o f  th e  forms has  i t s  complement i n  the  o th e r .  The 
boundar ie s  of  complementary spaces  a r e  complementary s u r f a c e s  
to  each o t h e r .
The complete an g le - sp a c e  and  complete §ngle s u r fa c e  a re  
ob ta ined  by s i m p l y  s u b s t i t u t i n g  ray s  f o r  h a l f - r a y s .  I t  has 
p r o p e r t i e s  e x a c t l y  analogous t o  th e  ones o u t l i n e d  above f o r  
t h e  angle—space and a n g l e - s u r f a c e .
A complete c lo sed  a n g le - s u r f a c e  i s  co n s id e re d  to  be o f  
even o rde r  i f  a ray  d e s c r i b i n g  i t  f i n a l l y  comes to  i t s  o r i ­
g i n a l  p o s i t i o n ;  i t  is  co n s id e red  to be of  odd o rd e r  i f  the  
r a y  comes t o  i t s  o r i g i n a l  p o s i t i o n  ex cep t  t h a t  t h e  h a l f - r a y s  
a re  in te rc h an g e d .
Two complete c lo s e d  a n g l e - s u r f a c e s  w i th  a common c e n t e r  
I n t e r s e c t  an even number o f  t im es i f  bo th  a r e  o f  even o rd e r ,  
or one i s  o f  even and the  o th e r  of  odd o r d e r .  I f  bo th  a re  
o f  odd o rd e r ,  th e y  i n t e r s e c t  an odd number of t im e s .
In  t h e  second s e c t i o n  t h e  plane i s  in t ro d u c e d  and p e n c i l s  
o f  l i n e s  and p la n e s  are  d e f in e d .
A p la n e  i s  an a n g l e - s u r f a c e  o f  uneven ( f i r s t )  o rd e r ,  in  
which any p o i n t  can be cons idered  as c e n t e r .  I f  a s t r a i ^ t  
l i n e  passes  through two p o i n t s  in  a p lan e ,  i t  l i e s  e n t i r e l y  
i n  th e  p la n e .  I f  a plane and  a  l i n e  o u ts id e  i t  have a p o in t  
i n  common, they  i n t e r s e c t  in  t h i s  p o in t ,  which i s  c a l l e d  th e
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t r a c e  o f  t h e  l i n e  on t h e  p lane  o r  of  the p lane  on t h e  l i n e .
An i n f i n i t y  o f  p lan es  a r e  o o n c e i r a b le  throngh two p o in t s  
o r  th rough  a l i n e .  Through th r e e  p o i n t s  no t  on th e  same 
l i n e ,  o r  th rough  a l i n e  and a  p o i n t  n o t  on i t ,  t h e r e  can be 
only one p la n e .  A p lane  connec t ing  a l i n e  a and a p o in t  P 
i s  s a i d  to p r o j e c t  a from t h e  p o in t  P o r  t o  p r o j e c t  P from 
the  a x i s  a .
An a n g le - s u r f a c e  o f  even or  odd o rder  i s  o u t  i n  an even 
o r  odd number o f  rays  by a plane th ro u g h  i t s  c e n t e r .  A 
simple c lo se d  conic  s u r f a c e  i s  cu t  an even nunher o f  t im es  
by a p lane go ing  th ro u g h  i t s  c e n t e r .
The t o t a l i t y  of  a l l  r a y s  having a common p o in t  o f  i n t e r ­
s e c t i o n  and ly in g  i n  a s i n g l e  p la n e  i s  c a l l e d  a p e n c i l  o f  
r a y s .  The t o t a l i t y  of  a l l  p la n e s  th ro u g h  a s i n g l e  l i n e  (ax is )  
i s  c a l l e d  a p e n c i l  of p l a n e s .
The above s ta te m e n t  about  o r d e r  of p o i n t s  on a l i n e  ap­
p l i e s  d i r e c t l y  t o  th e  o rd e r  of elements of  a p e n c i l .
The s t r a i g h t - l i n e  form, th e  p e n c i l  of r ay s  (o r  h a l f - r a y s )  
and th e  p e n c i l s  of  p la n e s  a r e  c a l l e d  one-d im ens iona l  funda­
mental  forms or fundamental  forms o f  the  f i r s t  d eg ree .  The 
p o in t  i n  the element i n  t h e  s t r a i g h t - l i n e  form, th e  l i n e  in  
the  p e n c i l  of rays ,  and t h e  p lane  in  t h e  p e n c i l  o f  plane s .
A s t r a i g h t - l i n e  form A3CP c o n s i s t i n g  o f  f o u r  p o in t s  
i s  p r o j e c t e d  from a p o in t  ly in g  o u t s id e  th e  l i n e  by a p e n c i l
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of l i n e s  aboâ , of which th e  foxm A3Cp i s  a s e c t i o n .  The form 
B ^ C  i s  p r o j e c t e d  from th e  p o in t  hy t h e  p e n c i l  bad e , e t c . . . I n  
t h i s  way, when one of  two forms which a re  c o r r e l a t e d  to  each 
o th e r  undergoes a p e rm u ta t io n ,  the  o t h e r ,  f o r  th e  forms to  
remain i n  t h i s  r e l a t i o n ,  must undergo a corresponding permu­
t a t i o n .
A p la n e  i n  which t h e r e  a re  i n f i n i t e l y  many s t r a i g h t - l i n e  
forms and p e n c i l s  o f  rays  i s  c a l l e d  a p la n a r  system or  p la n a r  
f i e l d .  The p l a n a r  f i e l d  and t h e  bundle  o f  ray s  a r e  th e  funda­
mental  forms o f  t h e  second deg ree .  In  th e  p la n a r  f i e l d  a 
p e n c i l  o f  r ay s  i s  t h e  ag g reg a te  of a l l  r ay s  th ro u g h  a s i n g l e  
p o i n t ,  and i n  t h e  bundle o f  rays  i t  i s  the ag g reg a te  of a l l  
r a y s  on a s in g l e  p lane .
The fundam enta l  form of  the  t h i r d  degree  i s  the  space 
system or unbounded space ,  in  which i n f i n i t e l y  many funda­
m enta l  forms o f  the  f i r s t  and second degree e x i s t .
A s p e c i a l  word, " ^ c h e in " , i s  used f o r  the  s e t  of l i n e s  
th rough  a g iv en  p o in t  o u t s id e  a f i g u r e  and a l l  t h e  p o in t s  o f  
the  f i g u r e ,  i f  the  f ig u re  i s  on a s u r f a c e  or l i n e .  The f i g ­
u re  i s  co n s id e red  to be a s e c t i o n  o f  t h i s  '’| c h e i n "  ( t h a t  i s ,  
i f  i t  i s  a p lane  or  s t r a i g h t - l i n e  f i g u r e . )
A f t e r  t h i s  p e l im in a ry  d i s c u s s i o n ,  Ton S to u d t  takes  up 
th e  q u es t io n  of p a r a l l e l i t y .  He uses  t h e  Eucl idean  d e f i n i ­
t i o n  of  p a r a l l e l i t y ,  namely t h a t  two l i n e s  i n  th e  same p lane
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hav ing  no p o in t  i n  common a r e  p a r a l l e l .  A few more axioms 
a re  s t a t e d ,  q n i t e  in fo rm a l ly ,  however,  so t h a t  one s c a r c e l y  
knows w he the r  t h e y  a r e  in tended to  he assumptions or merely 
remarks.  Two l i n e s  ly in g  in  a s in g l e  p la n e  most e i t h e r  i n t e r ­
s e c t  or he p a r a l l e l .  Throngh any p o in t  o u t s id e  a l i n e  t h e r e  
i s  a l i n e  p a r a l l e l  to i t .  I f  t h r e e  l i n e s  a r e  i n  a s i n g l e  
p la n e ;
a) they  i n t e r s e c t  i n  t h r e e  p o in t s ,  
h) they a l l  i n t e r s e c t  in  a s i n g l e  p o i n t . 
c ) two of the  l i n e s  a r e  p a r a l l e l  and a r e  c u t  hy t h e  other, 
d) thoy a re  a l l  p a r a l l e l .
I f  two l i n e s  a r e  p a r a l l e l ,  any t h i r d  must he p a r a l l e l  
e i t h e r  t o  h a t h  or n e i t h e r .
S e v e ra l  more assum ptions  o f  t h i s  n a tu re  a r e  g iv en ,  which 
f o r  the  most p a r t  can he r e a d i l y  a n t i c i p a t e d .  The i d e a  o f  the 
d i r e c t i o n  of a l i n e  i s  in t ro d u ce d ,  and the p o s i t i o n  o f  a plane 
as determined hy two such d i r e c t i o n s .  A l i n e  i s  said to  pro­
j e c t  i n  i t s  d i r e c t i o n  a l l  the  p o i n t s  ly in g  on i t ,  and a plane 
s i m i l a r l y  p r o j e c t s  a l l  i t s  p o in t s  i n  i t s  p o s i t i o n ,  A plane 
system i s  th u s  p r o j e c t e d  i n  a g iven  d i r e c t i o n  hy t h e  bundle  oi 
p a r a l l e l  rays  in t h i s  d i r e c t i o n .  Every p o in t  of the  plane 
co r responds ,  as in  t h e  case of the  g e n e ra l  bundle of ray s ,  to 
a r ay  of  t h e  bundle ,  every l i n e  co r responds  to a p la n e ,  every 
.ang le  corresponds  to  a d i h e d r a l  ang le ,  and every  l i n e  t o  a 
c y l i n d r i c a l  s u r f a c e .
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The nex t  s e o t io n  i s  on n - p o i n t a ,  s id e s  and po lyhedrons .  
I t  beg ins  w i th  a  d i s c u s s i o n  o f  p l a n e  polygons and the  pyramids 
whose bases  t h ^  a r e .  I t  i s  shown t h a t  i f  every v e r t e x  of  a 
polyhedron can be connected w i th  every  o th e r  by an edge o r  a 
broken l i n e  made up  of edges ,  and i f  i t s  su r face  i s  d iv id e d  in  
two p a r t s  by eve ry  c lo s e d  l i n e  made up of  edges and n o t  going 
more t h a n  once through  any v e r t e x ,  th e n  i f  E i s  th e  number- of 
v e r t i c e s ,  F th e  number o f  p l a n e s ,  and C t h e  number o f  edges,
E"* F » = K ^  2.
F u r th e r ,  s i n c e  a t  l e a s t  t h r e e  edges meet i n  a v e r t e x ,  
and each edge connects  on ly  two v e r t i c e s ,  3E i s  no t  g r e a t e r  
th a n  Since every s u r f a c e  i s  bounded by a t  l e a s t  t h r e e
edges,  abou t  only two s u r f a c e s  i n t e r s e c t  i n  an edge, 3F i s  
not g r e a t e r  th a n  2K. S ince  n e i t h e r  of  t h e  two numbers 3E,
3F, whose sum i s  5K +-G. i s  g r e a t e r  t h a n  2K, so n e i t h e r  i s  
l e s s  than K + whence each  i s  g r e a t e r  t h a n  E, so t h a t  e i t h e r  
more t h a n  f i v e  edges can meet i n  each  v e r t e x ,  or each su r f a c e  
can be bounded by more th a n  f i v e  edges .
I f  m edges meet i n  every v e r t e x ,  th en  i n  E = 2E,
E:F -  2 :K = 2 ;m -  2 ;m.
I f  every s u r f a c e  i s  bounded by n edges,  nF = 2E and 
F:E -  E:K = 2 :n  -  2 :n .
Elements a t  i n f i n i t y  a r e  in t ro d u ce d  to  r e p l a c e  the 
" d i r e c t i o n "  mentioned above. Two p a r a l l e l  l i n e s  have a 
p o in t  a t  i n f i n i t y  in  common, e t c .  Upon exam ination  i t  w i l l
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be aeen t h a t  i f ,  in  t h e  above, t h e  wards p o in t  or l i n e  a t  
I n f i n i t y  a r e  r e p l a c e d  f o r  the  words d i r e c t i o n  and p o s i t i o n , 
and th e  s l i g h t  r e q u i r e d  ad jus tm en t  made in  t h e  language,  th e  
s ta tem en t  w i l l  rem ain  e s s e n t i a l l y  unchanged.
ÿ e t * t .
Thes-e a re  a—f ew s ta te m e n ts  i n  t h i s  s e c t i o n  t h a t  do not 
d i r e c t l y  involve e lements  a t  i n f i n i t y  but,^are fundam enta l  in  
the  remainder  of the woi3c. For i n s t a n c e ,  two fundamental  
forms a r e  s a i d  t o  be c o r r e l a t e d  i f  each element of  one i s  as­
s o c i a t e d  w i th  some element of t h e  o t h e r ,  which i s  c a l l e d  th e  
element corresponding t o  i t .  I f  of  any number of forms th e  
f i r s t  i s  c o r r e l a t e d  to the second, th e  second to th e  t h i r d ,  
e t c . ,  they  a re  a l l  c o r r e l a t e d .  The s im p le s t  case of t h i s  i s  
a s t r a i ^ t - l i n e  form and a p e n c i l  of p lanes  whose ax is  
does n o t  i n t e r s e c t  th e  f i r s t  fo im . I f  th e  l in e - fo rm  i s  con­
s id e re d  as a s e c t io n  of t h e  p e n c i l  of p lanes  by t h e  l i n e  S, 
the  two forms w i l l  be c o r r e l a t e d .  I f  a p e n c i l  o f  r a y s  i s  a 
s e c t i o n  o f  a p e n c i l  of p l a n e s ,  and a l i n e - f o r m  a r e  s e c t i o n  
of t h e  p e n c i l  o f  r a y s ,  the  l i n e - f o r m  i s  a l so  a s e c t i o n  of  the 
p e n c i l  of  p la n e s .
In  two p e n c i l s  of ray s  which a re  s e c t i o n s  o f  a s in g le  
p e n c i l  o f  p lan es  each two l i n e s  which l i e  in  t h e  same plane 
of th e  p e n c i l  of p la n es  co r respond .  In  two p e n c i l s  o f  r a y s  
which are  " so h e in s"  of t h e  same s t r a i g h t - l i n e  form, each two 
ray s  which p r o j e c t  the  same po in t  of the  form correspond to  
each o t h e r .
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I f  we eu t  a t u n d l e  o f  rays  whose s e o t i o n  P i s  a p l a n a r  
f i e l d ,  by a p lan e  o f  th e  bundle p a r a l l e l  to  P, th e  l i n e  a t  i n ­
f i n i t y  i n  P w i l l  correspond to  t h i s  p l a n e .  A r e a l  l i n e  w i l l  
correspond to  any o th e r  p lane  or the  bund le .
I f  one bas two skew l i n e s  of  which he has taken  one as  
a x i s ,  from which to  p r o j e c t ,  and t h e  o th e r  as p r o j e c t i o n  l i n e ,  
upon which to p r o j e c t ,  t h e  p r o j e c t i o n  o f  a p o in t  i s  unders tood  
to  be t h e  i n t e r s e c t i o n  p o in t  o f  t h e  p r o j e c t i o n  l i n e  w i th  the 
p la n e  t h a t  p r o j e c t s  the p o in t  f rom th e  g iv e n  a x i s .  The p r o j e c ­
t i o n  of a form upon a  p lane  i s  simply a s e c t i o n  by th e  p la n e  of
t h e  "^chein"  of  th e  form w ith  c e n t e r  a t  th e  p o in t  from which
one wishes  t o  p r o j e c t ,  e t c .
Two p a r a l l e l  h a l f - r a y s  meet t h e  p lane  a t  i n f i n i t y
i n  a s i n g l e  po in t  P and a re  on th e  same o r  oppos i te  s id e s  ac ­
cord ing  as  they  a r e  d i r e c t e d  i n  t h e  same o r  o p p o s i te  d i r e c t i o n s .  
T h e re fo re ,  in  th e  f i r s t  case  t h e  p lane  a t  i n f i n i t y  touches th e  
broken l i n e  APB, and in  the  second case c u t s  i t .
This r a t h e r  long l i s t  o f  e lem en ta ry  p r o p o s i t i o n s ,  almost 
a l l  of them assumptions  or d e f i n i t i o n s ,  i s  on ly  p a r t i a l ,  but 
i t  i s  b e l ie v e d  th e  s e l e c t i o n  g iv en  i s ,  by Ton S t a u d t ’ s l o g i c a l  
s t a n d a r d s ,  ad e q u a te .
The p r i n c i p l e  of d u a l i t y  is  he re  in t ro d u ced  in  axiomatic  
form. The s ta te m en t  i s  t h a t  eve ry  p r o p o s i t i o n  in  which no 
d i s t i n c t i o n  i s  made between r e a l  and id e a l  e lem ents ,  w i l l  have 
a c o r r e l a t i v e  i n  which t h e  words p o in t  and p lane  ( s t r a i g h t - l i n e
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f o m  and p e n c i l  of  planes» e t c .  ) have been in te rch an g ed ,  and 
which i s  l ik e w ise  t r u e .  The axioms here s t a t e d  d u a l l y  a r e
) A l i n e  ^  i s  de te rm ined  ) A l i n e  AB i s  de te rm ined
by two p o in t s  A and J ,  th ro u g h  by two p lanes  A and B, whose
which i t  goes .
) A l i n e  a and a p o i n t  B 
not  on i t  determine a plane 
AB» which connects t h e  l i n e  
w i th  th e  p o i n t .
) A p lane  ABC i s  d e t e r ­
mined by th r e e  p o i n t s  A,:^, C_, 
which do no t  l i e  on th e  same 
l i n e ,  a M  goes th rough  them.
l i n e  of  i n t e r s e c t i o n  i t  i s .
) A l i n e  a and a p lane  B 
not going th ro u g h  i t  de term ine  
a p o in t  a^» in  which t h e  l i n e  
and p la n e  i n t e r s e c t .
)A p o in t  ABC i s  determined 
by t h r e e  p lanes  A,B,C, which do 
not  go through th e  same l i n e .
The th r e e  p la n es  i n t e r s e c t  in  
t h i s  p o i n t .
) Two l i n e s  ly in g  in  t h e  same 
p la n e  have a p o in t  in  common.
} Two l i n e s  which have a 
common p o in t  l i e  in t h e  same 
p la n e .
The fo l low ing  simple theorems a r e  proved from th e s e ;
I f  A,B,C,p are  f o u r  
p o i n t s ,  and the  l i n e s  
CD i n t e r s e c t ,  t h e n  th e  f o u r  
p o in t s  and a l l  l i n e s  con­
n e c t in g  them by p a i r s  l i e  
i n  the same p la n e .
I f  A,B,C,B a re  f o u r  p lanes ,  
and the  l i n e s  CD i n t e r s e c t ,  
th e n  t h e  fou r  p lanes  and a l l  the 
l i n e s  de te rm ined  by them by pair si 
go th rough  t h e  same p o in t .
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I f  o f  any mimber o f  l i n o s  each two i n t e r s e c t  but not a l l  
i n t e r s e c t  in  a s in g le  p o i n t ,  l i e  i n  t h e  same p la n e ,  a l l
a l l  l i e  in  the  same p la n e .  i n t e r s e c t  in  t h e  same p o i n t .
A form which c o n s i s t s  o f  e lements A, B, Ç, D, i s  u s u a l l y  de­
no ted  by ABCD. A form which c o n s i s t s  o f  e lem ents  ^ ^ ,
SB w i l l  be denoted  by S(ABCB) . I f  A, B, 0, D a r e
p o i n t s ,  _S must be e i t h e r  a p l a n e s ,  S must be e i t h e r  a
p o in t  or a l i n e .  p lane  or a l i n e .
I f  two forms a r e  c o r r e l a t e d  and an element o f  one form 
c o in c id e s  w i th  th e  co r respond ing  element o f  t h e  o th e r  ( i s  id e n ­
t i c a l  w i th  i t ) ,  t h i s  element i s  s a id  to be s e l f - c o r r e s p o n d in g .
In  two p l a n a r  f i e l d s  which  In two bund les  o f  rays
are  s e c t i o n s  of the  same bmndle which p r o j e c t  the  same p la n a r
o f  r a y s ,  any two elements of th e  f i e l d ,  any two elements o f  the
f i e l d s  which a re  t h e  t r a c e s  o f  bundles  which  p r o j e c t  one and
one and t h e  same element o f  the  th e  same element o f  t h e  p la n a r
bundle correspond to  each o th e r -  f i e l d  co r respond  to  each o th e r .  
The l i n e  o f  i n t e r s e c t i o n  o f  the The r a y  common to th e  two bun-
two f i e l d s  i s  s e l f  co r respond ing ,  d i e s  i s  s e l f  co r respond ing ,
and th e  same i s  t r u e  of  eve ry  and th e  same i s  t r u e  o f  every
p o in t  on i t .  p lane th ro u g h  i t .
Two p e n c i l s  of rays  which Two p e n c i l s  o f  rays  which
a re  s e c t i o n s  of  the same p e n c i l  p r o j e c t  the  same l i n e - f o r m
o f  p lanes  have e i t h e r  a s e l f  e i t h e r  have a s e l f  co r responding
co r respond ing  l i n e  or p r o j e c t  ray or a re  s e c t i o n s  of th e  same
the  same l in e - f o r m ,  acco rd ing  p e n c i l  o f  p la n e s ,  acco rd in g  as
as they a r e  co n c e n t r i c  o r  n o t  th e y  do or do n o t  l i e  in  the
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o o n o en t r ic .  same p la n e .
I t  i s  noted t h a t  in  a s i m i l a r  way t h e  po in t  and l i n e  a re  
r e c i p r o c a l  in  the p la n e .
The next s e c t i o n  d e a l s  w i th  polygons a g a in ,  t h i s  time i n  a 
d i f f e r e n t  way.
A plane n - p o in t  i s  supposed to be the f i g u r e  formed by 
p o in t s  ly in g  in  the p la n e  ( v e r t i c e s )  and  th e  n s id e s  which con­
n e c t  each  two s u c c e s s iv e  p o in t s .  The n p o in t s  a r e  th u s  con­
s id e re d  in  a p a r t i c u l a r  o r d e r ,  so t h a t  t h e  f i r s t  f o l lo w s  th e  
l a s t  ag a in ,  and no t h r e e  consecu t ive  v e r t i c e s  a re  supposed t o  
be i n  a s t r a i g h t  l i n e .
The ^  elements of the  p la n e  n - p o in t  AiAgAg.-.An a re  t h e  
o r i g i n s  a t  the  p o in t  Ai,  th e  l i n e  AiAg, the po in t  ^ 2 , the  l i n e  
A2 A3 , e t c .  The (i i - f l) th  element i s  c a l l e d  oppos i te  from the  
f i r s t ,  th e  (n-*2 ) t h  o p p o s i te  from th e  second, e t c . ,  so t h a t  i f  
n̂  i s  even, a v e r t e x  i s  o p p o s i te  to  a v e r t e x  and  a s id e  to a 
s i d e ,  but i f  n i s  odd, s i d e s  a re  o p p o s i te  to  v e r t i c e s  and 
v e r t i c e s  to s i d e s .
Every l i n e  connec t ing  2  n o n -co n secu t iv e  v e r t i c e s  o f  a 
p lane  n - p o in t  i s  c a l l e d  a d ia g o n a l .
A complete p la n e  n - p o i n t  A complete p la n e  n - s i d e  coi
c o n s i s t s  of n  p o in t s  ( v e r t i c e s )  s i s t s  of n l i n e s  ( s i d e s )  lying
l y in g  i n  the  same p la n e ,  no i n  th e  same p la n e ,  no th r e e  of
t h r e e  of which l i e  i n  a which meet in  the  same p o in t ,
s t r a i g h t  l i n e ,  a n i  t h e  n ( n - l )  and the n ( n - l )  p o in t s  (ver t ices
2  2 
l i n e s  ( s i d e s )  which connect  ' which th e y  de te rm ine ,  two by tw
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t h e  n p o i n t s ,  two hy tw o . (n -1  (There a r e  n -1  v e r t i c e s  on each 
s i d e s  meet in  each v e r t e x . )  l i n e . )
A complete n - p o in t  i n  
space c o n s i s t s  of n p o in t s  
( v e r t i c e s  o f  which no f o u r  
l i e  i n  t h e  same p l a n e , t h e  
l i n e s  (edges)  c o n n e c t in g  each  
two v e r t i c e s  and  the p lanes
A c o n s i s t e  n - f l a t  consasbs 
of _n p la n es  ( s u r f a c e s )  of  which 
no f o u r  go th rough  the same 
p o i n t ,  the  l i n e s  (edges) i n  which 
each two s u r f a c e s  i n t e r s e c t  and 
th e  p o i n t s  ( v e r t i c e s )  i n  which
( s u r f a c e s )  co n n ec t in g  each t h r e e  each t h r e e  v e r t i c e s  i n t e r s e c t .
v e r t i c e s ,  n—1  edges i n t e r s e c t  
i n  each  v e r t e x ,  and n-g  su r ­
f a c e s  i n t e r s e c t  i n  each edge
so t h e r e  a r e  n ( n - l )  edges and
2
n(n—1 )  (n r -2 ) surfaces.
2*3
n- 1  edges l i e  in  each s u r f a c e ,
n -3  v e r t i c e s  l i e  in  each edge,
so t h e s e  a re  n (n - 1 ) edges and
2
n ( n - l ) ( n —2 ) v e r t i c e s .
2*3
I f  i n  two r e c i p r o c a l  s t a te m e n ts  i n  p lane or space geometry 
an n - p o in t  i s  cons ide red  as i t s  own r e c i p r o c a l ,  i t  i s  obvious 
t h a t  an n - p o in t  which i s  a Is  j an  n - s i d e  or n - f l a t  i s  meant .
In  th e  above s ta te m e n ts  t h i s  i s  t h e  case only  i f  we ignore 
t h e  d ia g o n a ls .
Two plane n_-points a re  c o n s id e red  c o r r e l a t e d  i f  each v e r t e x  
o f  one corresponds to  a v e r t e x  o f  the  o th e r ,  and t h e r e f o r e  each 
s id e  of one corresponds  t o  a s id e  of the o th e r .
I f  two c o r r e l a t e d  t r i a n g l e s  l i e  in two p lan es  whose l i n e  
of i n t e r s e c t i o n  co in c id e s  w i th  none of  th e  s i x  s i d e s ,  bu t  each  
two corresponding  (homologous) s id e s  i n t e r s e c t  ( l i e  i n  t h e  same
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p l a n e ) ,  th e n  th e  two t r i a n g l e s  a r e  s e c t io n s  o f  the same three-e&j
I f  two c o r r e l a t e d  complete p la n e  g_nadrangles l i e  in  two 
p lan es  whose l i n e  o f  i n t e r s e c t i o n  goes t h r o n g  none o f  th e  eight 
v e r t i c e s ,  and i f  f i v e  a id es  o f  one i n t e r s e c t  th e  f i v e  homologous 
s id e s  of the o th e r ,  the two quadrang les  a re  s e c t i o n s  o f  the  same 
complete f o u r -e d g e ,  so t h a t  th e  remaining two homologous s id es  
must i n t e r s e c t .  This fo l lows from th e  above, i f  we n o t i c e  
t h a t  th r e e -e d g e s  which have two edges in  common a re  c o n c e n t r ic .
Two n - p o in t s  or n - s i d e s  ly in g  i n  a s in g le  p la n e  and which 
a re  c o r r e l a t e d  are  c a l l e d  p e r s p e c t i v e  i f  a r e  p r o j e c t i o n s  of  the 
same t h i r d  p la n e  ^ - p o i n t  or n - s i d e  E (from two p o in t s  M, M]_), 
and t h e  l i n e s  connec t ing  ea c h  p a i r  o f  homologous v e r t i c e s  a l l  
pass th rough  a s i n g l e  p o in t  ( the  t r a c e  of th e  l i n e  M, , while 
the  p o in t s  in  which each  p a i r  o f  homologous s id e s  i n t e r s e c t  a l l  
l i e  on a s in g l e  l i n e  ( the  t r a c e  o f  the  p lane  ¥ ) .
Wow i f  two c o r r e l a t e d  t r i a n g l e s  ^ C ,  l i e  i n  t h e  same
plane  but have no e lements in common, and the th r e e  p o in t s  in  
which t h e  p a i r s  of  homologous s id e s  i n t e r s e c t  l i e  i n  a s in g l e  
l i n e  u  which i s  not a s id e  of e i t h e r  t r i a n g l e ,  t h e  t r i a n g l e s  
a re  p e r s p e c t iv e ,  so th e  t h r e e  l i n e s  connec t ing  t h e  t h r e e  p a i r s  
of  homologous v e r t i c e s  i n t e r s e c t  i n  a s i n g l e  p o in t ,  f o r  i f  we 
p r o j e c t  ABC onto any p lane  going th ro u g h  u ,  one o b ta in s  a th i rd  
t r i a n g l e  AgBgCg of which, as we know, t r i a n g l e  IxB^Ci i s  a l s o  
a p r o j e c t i o n .
S i m i l a r l y ,  i f  two c o r r e l a t e d  complete q u a d ra n g les l i e  in  
a p lan e ,  and a l i n e  u  which goes  th rough  none of t h e i r  v e r t i c e s
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i s  cu t  by f i r e  s id e s  of one i n  the same p o in t s  i n  which i t  i s  
cu t  by th e  homologous s i d e s  o f  the o t h e r ,  th e  quadrang les  a re  
p e r s p e c t iv e ,  and t h e r e f o r e  the  two rem ain ing  homologous s id e s  
w i l l  cu t  the time i n  one and the same p o i n t .  This i s  proved 
from th e  p reced ing  theorem on g^uadrangles j u s t  as th e  l a s t  
theorem was proved from t h e  p reced ing  one on t r i a n g l e s .  The 
p la n e  dua ls  o f  both  of th e s e  theorem s a re  g iv e n .
In  conc luding  t h i s  s e c t i o n  t h e  theorem on Ifobins’ t e t r a -  
h ed ra  i s  g iv e n .  I t  i s  not t h o u g h t  n e c e s s a r y  to  w r i t e  i t  out 
h e r e .
In  the  nex t  s e c t i o n  Ton S tau d t  d e f i n e s  th e  harmonic 
form on th e  l i n e  in  terms of th e  complete quadrangle .  The 
p o in t s  A, C a re  s e p a ra te d  h a rm o n ic a l ly  by the  p o i n t s  B, D, 
on a s t r a i g h t  l i n e ,  i f  A, C or B, a re  the  p o in t s  of i n t e r ­
s e c t i o n  of p a i r s  of o p p o s i t e  s id e s  of the  quadrangle  and th e  
o th e r  p o i n t s  the ones in  which the  d ia g o n a ls  cu t  t h e  l i n e .
These p o in t s  a re  a l s o  s a id  to  be harm o n ica l ly  s e p a r a te d .  A 
p e n c i l  of  l i n e s  or p la n e  p r o j e c t i n g  (whose s e c t i o n  i s )  a har­
monic form on a l i n e  i s  shown t o  b e ,  under  a dual d e f i n i t i o n ,  
a harmonic p e n c i l .  I t  i s  f u r t h e r  shown t h a t  i f  ABCB i s  a h a r ­
monic form, th en  a l s o  BCBA, CBAB, DABC, DCBA. CBAD, BADC. ADCB 
a re  harmonic forms,  and t h a t  i f  t h r e e  e lements  of a harmonic 
form a r e  known, and  i t  i s  known which must be harm on ica l ly  
s e p a ra te d  from the  f o u r t h ,  the f o u r t h  i s  de te rm ined .  Therefore  
i f  ^ABOD. and abed are two d i s s i m i l a r  harmonic forms,  and the 
elements A, B_, C a re  c o r r e l a t e d  t o  the  e lem ents  b ,  c and l i e
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i n  them, r e s p e c t i v e l y ,  t h e  f i r s t  form i s  a s e c t io n  o f  t h e  l a t t e r .
The r e l a t i o n  o f  p r o j e c t i v i t y  (not  th e  p ro cess  of  p r o j e c t i o n )  
i s  d e f in e d  as th e  r e l a t i o n  e x i s t i n g  between two c o r r e l a t e d  one­
d im ens iona l  fundam enta l  forms when ev e ry  harmonic form in  one 
corresponds t o  a harmonic form i n  th e  o t h e r .  I t  i s  denoted-by
Two p r o j e c t i v e  one -d im en s io n a l  p r im i t i v e  forms can a l s o  
be p e r s p e c t i v e .  The f o l lo w in g  a r e  p r o j e c t i v e  and a l s o  p e r sp e c ­
t i v e ;
oi. } A s t r a i g h t - l i n e  form a n i  p e n c i l  of r a y s  or  a  p e n c i l  o f  
p la n es ,  when one i s  a s e c t i o n  o f  the o th e r ;
^  ) Two s t r a i g h t - l i n e  forms, when th e y  a re  s e c t i o n s  o f  the  
same p e n c i l  of  r a y s ;
Y  ) Two p e n c i l s  of  r a y s ,  i f  th ey  a r e  s e c t i o n s  of  the  same 
p e n c i l  of p lanes  or  i f  th e y  p r o j e c t  the  same s t r a i g h t - l i n e  form, 
or bo th ;
%)  Two p e n c i l s  of p la n es  which p r o j e c t  the  same p e n c i l  of 
l i n e s .
I f  one p r o j e c t s ,  i n  a p lan e ,  a l i n e - f o r m  u  onto a l i n e  
from two p o in t s  S^, Sg, one o b ta in s  two p r o j e c t i v e  i in e - fo rm s  
u i ,  Tig, on the  same l i n e  V and which have one o r  two p o in t s  
s e l f - c o r r e s ponding, accord ing  a s  the  l i n e s  n ,  v ,  and  i n t e r ­
s e c t  i n  one or th r e e  p o i n t s .
I f  two p r o j e c t i v e  one-d im ens iona l  p r im i t i v e  forms have th ree  
e lem ents  s e l f - c o r r e s p o n d in g ,  a l l  t h e i r  e lements  a r e  so.
I f  a s t r a i g h t - l i n e  form and a p e n c i l  o f  rays o r  p lanes  a re  
p r o j e c t i v e ,  and  t h r e e  elements o f  one l i e . i n  t h e  corresponding
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th r e e  elements  o f  the  o t h e r ,  th e  one form i s  a s e c t i o n  o f  the  
o t h e r .  F u r th e r ,  i f  two p r o j e c t i v e  l in e - fo rm s  u  anii u-, which
r  *
l i e  i n  t h e  same p la n e  but not  on the  same l i n e  have t h e i r  i n t e r ­
s e c t  i o n -p o ln t  s e l f  correspond.ing, t h e y  are  s e c t io n s  of  the  sane 
p e n c i l  of l i n e s ,  and d u a l l y .  Also, i f  i n  two such I in e - fo rm s  
th e  l i n e s  connecting  t h r e e  p a i r s  o f  homologous p o in ts  a l l  meet 
i n  a p o in t ,  t h e y  a re  s e c t i o n s  o f  the  same p e n c i l  of rays .
When two p r o j e c t i v e  l i n e  -forms u ,  U]_ do no t  l i e  in  t h e  
same p lan e ,  t h e  l i n e s  (Y) connec t ing  every p a i r  of homologous 
p o in t s  c o n s t i t u t e  a closed r u l e d  s u r f a c e  R, which a l so  c o n ta in s  
an o th e r  group of  l i n e s  U. Each l i n e  of one group cu ts  each 
l i n e  o f  t h e  o th e r ,  while  no two l i n e s  i n  the  same group i n t e r ­
s e c t .
Each p o in t  l y in g  on a Each plane going th ro u g h
l i n e  of  one group l i e s  a l s o  on a l i n e  o f  one group a lso  goes 
a l i n e  o f  th e  o t h e r .  th rough  a l i n e  of  th e  o t h e r .
Such a s u r f a c e  i s  c a l l e d  a r e g u lu s .  Two p r o j e c t i v e  pen­
c i l s  of p lan es  u ,  u^ whose axes do n o t  l i e  In the  same plane 
l ik e w is e  determ ine  a r e g u lu s ,  f o r  each p e n c i l  de te rm ines  a l i n e -  
form on th e  o th e r ,  and th e s e  l i n e  forms a re  p r o j e c t i v e  and con­
n e c te d  by the  i n t e r s e c t i o n  l i n e s  o f  homologous p la n e s .  v/e can 
a l so  t a k e  th r e e  l i n e s  as de te rm in ing  su c h  a s u r f a c e ,  i f  the_ 
l i n e s  a r e  skew, f o r  each l i n e  through th e  t h r e e  l i n e s  d e t e r ­
mines t h r e e  p lan es  w i th  t h e s e  l i n e s  and l ik e w is e  th r e e  p o i n t s .
I f  t h e s e  elements a r e  co n s id e re d  to  be homologous, we have t h r e e  
I in e - fo rm s  and th r e e  p e n c i l s  of p la n e s ,  a l l  p r o j e c t i v e .
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I f  ABCD̂ j-alsod, th e n  BCDi^boda, e t c .  Also, i f  ABGI^boil 
and ACDB^aode, then
ABGDE^bode and ABBE^abde, e t c .
A l l  harmonic forms a re  p r o j e c t i v e .  I t - i s  q.uite e a sy ,  from what 
has preceded,  to show th a t  t h e s e  t h i n g s  a re  so .  F u r th e r ,  i t  I s  
shown t h a t  i f  MUA3p^l®AiBx, then  IWAAx^IIEBBx, and a l so  
ABOI^GBAD, AOBBjçOABD, BBA^BBCA, e t c .
l e x t  we ta k e  up p r o j e c t i v e  r e l a t i o n s  among fundamenta l  
forms of th e  second o rd e r .
Two such forms a r e  c a l l e d  c o l l i n e a r  or r e c i p r o c a l  accord ing  
as they  a r e  so c o r r e l a t e d  t h a t  each two u n l ik e  e lements  P, g o f  
one form, o f  which P_ l i e s  in  g, co r rez  ond to  two u n l i k e  elements 
of t h e  o t h e r ,  o f  which th e  f i r s t ,  Pg, l i k e w is e  l i e s  in  t h e  second, 
o r  p as se s  through the second. In  o t h e r  words, i n  a c o l l i n e a r  
c o r r e l a t i o n  l i n e s  correspond  t o  l i n e s ,  and in  a r e c i p r o c a l  c o r r e ­
l a t i o n  l i n e s  correspond t o  p o i n t s ,  e t c .  I f  the  elements A, B 
of  one form correspond  to  the e lem ents  Ag, B̂  of t h e  o th e r ,  and 
i f  the  f i r s t  two determine a t h i r d  element t h e  second two 
must de termine  an element AgBg co r respond ing  to th e  e lement AB. 
Two forms which a r e  r e c i p r o c a l  to  a t h i r d  a r e  c o l l i n e a r  w i t h  
each o th e r .
Two systems which a r e  e i t h e r  c o l l i n e a r  o r  r e c i p r o c a l  a r e  
s a id  t o  be p r o j e c t i v e ,  because in  each  ease each harmonic form  
in  one system co r responds  to  a harmonic form in  th e  o th e r ,  and 
th u s  each  two homologous one -d im en s io n a l  forms a r e  p r o j e c t i v e .
I f  two p r o j e c t i v e  systems, e i t h e r  c o l l i n e a r  or  r e c i p r o c a l ,  have
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t h r e e  e l e n e n t s  of  one and th e  same o n e-d im ens iona l  form s e l f -  
co r respond ing ,  th e n  th e y  have a l l  t h e i r  e lem ents  s e l f - o o r r e s p o n d -  
in g .
I f  two c o l l i n e a r  forms of  t h e  second o rd e r  have fonr s im i­
l a r  e lements  s e l f - c o r r e s p o n d in g ,  no t h r e e  of which belong to
the  same one-d im ensiona l  form, they  have a 1 1  t h e i r  elements
s e l f - c o r r e s p o n d in g .  (This i s  meant t o  ap p ly  i n  i t s  w ides t  sense - 
i . e . ,  fo r  i n s t a n c e ,  i f  the  elements  a re  p la n e s  i n  one sys tem  and 
l i n e s  in  th e  second, the second  w i l l  be a s e c t i o n  of  the  f i r s t ) .
Two c o l l i n e a r  systems can, f a r t h e r ,  be p e r s p e c t i v e .  The 
fo l lo w in g  a r e  p e r s p e c t iv e  w i th  each o th e r :
a)  k  p lane  sys tem  and a bundle of r a y s ,  i f  th e  f i r s t  i s
a s e c t i o n  o f  the  l a s t .
b) Two p la n e  systems i n  d i f f e r e n t  p la n e s ,  i f  they  are 
s e c t i o n s  of the  samebundle of r a y s .
c) Two cop lana r  c o l l i n e a r  systems i f  t h e y  have a l i n e - f o r m  
and a p e n c i l  o f  rays  ( a l l  e lem ents  of  t h e s e  forms) s e l f - c o r r e s ­
ponding.
d) Two n o n -c o n o e n t r ie  bund les  o f  r a y s ,  i f  they  p r o j e c t  the  
same p la n e  system.
From t h e s e  c o n s id e r a t i o n s  i t  f o l lo w s  t h a t  i n  two p e r s p e c t iv e  
systems each two homologous one-d im ens iona l  forms a re  p e r s p e c t iv e  
w i th  each o th e r .
Two c o l l i n e a r  systems in  a p la n e  which have a s t r a i g h t - l i n e  
form s e l f - c o r r e s p o n d in g  a l s o  have a p e n c i l  of  rays  s e l f - c o r r e s  
ponding , f o r  i f  one p r o j e c t s  th e  system on ano ther  p lane  through
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the l i n e  o f  th e  l i n e - fo rm ,  one has a t h i r d  sys tem  o f  which the 
second i s  a l s o  a p r o j e c t i o n ,  so th e  two f i r s t  systems a r e  p e r ­
s p e c t iv e  .
Here th e re  i s  a l e n g th y  d i s c u s a i o h  of t h e  c o n d i t io n s  f o r  
p u t t i n g  systems in  p r o j e c t i v e  r e l a t i o n ,  c o l l i n e a r l y  or  r e c i ­
p r o c a l l y ,  which i s  ju s t  a s  w e l l  om it ted  from our d i s c u s s io n .
How i f  wc-'tate-G t h e  id ea  o f  a p e n c i l  i n  a w id e r  sense as  
being any f ix e d  sequence of  l i n e s  i n  a p la n e .  Thus, in  two 
r e c i p r o c a l  plane systems a p e n c i l  o f  rays w i l l  co r respond  to a 
l i n e  (no t  n e c e s s a r i l y  s t r a i g h t .  I t  can be co n s id e red  as a f ix ed d  
sequence o f  p o i n t s . )  This co n cep t io n ,  of course ,  can be ex tend­
ed to  s u r f a c e s .
I f ,  i n  one of two r e c i p r o c a l  p l a n e  systems, one p iv o t s  two 
ray s  about two f i x e d  p o i n t s  1 and B so t h a t  t h e i r  i n t e r s e c t i o n -  
p o in t  d e s c r ib e s  a l i n e  S, t h e  l i n e  of the  r e c i p r o c a l  system 
which corresponds t o  t h i s  p o in t  whose t r a c e s  move on two f ix e d  
l i n e s  a and b , d e s c r i b e s  th e  p e n c i l  of ray s  S, which  c o r r e s ­
ponds t o  t h e  l i n e  S. This l ik e w is e  can e a s i l y  be extended to  
s u r f a c e s .
In t h i s  manner Von S tau d t  f i n d s  a number of  r e l a t i o n s  in  
the  r e c i p r o c a l  sys tem s,  such as  r e c t i l i n e a r i t y  ( i n  c u rv e s ) ,  t a n -  
gency, and a g r e a t  many o th e r  r e c i p r o c a l  p r o p e r t i e s ,  b o t h  i n  
the  p la n e  and in  space .  For i n s t a n c e ,  to  every curve in  one 
system th e re  co r responds  one in  the  o th e r  which i s  composed of  
t a n g e n t s  t o  a curve which in  t u r n  co r re sp o n d s  t o  the curve i n  
the  f i r s t  system composed o f  t a n g e n ts  to  th e  f i r s t  cu rve .
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A c losed  l i n e  i s  s a i d  to  be o f  even or  odd o rd e r  a c c o rd in g  
as  i t  i s  ont by a p la n e  c o n t a in i n g  no p a r t  o f  i t  an even o r  odd 
nnmber of t imes* I t  fo l lo w s  t h a t  a  c lo s e d  p la n e  l i n e  i s  o f  even 
o r  odd o rd e r  accord ing  as i t  i s  ont an even o r  odd nnmber of 
t im es  by a s t r a i g h t  l i n e  in  t h e  p la n e  c o n ta in in g  no p a r t  o f  t h e  
c u rv e .
Let t h e  l i n e  _S be cu t  by t h e  p l a n e  H i n  m p o i n t s  and by t h e  
p lan e  Y_in n p o i n t s .  By h y p o th e s i s  th e  l i n e  i s  c lo s e d ,  and in  
every  p o in t  i n  which i t  c n t s  one of  t h e  two p la n es ,  i t  goes from 
one o f  th e  two d i h e d r a l  a n g le s  W ,  I T i n t o  th e  o t h e r ,  so mj_n i s  
an even number, and the l i n e  i s  out  e i t h e r  an even o r  an odd num­
b e r  of t im es  by each p la n e .
I f  t h r e e  l i n e s  AMB, AHB. A ^  a re  bounded by th e  same two 
p o i n t s ,  th e n  th e  l i n e s  which a re  formed by p u t t i n g  t h e s e  to g e th e r  
by twos w i l l  e i t h e r  a l l  t h r e e  be o f  even o r d e r ,  or one w i l l  be 
of  even o rder  while  th e  o the r  two are  of odd o rd e r ,  f o r  i f  a 
p lane  i s  passed  e i t h e r  th ro u g h  A or B, i t  w i l l  cut  AMB in  m 
p o i n t s ,  ABB i n  n  p o i n t s ,  and ARB i n  r  p o i n t s ,  so th e  t h r e e  curves 
formed by t a k in g  th e s e  two by two w i l l  be out i n  m+-n, n ^ r ,  n»r  
p o i n t s ,  r e s p e c t i v e l y ,  and th e  sum o f  t h e s e ,  2 m+Bn4gr, must be 
an even number, e t c .
I f  one s u b s t i t u t e s ,  in  a l i n e  of even o r  odd o rd e r  which 
i s  made up of segments , t h e  complement o f  any segment f o r  the 
segment i t s e l f ,  one o b ta in s  a l i n e  o f  odd or even o rd e r .  This 
comes d i f e c t l y  from th e  above c o n s i d e r a t i o n s .  Of course  when 
th e  o rd e r  of a l i n e  i s  spoken o f ,  i t  i s  supposed to be a c lo sed
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l i n e .  Any two l i n e s  l y i n g  in  the  same plane i n t e r s e c t  an even  
nnmber o f  t im es  i f  they  a r e  b o th  of even o rd e r ,  or  one i s  even 
and the o th e r  of  odd o rd e r ;  t h e y  i n t e r s e c t  an odd number o f  
t im es  i f  t h ^  a r e  b o th  of odd o rd e r .
Two c lo s e d  forms i n t e r s e c t  in  a form of odd o r d e r , i f  th e y  
a re  b o th  of  odd o rd e r ;  i n  any o th e r  case th ey  i n t e r s e c t  i n  a 
form of  even o rd e r -  Three c lo se d  forms i n t e r s e c t  in  an odd num­
ber  of e lements i f  th ey  a re  a l l  o f  odd o r d e r ,  but o the rw ise  they 
i n t e r s e c t  in  an even number of  e lem en ts .
I f  two c lo s e d  forms a r e  p r o j e c t i v e ,  they a r e ,  e i t h e r  bo th  
of  even o r  b o th  of  odd o rd e r .
A l i n e  o f  even o r  odd o rder  i s  p r o j e c t e d  from a p o in t  out­
s id e  i t  by an a n g l e - s n r f a o e  o f  even o r  odd o r d e r .  I t  i s  a l s o  
p r o j e c t e d  from an ax i s  o u t s i d e  i t  by a p e n c i l  of p lanes  o f  even
or odd o r d e r . A r u l e d  su r fa c e  of even o r  odd o rd e r  i s  p r o j e c t ­
ed from a p o in t  n o t  on i t  by a p e n c i l  o f  p la n e s  o f  even or  odd 
o rde r  which c o n ta in s  the  p o in t  and a l l  t h e  l i n e s  o f  t h e  su r face .
The nex t  two s e c t i o n s ,  on p lane  f i g u r e s  and bodies  and
t h e i r  p r o j e c t i o n s  may be o m i t te d .  S e c t io n  15, d e a l in g  w i th  
" r e t u r n i n g  e lem en ts"  i s  somewhat more i n ^ o r t a n t  however-
The po in t_P  i s  thonght to  move, d e s c r i b i n g  a s t r a i g h t  l i n e
f I
P, or the  l i n e  P, d e s c r ib in g  a p la n e  P, rem ain ing  drawn t h r o u ^  
the  point__P, o r  the  p lane  ' tu rn s  about  t h e  l i n e  P,^ or a l l  of  
t h e s e  motions a r e  conce ived .  ÎJow i f  t h e  p o in t  P has  moved and 
h a s ,  i n  the  p o s i t i o n  Bj changed th e  sense of i t s  motion on t h e  
l i n e  2* th en  th e  p o in t  B i s  c a l l e d  a " r e tu r n in g  p o in t "  of the
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l i n e  d e s c r ib e d  by the  p o in t  P, o r  i f  t h e  l i n e  i s  cnrved {the
l i n e  P^has a l s o  t u rn e d  about the  p o in t  P ) , i t  i s  c a l l e d  a v e r t e x .
I f  th e  l i n e  P t u r n s ,  and i n  t h e  p o s i t i o n c h a n g e s  the  sense  o f  
i t s  t u r n in g ,  th e  l i n e  B (a  c a l l e d  a r e t u r n i n g - l i n e  of th e  lu l e d  
s u r f a c e  d e s c r ib e d  by the  l i n e  P'f"
I f  we deno te  th e  case i n  which an element _B_is not a 'Return­
ing  element"  by — , and the  case  i n  which i t  i s  by-4 , th en  f o r  
any p o in t  ^  of  a c u rv e  ^  and i t s  r a y  B'^of the  p e n c i l  o f  rays  
be long ing  t o  th e  curve ,  we have one o f  the  f o u r  c a s e s  — —, — +,
+ —, + +. In  the  f i r s t  case ,  t h e  p o in t  B i s  an o rd in a ry  p o in t  
of  t h e  curve, i n  t h e  second an o rd in a ry  t u r n i n g  p o in t ,  i n  th e  
t h i r d  an o rd in a ry  v e r t e x ,  and in  t h e  f o u r t h ,  i n  which the  p o in t
B i s  a r e t u r n i n g  e lem ent  of th e  curve  2  and a l s o  th e  ray  B, i s
/
a r e t u r n i n g  element o f  the  p e n c i l  Ŝ , i t  i s  bo th  a v e r t e x  and 
t u r n i n g - p o i n t .  The curve S w i l l  be touched  i n  t h e  f i r s t  case  
and out i n  the t h i r d  case by th e  ray  B_ i n  the  p o in t  B̂ , bu t  any 
o th e r  r a y  th rough  ^  w i l l  i n  the  f i r s t ,  ease  cu t  the  cu rve ,  and 
i n  t h e  second case  touch  i t .  In  th e  second case t h e  curve i s  
c u t ,  and i n  t h e  f o u r t h  touched ,  by t h i s  l i n e  through  t h e  p o in t
B, I n  th e  f i r s t  case the curve i s  c a l l e d  convex on th e  s id e  i n
/
which i t  i s  touched by th e  l i n e  _B a t  t h e  p o in t  B̂  I t  i s  c a l l e d  
convex on th e  o th e r  s i d e .
I f  the  curve S i n  one of  two r e c i p r o c a l  p lane  systems cor­
responds  to  a p e n c i l  o f  rays  S,'  ̂ o f  the  o t h e r ,  (and so t h e  p e n c i l
co r responds  a l s o  t o  the  curve)  and i f  we r e p l a c e  t h e  p o in t  B and
/  /  
r ay  B by xy,  t h e n  in  th e  r e c i p r o c a l  we w i l l  r e p l a c e  t h e  l i n e  _Bj
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and p o in t  by yx, so t h e  number o f  tu rn in g  p o in t s  in  one o f  
the  two curves i s  th e  same as  the number o f  r e t u r n i n g  p o in t s  
o f  t h e  o t h e r .  We have a s i m i l a r  case f o r  c o l l i n e a r  sys tem s.
I f  xy r e p r e s e n t s  a combination o f  t h e  s ig n s  —, +, th e n  we w i l l  
u n d e rs tan d  ay t o  be — or +, accord ing  as i t  co n ta in s  an odd or 
even number of  — s i g n s .
I f  xy i s  a g a in  s u b s t i t u t e d  f o r  th e  p o in t  B o f  a p la n e  curve
/  /
S and the  l i n e  ^  of  the  p e n c i l  o f  r ay s  ^  be long ing  to  th e  curve
S, th e n ;
(1) I f  a p o in t  d e s c r ib e s  t h e  curve 3 t h e  l i n e  co n n ec t in g  
i t  w i th  a f i x e d  p o in t  4  d e s c r ib e s  a p e n c i l  of r a y s  which pro­
j e c t s  i t .  In  acc o rd an c e  w i th  th e  above we s u b s t i t u t e  _x or xy 
o r  y _ fo r  t h e  ray  of the  p e n c i l  which p r o j e c t s  t h e  p o in t  
acco rd ing  a s  ^  i s  o u t s id e  t h e  s t r a i g h t  l i n e  B, or i s  a p o in t  
of t h i s  l i n e  d i f f e r e n t  f rom th e  p o in t  B, or i s  the p o in t  B i t ­
s e l f .  This idea  and t h i s  te rm ino logy  a r e  ex tended  to  a l l  o f  
the  d i f f e r e n t  c u rv e s ,  s u r f a c e s  and p e n c i l s .
(2) Every c lo sed  form which i s  c o n ta in e d  i n  a one-dimen­
s i o n a l  p r i m i t i v e  fo rm  has a n  even number of r e tu r n in g  e lements .
A c lo s e d  p la n e  curve_S which t h e r e f o r e  de te rm ines  i t s
/■
c losed  p e n c i l  o f  rays  ^ , has  an  even or odd number of 
tu r n in g  p o i n t s ,  accord ing  a s  r e t u r n in g  p o i n t s ,  acco rd ing
i t  i s  o f  even o r  odd o rd e r .  as t h e  p e n c i l  of rays  S i s
of  even o r  odd o rde r -
I f  th e  curve has  ^  t u r n i n g  p o i n t s  and i s  cut i n  n. p o i n t s  
by a l i n e  u going th rough  any one o f  th e s e  m p o in t s  and belongii^
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
114
to  t h e  p e n c i l  o f  r a y s  S, t h e n ,  by (1) above, t h e  s e c t io n  of
t h i s  p e n c i l  by t h e  l i n e  u  co n ta in s  r e t u r n i n g  p o i n t s ,  whence,
by ( 2 ) ,  t h e  numbers m and n a re  e i t h e r  b o th  even or  b o th  odd.
I f  xy i s  s u b s t i t u t e d  f o r  t h e  p o in t  JB of a plane curve and
t h e  ray B'^belongii^ t o  i t  and to th e  p e n c i l  o f  ray s  determ ined
by the  curve,  in  t h e  manner of th e  above, and i f  we r e p r e s e n t
xy by y^ (xy = y ^ ) ,  t h e n  one can i n t e r p r e t  t h e  combinat ion  xy^,
in  which — means i n t e r s e c t i o n  and  + means t a rg e n c y ,  so t h a t  t h e
curve w i l l  be touched or  c u t  by one of  the l i n e s  going th rough
/
3 ,  The f i r s t  s ig n  has t o  do w i th  l i n e s  d i f f e r e n t  from 2* and 
the  o th e r  w i th  t h e  l i n e  B, I f  one w ish es ,  c o n v e rs e ly ,  t o  o b ta in  
th e  r e l a t i o n  xy from xy-,, he needs only t o  n o t i c e  t h a t  y  = xy^.
That i s ,  i f  xy^ = -----, so t h a t  a l l  th e  l i n e s  th ro u g h  the  p o in t
B i n t e r s e c t  t h e  curve i n  t h i s  p o in t ,  then  xy = — + and the p o in t  
B_ i s  an  o rd in a ry  t u r n i n g  p o i n t .
This th eo jy  i s  extended f u r t h e r ,  bu t  t h i s  i s  s u f f i c i e n t  
t o  show th e  whole id ea .
The in v o lu t io n  i s  th e  nex t  id e a  to be developed. An inv o lu ­
t i o n  i s  d e f in e d  as  a system c o n s i s t i n g  o f  two p r o j e c t i v e  forms 
in  v h ic h  each two homologous e lem ents  correspond  doubly, t h a t
i s ,  an. element P o f  one form co r responds  t o  a n  element P, of  t h e
< l V i 4 - t U c  Pi o f  i k e .  c , t v r ê . S  t  « i k e  c .le tu p u -'f  __
o th e r ,^ P  of  th e  f i r s t .  The symbol used  f o r  t h i s  r e l a t i o n  iST f .
U su a l ly  two forms which a r e  in  i n v o lu t i o n  w i l l  be spoken of a s
only  one form whose e lem ents  a re  p a i r e d  in a n  in v o lu t io n .  I f
AA]_, BB]_, CC]_ are  t h r e e  p a i r s  o f  e lem ents ,  t h e n  AA^BB^CCx ^
AxABiBOxCx'AiBCiABiC, e t c .  Two d i s s i m i l a r  p r o j e c t i v e  forms a re
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gaicL to be in  i n v o lu t io n  i f  any p r o j e c t i o n s  or  s e c t i o n s  of  them 
are in  i n v o l u t i o n .
I f  i n  two p r o j e c t i v e  one—dim ens iona l  forms some two elements
A, Ai correspond doubly, th e  forms a r e  i n  i n v o l u t i o n ,  f o r  i f  B 
i s  a t h i r d  element in  one o f  th e  forms and 2 % i s  t h e  correspond­
ing one i n  the  o t h e r ,  t h e n  s in c e  % A%AB%B (as  we have a l ­
ready shown) th e n  th e  element B^ o f  the  f i r s t  form must c o r r e s ­
pond t o  t h e  element B of t h e  l a t t e r .  F u r th e r ,  ABAittAiB^^A, so  
the forms must have no e lem ents  o r  two e lem ents  s e l f —correspond - 1  
ing, accord ing  as th e  e lem ents  A, A^ a re  s e p a r a te d  by th e  elementj
B, B]_ o r  n o t .
A one-d im ens iona l  form co n ta in s  e i t h e r  no elements which 
co inc ide  w i t h  t h e  e lements  c o o rd in a te  w i th  them, or two such, 
each o f  which i s  c o o rd in a te  w i th  i t s e l f ,  acco rd ing  as  two co­
o r d in a t e  elements a re  or a re  no t  s e p a r a te d  by two o th e r  such 
e lem ents .  In th e  l a t t e r  case the s e l f - c o r r e s p o n d in g  e lements 
a re  M, B, by which every two coo rd ina te  e lem ents  P, so 
t h a t  MIPPi7^MNP]_P, a r e  h a rm o n ica l ly  s e p a r a te d .
An in v o l u t i o n  i s  de term ined  by two p a i r s  of  e lem ents ,  or 
a double element and one p a i r  o f  co o rd in a te  elemenb s , o r  two 
double  e lem en ts .  This i s  e a s i l y  shown, co n s id e r in g  a l l  t h a t  
has a l r e a d y  been s a i d .  The u s u a l  g rap h ic  c o n s t r u c t i o n  of an 
i n  v o l u t i o n ,  u s in g  a complete q u a d r i l a t e r a l ,  is  given :
The id ea  of  i n v o lu t io n  i s  now a p p l i e d  to th e  t h e o r i e s  o f  
c o l l i n e a r  and r e c i p r o c a l  systems a l r e a d y  developed. I f  two 
c o l l i n e a r  systems a r e ,  b e s id e s  being p r o j e c t i v e ,  a l s o  in
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i n v o lu tL on, the  e n t i r e  aystem la  called, an  InTOlute system. I f  
t h e  two systems a r e  r e c i p r o c a l  and in  i n r o l u t i o n ,  t h e  e n t i r e  
system i s  called, a p o l a r  ^ s t e m  o r  simply a p o l a r i t y .  The in ­
vo lu te  system i s  t r e a t e d  a t  c o n s id e ra b le  l e n g t h ,  but  t h e r e  i s  
no th ing  t h a t  i s  very f a r  removed from what we have a l r e a d y  seen.
The p o l a r i t y  i s  of much g r e a t e r  i n t e r e s t  t o  u s .  The d i s ­
c u s s io n  i s  begun by s t a t i n g  a c r i t e r i o n  t h a t  two r e c i p r o c a l  sys­
tems be in  i n v o lu t io n .  I t  i s  t h a t  i f  two such systems l i e  in  
th e  same p la n e ,  and i f  th e  v e r t i c e s  of  some t r i a n g l e  in  i t  co r ­
respond to  th e  s i d e s  o p p o s i t e  them, t h e n  th e  ^ s t e r n s  a r e  in  in ­
v o l u t i o n .  This  i s  o f  course  merely the d e t e r m in a t io n  o f  an in ­
v o lu t i o n  by a p a i r  o f  elements  of a p r o j e o t i v i t y  whiah cor­
respond doubly ,  f o r  i f  t h e  p o in t s  A, C. o f  one system c o r r e s ­
pond to  th e  l i n e s  AC, AB o f  th e  o th e r ,  th en  th e  l i n e s  ^ ,
AC, AB of  th e  f i r s t  system w i l l  co rrespond  t o  the  p o in t s  A, ^  C 
of  t h e  l a t t e r .
In  a p la n e  p o l a r  system each p o in t  i s  c a l l e d  t h e  po le  o f  
the  l i n e  co o rd in a te  with i t ,  and t h e  l i n e  i s  c a l l e d  th e  p o la r  
o f  t h i s  p o i n t .  Obviously, f rom  t h e  above, t h e  p o l a r  o f  a l l  
p o i n t s  which belong to  the same l i n e  i n t e r s e c t  in  th e  po le  of 
t h i s  l i n e .  I f  a p o in t  l i e s  on i t s  p o l a r ,  every o th e r  p o i n t  o f  
l i n e  l i e s  o u ts id e  i t s  p o l a r .
Every l i n e  form P which does no t  go th rough  i t s  p o l e i s  
i n  i n v o l u t i o n  w i th  i t s  c o o rd in a te  p e n c i l  of r a y s ,  as can e a s i l y  
be shown from v&iat has a l r e a d y  been proved.
Every p lane  f i v e —p o in t  d e te rm in es  a p o l a r  system in  which
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each T e r t e z  i s  t h e  p o le  o f  th e  s id e  o p p o s i t e .
This s h o r t  dlsoTossion o f  p o la r  systems s e t a  t h e  s ta g e  f o r  
th e  i n t r o d u c t i o n  of conic s e c t i o n s  i n  t h e  nex t  s e c t i o n .  The 
d e f i n i t i o n  is  t h a t  t h e  curve c o n ta in in g  a l l  t h e  p o in t s  o f  a p o la r  
system which a r e  on t h e i r  p o la r s  i s  a curve o f  t h e  second o r d e r .  
Also a l l  curves  p r o j e c t i v e  w ith  t h i s  a r e  l ik e w is e  of  t h e  second 
o rd e r .
A curve of th e  second o r d e r  i s  p r o j e c t e d  from a p o in t  l y in g  
o u t s id e  i t s  p lane  by a co n ic  s u r f a c e  of  the  second o rde r -
The u su a l  non -m etr ic  r e l a t i o n s  between p o le s  and p o la r s  are  
developed,  in c lu d in g  P a^ca i^ s  and B r l a n e h o r ^  theorems. I t  i s  
shown t h a t  a curve o f  th e  second o r d e r  i s  de te rm ined  by f i v e  
p o i n t s .  ( t h a t  i f  t h e  s i d e s  o f  an n - p o in t
p iv o t  on f i x e d  p o i n t s  and t h e  v e r t i c e s ,  save one, d e s c r ib e  s t r a ig h t  
l i n e s ,  th e  remaining v e r t e x  w i l l  d e s c r ib e  a l i n e  o f  the  second or­
der )  i s  proved.
I f  two curves  of  the second  order  a re  put  in  p r o j e c t i o n ,  
th en  one can tak e  A^, B%, C]_, t h e  homologous e lements  to  A, B 
and G_, a t  w i l l .
The r e a d e r  w i l l  r e a d i l y  see t h a t  now t h a t  t h e  frame-work 
f o r  Ton S taud t>s  geometry has been se t  u p ,  one can prove a g r e a t  
many w e l l  known theorems q u i t e  s im ply  by i t s  a i d .  The more im­
p o r t a n t  of  t h e  theorems which Ton S tau d t  p roves  w i l l  be g iv en  
h e r e ,  w i thou t  any p ro o f ,  o r  w i th  t h e  p roof  merely i n d i c a t e d .
I f  a l i n e  n i s  a common t a r g e n t  to  two curves  o f  t h e  second
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o rd e r  and one c o n s id e r s  eve ry  two t a n g e n t s  to t h e  curves  which 
i n t e r s e c t  t h i s  l i n e  i n  t h e  same p o in t  to  correspond, th e n  the  
curves  a r e  p r o t e c t i v e .  I f  t h e  cu rves  t o u c h  t h i s  l i n e  i n  t h e  same 
p o i n t ,  then  th e y  a r e  p e r s p e c t i v e ,  so t h a t  th e  rays  connec t ing  
p a i r s  o f  homologous p o in t s  a l l  i n t e r s e c t  in a s i n g l e  p o in t .
Two curves  of t h e  second o rd e r  in  two p lanes  whose l i n e  o f  
i n t e r s e c t i o n  i s  t a n g e n t  t o  b o th  curves  a t  a s i n g l e  p o in t  a r e  
s e c t i o n s  of a s in g l e  conic s u r f a c e  of  t h e  s e eo M  o rd e r .  I f  
t h e  i n t e r s e c t i o n  l i n e  of  th e  two p la n es  c u t s  t h e  cu rves  i n  the  
same two p o i n t s , t h e r e  a r e  two such conic  s u r f a c e s  th rough bo th  
cu rves .
The fo l low ing  e x t e n s io n  o f  P a s c a l ’ s theorem i s  g iven ;
I f  of  the 2 n + l  p o i n t s  in  which th e  p a i r s  of o p p o s i te  s id e s  
o f  a (4n+2) p o in t  i n t e r s e c t ,  r e s p e c t i v e l y ,  2n l i e  in  a s i n g l e  
s t r a i g h t  l i n e ,  th e  remaIning  p o in t  does a l s o .
I f  t h e  e lements  of a curve of t h e  second o r d e r  a r e  p a i r e d  
i n  an i n v o l u t i o n  so t h a t  each  two c o o rd in a te  p o in t s  of th e  
curve determ ine  a l i n e  p a s s in g  th ro u g h  a s i n g l e  p o in t  common 
to  a l l  th e se  l i n e s ,  and a l l  t h e  p o in t s  i n  vh ich  c o o rd in a te  t a n ­
g en ts  o f  the  curve i n t e r s e c t  by p a i r s  w i l l  l i e  in  a s i n g l e  l i n e ,  
th e n  every in v o lu t io n  of t h r e e  p a i r s  o f  p o i n t s  of th e  curve i s  
p r o j e c t e d  from any p o in t  o f  t h e  curve by an in v o lu t io n  o f  t h r e e  
p a i r s  o f  r a y s ,  and s i m i l a r l y  every  in v o lu t io n  o f  th r e e  p a i r s  of  
t a n g e n t s  i s  out by a n o th e r  t a n g e n t  i n  an i n v o l u t i o n  of t h r e e  
p a i r s  of p o i n t s .
I f  t h e  v e r t i c e s  of an n - p o i n t  l i e  in  a given
curve o f  t h e  second o rd e r  and n- 1  s id e s  o f  the n - p o i n t  go 
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th rough  g iven  p o in t s  no t  on the  ca rv e ,  the  l a s t  s i d e  e i t h e r  goes 
th roogh  a g iven  p o in t  or i s  ta n g en t  to  a g iven  curve of t h e  seconj 
o r d e r -
Two curves of th e  second o r d e r  have a t  t h e  most fo u r  p o in ts  
i n  common, and t h e i r  t angen t  p e n c i l s  o f  rays  have a t  t h e  most 
f o u r  ray s  in  common.
I f  two cu rv e s  o f  t h e  second o r d e r  have fo u r  common tangents ,  
they  have e i t h e r  four  common p o in t s  or none.
I f  we a re  g iv e n  f i v e  p o in t s  A, C_, D, E of  a curve o f  the 
second o r d e r  and f i v e  p o in ts  o f  a n o t h e r .  A, 2* %» which
has the th ree  p o in t s  A, B, and 0 common w i th  t h e  f i r s t ,  we can 
f i n d  ou t  wh#ier  th e  cu rves  a re  t a n g e n t  in  one o f  t h e i r  t h r e e  
common p o i n t s ,  or i f  they  i n t e r s e c t  in  a f o u r t h .
F i r s t  we f ind  t h e  p o in t  Dg of t h e  f i r s t  curve such t h a t  
E ( ABODg ) yç-'S'i ( ABGD-| ), and then  th e  p o in t  _F which i s  p r o j e c t e d  
from th e  p o in t  Dg by th e  l i n e  Dg^l• Then, s in c e  two p e n c i l s  of 
rays  p r o j e c t i n g  th e  same curve of  t h e  second degree a re  p r o j e c ­
t i v e ,  F( ABOBg) )  and a l s o  F(ABCD^ ) ) .  Then 
t h e  p o in t  F of  t h e  f i r s t  curve a l s o  l i e s  on th e  second ,  s in c e  
two p r o j e c t i v e  n o n -p e r s p e c t iv e  p e n c i l s  de termine a curve of the  
second o rde r  by the  I n t e r s e c t i o n  o f  t h e i r  homologous r a y s .
This  p o i n t ,  t h e n ,  i f  i t  i s  d i s t i n c t  from A, B and _C, i s  the  
f o u r t h  p o in t  of i n t e r s e c t i o n  o f  the  two cu rv es .  I f  i t  coincides  
w i th  one o f  t h e s e ,  t h e  two curves  t o u c h  i n  t h i s  p o i n t .
There i s  a d i s c u s s i o n  of problems o f  the  second degree  and 
an ex ten s io n  o f  the  id e a  o f  p o l a r i t y  to  space ,  and  a l so  an extensj
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of  th e  idea  o f  curves of t h e  second o rd e r  to  space,  where the 
p rocedure  i s  much the  same as t h a t  o u t l i n e d  ahove. These, w i th  
numerous i n t e r e s t i n g  theorem s,  space does  no t  permit  u s  to  d i s ­
cu s s .  The e s s e n t i a l  s t r u c t u r e  of t h e  work, i t  i s  b e l i e v e d ,  has 
been s u f f i c i e n t l y  i n d i c a t e d  as f a r  as s imple f a c t  i s  concerned .
I t  remains to show j u s t  what h i s t o r i c a l  s i g a i f i c a n c e  i t  has ,  and 
how i t s  fundam enta l  id eas  a ro s e .
I t  i s  n ecessa ry * to  s t a t e  f i r s t  t h a t  P o n ee le t  was n o t  7on 
Staudfc’ s on ly  g r e a t  p re d e c e s s o r  i n  p r o j e c t i v e  geometry, but t h a t  
Jacob S t e i n e r  had a l r e a d y  p u b l i s h e d  h i s  work "System atische  
E n tw ic k e l4 n g . . - e t c . ” i n  1832. T h is  we w i l l  take  up r a t h e r  b r i e f ­
l y ,  a f t e r  d i s c u s s i n g  Ton S ta u d t* s  work. The reasons f o r  th u s  
v i o l a t i n g  the  c h ro n o lo g ic a l  o rd e r  are  two. The f i r s t  i s  to  
b r in g  Ton S ta u d t* s  work i n  c lo s e  j h ^ t a p o s i t i o n  w i th  P o n e e l e t ’ s .  
The r e a s o n  f o r  t h i s  w i l l  be seen s h o r t l y .  The second i s  th a t  
a l th o u g h  S t e i n e r  was th e  o r i g i n a t o r  o f  much o f  the  terminology 
and many o f  the  methods of  Ton S ta u d t* s  book, i n  t h e  form which 
Ton S ta u d t  gave them they  a re  an e x c e l l e n t  i n t r o d u c t i o n  to  t h e  
methods of S t e i n e r  and Reye.
To r e tu rn  to  the  work i t s e l f ,  the  s in g le  most s t r i k i n g  
f e a t u r e  is  of course  t h e  complete avoidance of metric  c o n s id e r a ­
t i o n s .  The t r e a tm e n t  of conic  s e c t i o n s  in  non-m etr ic  geometry ,  
of c o u r se ,  r e q u i r e s  a n o n -m e t r ic  d e f i n i t i o n  of c o n ic s .  Ton 
S t a u d t ’ s d e f i n i t i o n ,  i t  w i l l  be remembered, i s  t h a t  th e  s e l f ­
con juga te  p o in t s  of a p o l a r i t y  form a curve of t h e  second o rde r -  
This i s  shown to be e q u i v a l e n t  t o  S t e i n e r ’ s d e f i n i t i o n ,  g iven  
i n  1832, s t a t i n g  t h a t  t h e  p o in t s  o f  i n t e r s e c t i o n  of homologous
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raya  o f  two p r o j e c t i v e  non—p e r s p e c t i v e  f l a t  p e n c i l s  i s  a curve 
of t h e  second o rd e r .
I t  i s  i n t e r e s t i n g  to s p e c u la t e  upon Ton S t a u d t ’ s d e f i n i t i o n ,  
which at f i r s t  g la n ce  seems r a t h e r  u n n a t u r a l .  The answer t o  our 
c u r i o s i t y  undoubted ly  l i e s  in  P o n c e l e t ’ s ve iy  ex ten s iv e  t rea tm en t  
o f  th e  s u b je c t  of r e c i p r o c a l  p o l a r s .  Bowhere, I  b e l ieV e ,  did 
P o n ce le t  prove or s t a t e  t h a t  i n  any system two r e c i p r o c a l  p o la r s  
were a c t u a l l y  p r o j e c t i v e ,  a l t h o u g h  he proved the  e x i s t e n c e  of  
a l l  non -m etr ic  p r o j e c t i v e  r e l a t i o n s  among them, and a l s o ,  i n  some 
c a s e s ,  of p r o j e c t i v e  m e tr ic  r e l a t i o n s .  Ton S ta u d t ,  by showing 
how a f i g u r e  composed o f  l i n e s ,  f o r  i n s t a n c e , ,  could  be cons idered  
as p r o j e c t i v e  w i th  one composed of  p o i n t s ,  an d  by in t r o d u c in g  
th e  idea  o f  the  I n v o l u t i o n  as a p r o j a c t i v i t y  in  which e lements 
correspond doub ly ,  he was able t o  r ep roduce  P o n c e l e t ’ s r e c i p r o ­
ca l  p o l a r  f i g u r e s  n o n - n æ t r i c a l l y .  By n o t i c i n g  t h a t , t a n g e n ts  t o  
t h e  co n ic  w i th  r e s p e c t  to  which one c o n s t r u c t s  r e c i p r o c a l  p o l a r s  
a re  th e  r e c i p r o c a l s  of t h e i r  p o i n t s  of tangency, and  v ice  v e r s a ,  
t h e  d e f i n i t i o n  of t h e  curve of the  second degree  a rose  ve ry  
n a t u r a l l y .  I t  gave r i s e  t o  a very ex tended  nonr-metrio t r e a tm e n t  
of i n v o lu t io n s ,  and th e  c o n c ep t io n s  of  c o l l i n e a t i o n s  and p o l a r i ­
t i e s  a s  u n i t s  w i th  which t o  work.
The work i s  t r u l y  n o n -m e tr ic ,  f o r  a l th o u g h  the  words element 
a t  i n f i n i t y ,  p a r a l l e l ,  im ag ina iy ,  e t c . ,  a re  used ,  they a re  merely 
words f o r  s p e c i a l  ca ses  whose r e s t r i c t i o n s  we do no t  know or con­
s i d e r  as  apa r t  from th e  oases n o t  so d e s ig n a te d .  These words 
merely form a convenien t  t r a n s f o r m a t i o n  to  the  m e tr ic  geometry
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where th ey  a re  g iv en  c o n te n t  o f  t h e i r  own.
The "G-eometrie der  Lage” was f a r  from b e in g  Ton S t a u d t ’ 3 
only  im por tan t  woaSc. In  1857, t e n  y e a r s  a f t e r  i t s  p u b l i c a t i o n ,  
he p u b l i s h e d  h i s  "B e i t r ag e  zur  Geometrie d e r  Lage."  I t  con ta ined  
t h e  f i r s t  example of the i n t r o d u c t i o n  o f  a n a l y t i c  methods in to  
geometry on a s t r i c t l y  p r o j e c t i v e  b a s i s ,  and i s  much l i k e  th e  one 
which w i l l  be d e s c r ib e d  in  t h e  d i s c u s s i o n  o f  T e b le n ’ s work. This  
a l s o  d e a l t  w ith  t h e  q^uestion o f  t h e  i n t e r p r e t a t i o n  o f  imaginary 
e lements  in geometry.
Jakob S t e i n e r  (1796-1863),  as we have a l r e a d y  s a id ,  p u b l ish ed  
h i s  work on p r o j e c t i v e  geometry i n  1832. His p r i n c i p a l  c o n t r ib u ­
t i o n s  t o  t h e  development o f  p r o j e c t i v e  geometry were ;  t h e  id e a  o f  
d i f f e r e n t  one-d im ens iona l  forms and tw o-d im ens iona l  forms as a 
b a s i s  from which to  work ; th e  d e f i n i t i o n  o f  a p o in t  conic as the  
p o i n t s  of i n t e r s e c t i o n  o f  homologous rays  o f  p r o j e c t i v e  n o n -p e r ­
s p e c t iv e  f l a t  p e n c i l s  in  t h e  same p la n e ;  t h e  concep t ion  o f  t h i s  
p o in t  conic and i t s  d u a l s ,  t h e  l i n e  conic and cone o f  p la n e s ,  
and th e  d u a l  o f  th e  second, t h e  cone of  l i n e s ,  as f o u r  one-dimen­
s i o n a l  forms of th e  second d e g re e ;  t h e  theorem: " I f  A and_B
are  any two g iven  p o i n t s  of a co n ic  and P i s  a v a r i a b l e  p o in t  of  
t h i s  co n ic ,  then  A(P)t^ B(P)" ,  known a s  S t e i n e r ’ s theorem; t h e  con­
s i s t e n t  d u a l i z in g  of assum ptions  and t h e 0 rems ; and, due of course  
t o  h i s  d e f i n i t i o n  o f  t h e  c o n ic ,  t h e  development o f  an extended 
n on -m etr ic  geometry, a t h in g  which had n o t  been done b e fo re  th e n .  
His geometry is  not e x c l u s i v e l y  p r o j e c t i v e ,  bu t  l a r g e  p a r t s  o f  i t  
a r e  com ple te ly  independent  o f  t h e  m e tr ic  c o n s i d e r a t i o n s  in t roduced .
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The fo l lo w in g  p r o p o s i t i o n s  a r e  due t o  S t e i n e r ;
"Given s i x  p o i n t s  Pg, P3 , P4 , P 5 , Pg, on a  con ic .  By 
t a k in g  th e s e  i n  a l l  p o s s ib le  o rd e r s  60 d i f f e r e n t  hexagons a r e  ob­
t a i n e d .  The P a sc a l  l i n e s  of  t h e  t h r e e  hexagons P1 P2 P3 P4 P 5 P6 , 
P1 P4 P3PGP5P2 , and P1 P6 P3 P2 P5 P4  a re  c o n c u r r e n t .  The p o in t  i n  which 
they  concur i s  c a l l e d  a S te in e r^ p o _ ^ t  There a r e  20 S t e in e r  points 
in  a l l .
I f  the v e r t i c e s  o f  a hexagon a r e  permuted i n  t h e  above way 
except t h a t  a l t e r n a t e  v e r t i c e s  a r e  no t  changed, we o b t a i n  f i v e  
o th e r  simple hexagons. The P a s c a l  l i n e s  o f  th e s e  pass th rough  two 
S t e i n e r  p o i n t s ,  c a l l e d  conjugate  S t e i n e r  p o i n t s .  The 20 S t e i n e r  
p o in t s  c o n s t i t u t e  t e n  p a i r s  o f  c o n ju g a te s .
The 20 S t e in e r  p o in t s  l i e  by f o u r s  on 15 l i n e s  c a l l e d  S te iner  
l i n e s .
Two t r i a n g l e s  s e l f—p o l a r  w i th  r e s p e c t  to  t h e  same con ic ,  or  
p e r s p e c t iv e  and have s i x  v e r t i c e s  on a second conic and s i x  s ides  
t a n g e n t  t o  a t h i r d  c o n ic .
In  summary, S t e i n e r  deve loped  a new nomenclature ( p e n c i l s ,  
bund le s ,  e t c . )  and showed how, b y  h i s  d e f i n i t i o n ,  con ic  s e c t i o n s  
could be t r e a t e d  non—m e t r i c a l l y . There a r e  l e s s  r e a l l y  importa i t  
achievements  so  f a r  as t h e  development of t h i s  p a r t i c u l a r  su b jec t  
i s  concerned.
The next im por tan t  f i g u r e  i s  Theodor Reye. He p u b l i s h e d  his  
"Geometrie der Lage" i n  1866-67. I t  th e n  appeared  i n  two volumes 
only .  The f o u r th  e d i t i o n  o f  the  f i r s t  volume was p u b l i s h e d  in  
1899, while  th e  t h i r d  e d i t i o n s  of th e  second and t h i r d  volumes
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appeared, in  1892. We s h a l l  d i s c u s s  t h e  f o u r t h  e d i t i o n  o f  the  
f i r s t  volume and the  t h i r d  e d i t i o n s  o f  t h e  o th e r  two.
By way o f  i n t r o d u c t i o n  i t  may he s a i d  t h a t  a l th o u g h  t h e r e  was 
l i t t l e  t h a t  was new and a l s o  fundam enta l  in  t h e s e  t h r e e  volumes, 
they  n e v e r th e l e s s  formed a r a t h e r  complete survey of  the  e n t i r e  
f i e l d ,  w i th  a somewhat more ambit ious program th a n  any of  th e  
o th e r s  as f a r  as  e x te n t  was concerned .
The te rm ino logy  of t h i s  work i s  somewhat d i f f e r e n t  from 
t h a t  o f  Von S t a u d t ’ s and S t e i n e r ’ s ,  and i s  r a t h e r  c l o s e l y  t h a t  
used today .  The s i x  fundam enta l  forms a r e  th e  row of p o i n t s ,  
p e n c i l  o f  l i n e s ,  p e n c i l  of  p la n e s ,  p l a n a r  f i e ld . ,  b u n d l e , space 
system.
The p r i n c i p l e  o f  d u a l i t y  i s  s t a t e d  at t h e  beg inn ing  h e re ,  
as in  Von S t a u d t ’ s and  S t e i n e r ’s works, and, as in  t h e i r s ,  i s  
k ep t  s ig h t  of c o n s t a n t l y  a l l  th ro u g h  th e  work, t h e  d u a l  p ro p o s i ­
t i o n s  and p r o o f  b e in g  p r i n t e d  s id e  by s i d e .
Four  dua l  assumptions a r e  s t a t e d ,  and a few s im p le  theorems 
proved from them. This f o l lo w s  a lm ost  e x a c t l y  t h e  d i s c u s s io n  in 
Von S t a u d t ’ 3 book.
Ilext' a complete  n - p o i n t  i s  d e f in e d .  Then D esa rgues’ theorem 
i s  proved, and t h e  theorem on th e  i n t e r s e c t i o n  of t h e  s i x t h  p a i r  
o f  s id e s  o f  complete f o u r - p o i n t s  in  d i f f e r e n t  p l a n e s .  A harmonic 
s e t  o f  p o i n t s  i s  th en  d e f in e d  by th e  complete quad rang le .  I t  i s  
shown t h a t  i f  th r e e  p o i n t s  A, B, C_of a harmonic s e t  a r e  known, 
and a l s o  t h e i r  o rd e r ,  t h e  f o u r t h  p o in t  i s  de te rm ined .  Also 
harmonic forms a r e  always p r o j e c t e d  i n t o  harmonic forms. Then
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m etr ic  c o n s id e r a t i o n s  a r e  in t ro d u ce d  and i t  i s  s t a t e d  t h a t  i f  of 
fo u r  harmonic l i n e s  two which are  s e p a r a te d  by th e  rem ain ing  two 
a re  p e rp e n d ic u la r  to each o t h e r  th e y  b i s e c t  t h e  ang les  between the
o th e r  two l i n e s .  I f  ABCD i s  a harmonic s e t ,  t h e n  ^  ~ A3).
EC CD
Two fundamental  fbrms a re  s a i d  to be p r o j e c t i v e  i f  th e y  a re  
so p la ced  w ith  r e s p e c t  t o  each o th e r  t h a t  each fo u r  harmonic 
elements correspond  to  f o u r  harmonic e lem ents  i n  the  o th e r -  I f  
two forms a r e  p r o j e c t i v e  w i th  a t h i r d  t h e n  th e y  a r e  p r o j e c t i v e  
w ith  each o th e r -  Reye»s d e f i n i t i o n  o f  p r o j e c t i v i t y  i s  the same 
as Ton S t a u d t ’ s ,  b u t  not l i k e  S t e i n e r ’ s ,  which i s ;
I f  t h e  two forms A, B a r e  so r e l a t e d  th a t  t h e i r  e lements  are 
de te rm ined  by th e  o rd e r  i n  which th q y  correspond p a i r - w i s e ,  th ey  
a re  p r o j e c t i v e .
n e x t ,  the  fundam enta l  theorem  o f  p r o j e c t i v e  geometry i s  
s t a t e d ,  namely, t h a t  i f  two simple p r o j e c t i v e  forms have t h r e e  
elements A, 1 ,  C s e l f - c o r r e s p o n d in g ,  th e n  a l l  t h e i r  e lements 
a r e  s e l f - c o r r e s p o n d in g ,  and th u s  t h e  forms a r e  i d e n t i c a l .  This 
i s  a p p a re n t ly  t h e  f i r s t  r e c o g n i t i o n  o f  th e  importance of  t h i s  
theorem.
S t e i n e r ' s  d e f i n i t i o n  of  t h e  curve of t h e  second order  i s  
u sed .  Also, th e  above d e f i n i t i o n  o f  p r o j e c t i v i t y  i s  shown t o  
be e q u iv a le n t  to  Cremona’s d e f i n i t i o n  o f  t h e  p r o j e c t i v i t y  as a 
sequence o f  p e r s p e c t i v i t i e s .
The in v a r ia n c e  of  t h e  harmonic r a t i o  under  p r o j e c t i o n  i s  
dem onstra ted  by P o n ce le t» s  method. The v a r io u s  problems on t h e  
c o n s t ru c t io n  o f  conics  w i th  c e r t a i n  elements  g iv en  a r e  so lv e d  by
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means o f  P a s c a l ’ s and B r la n eh o n 's  theo rem s,  j n a t  as  t h ^  were i n  
Ton S t a n d t ’ s "Geometric der l a g e . "
I t  i s  shown t h a t  t h e  t a n g e n t s  a t  f o \ r  harmonic p o in t s  of  a 
curve of  the  second, o rd e r  a r e  fou r  harmonic t a n g e n t s ,  and t h e  
p e n c i l  o f  t a n g e n ts  t o  a curve of t h e  second o rd e r  i s  c u t  by every 
two t a n g e n t s  in  p r o j e c t i v e  rows o f  p o in t s .
ï ïext the  th e o ry  of  p o le s  and  p o l a r s  i s  developed e n t i r e l y  non- 
m e t r i c a l l y  by means o f  the  c ro s s  r a t i o ,  which can be c o n s t ru c te d  
by a complete quad rang le .  The u s u a l  theorems a r e  proved,  th e  f o l ­
lowing being  n o t a b l e :  I f  a p o in t  _P d e s c r ib e s  a row of  p o i n t s  u,
i t s  p o l a r  p d e s c r ib e s  a p e n c i l  o f  l i n e s  U, which i s  p r o j e c t i v e  
w i th  the  row of  p o i n t s .  That i s ,  u ( P ) -^ U(p}. Two p o in t s  o f  t h e  
p la n e  a r e  d e f in e d  as  conjugate  w i th  r e g a r d  to  a curve of th e  second 
o rd e r  i f  each l i e s  on the  p o la r  o f  t h e  o t h e r .
I f  two p o i n t s  A , a r e  co n ju g a te  w ith  a t h i r d ,  C, then  t h e i r  
c o n e c t i n g - l i n e  i s  t h e  p o l a r  of
I f  i n  a p l a n e  we a re  g iven  a curve o f  t h e  second o rd e r  and a
l i n e  T and a p o in t  U not on T, and i f  we de te rm ine  on each l i n e
th rough  U th e  p o i n t  which i s  conjugate  w i th  t h e  i n t e r s e c t i o n  p o in t  
of t h i s  l i n e  with_%, a l l  t h e s e  p o in t s  l i e  on a curve of t h e  second 
order  g o in g  through T, t h e  po le  of 7 ,  U, and the p o in t s  o f  tangency 
of the  two t a n g e n ts  which can be drawn t o  th e  g iven curve from U
and T. I f  a curve of t h e  second o rd e r  i s  cu t  by two conjugate  l i n e s
AG and Bl ,  the  i n t e r s e c t i o n  p o in t s  A, 3,  C, D are  f o u r  harmonic 
c u r v e - p o i n t s .
The m etr ic  r e l a t i o n s  o f  t h e  a x i s ,  c e n t e r ,  and l i n e  a t  i n f i n i t y ,
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a l l  with, r e g a rd  t o  t h e  th eo iy  of  po les  and p o l a r s ,  are s t a t e d .  
From th e s e  r e l a t i o n s  t h e  a n a l y t i c  r e p r e s e n t a t i o n s  o f  th e se  curves 
are  d e r iv e d .
Here the  r e g a in s  i s  in t ro d u ce d  as de termined by two skew 
p r o j e c t i v e  rows of p o in t s .S u c h  a su r fa c e  co n ta in s  two groups of 
l i n e s ,  each of one meeting every l i n e  o f  t h e  o th e r  group b u t  no 
l i n e  of  i t s  own g roup .  Each group c o n s i s t s  of  a l l  l i n e s  which 
th r e e  a r b i t r a r y  l i n e s  of  th e  o th e r  g roup .  In  one group of such a 
su r fa c e  t h e  o th e r  group is  c a l l e d  t h e  c r o s s - g r o u p ,  and i t s  l i n e s  I 
t h e  c r o s s - l i n e s .  A group is  cu t  by two of  i t s  c r o s s - l i n e s  in  ' 
p r o j e c t i v e  rows o f  p o i n t s ,  and i s  p r o j e c t e d  from two of  i t s  oross^ 
l i n e s  by p r o j e c t i v e  p e n c i l s  of p la n es .  These p e n c i l s  o f  p lanes  a: 
p e r s p e c t iv e  w i th  th e s e  rows of p o i n t s .  Four l i n e s  of a group are 
c a l l e d  harmonic l i n e s  i f  th ey  a r e  cut  by one, and t h e r e f o r e  by 
a l l ,  of th e  c r o s s - l i n e s  of the  group i n  f o u r  harmonic p o i n t s .  A 
group i s  cu t  by every plane t h a t  has  no l i n e  in  common w i t h  i t  j 
i n  a curve of the  second o rd e r .  j
R etu rn ing  to  con ic  s e c t i o n s ,  fp u r  harmonic p o in t s  of  a curve 
of  th e  second o rd e r  a re  p r o j e c t e d  from every f i f t h  p o in t  o f  the 
curve by f o u r  harmonic l i n e s .
I f  two p r o j e c t i v e  curves  o f  th e  second o rd e r  have f o u r  point 
s e l f - c o r r e s p o n d in g ,  t h e n  th e y  have a l l  t h e i r  p o i n t s  so,  and are 
thus  i d e n t i c a l .
Two s i m i l a r  p r o j e c t i v e  forms u ,  u^ which do n o t  have a l l  the 
elements  s e l f - c o r r e s p o n d in g  but are  c o n j e c t iv e  a r e  i n v o lu t e s  o r  
have th e  r e l a t i o n  o f  in v o lu t io n s  i f  in  them each two homologous
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elements correspond donlaly. Two d i s s i m i l a r  forms c o n s t i t u t e  an 
im ro lu t io n  i f  one i s  th e  in v o lu t e  o f  a s e c t i o n  o r  p r o j e c t i o n  of  
the  o th e r .
I f  two p r o j e c t i v e  rows o f  p o i n t s  of  the  second order  a re  
i n v o lu t e s ,  the  c o n n e o t in g - l i n e s  o f  t h e i r  homologous p o in t s  a l l  
go th rough  a p o in t  U; t h e  i n t e r s e c t i o n  p o i n t s  o f  t h e i r  t a n g e n ts ,  
however, a l l  l i e  on the p o l a r  u  o f  U. The l i n e  u  i s  c a l l e d  the 
a x i s  o f  i n v o lu t io n  and the  p o in t  _IJ i s  c a l l e d  t h e  c e n t e r  o f  in ­
v o l u t i o n  o f  the  row of  p o i n t s .  Two s i m i l a r  p r o j e c t i v e  and con­
j e c t i v e  e lem entary  fo r iæ  a r e  an i n v o l u t i o n  i f  i n  them some two 
elements  co r respond  doubly to  each o th e r .
An i n v o l u t i o n  has two or no double e lem ents  and i s  c a l l e d  
e l l i p t i c  or h y p e rb o l ic  ac co rd ing  as  two c o o rd in a te  e lements  a re  
s e p a ra te d  by two o th e r s  or  n o t .  In  each doub le  element two co­
o r d in a t e  elements  co inc ide .
To r e tu rn  to  m a tr ic  c o n s i d e r a t i o n s ,  in  a l i n e  i n v o lu t io n  o f  
the  f i r s t  o rder  th e r e  a r e  two and in  g e n e ra l  only  two conjugate 
l i n e s  which i n t e r s e c t  at r i g h t  a n g le s ;  th e se  a r e  c a l l e d  the axes 
of  t h e  i n v o l u t i o n .  A l i n e  i n v o l u t i o n  of th e  f i r s t  o rd e r  i s  or thog­
on a l  i f  i n  i t  some two l i n e s ,  ^ a n d j b ,  no t  c o n ju g a te ,  make r i g h t -  
ang les  w i th  t h e i r  co o rd in a te  l i n e s  a^ and b^ .  S im i l a r ly  f o r  
p l a n e  i n v o lu t io n s .
This d i s c u s s io n  of  in v o lu t io n s  i s  q u i t e  n a t u r a l l y  fo l low ed 
by problems of th e  second d eg ree .  This in c lu d e s  a ciiapter  on con- 
f o c a l  c o n i c s .
On t h e  b a s i s  o f  what we have a l re a d y  s a i d  about t h i s  work and
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q^uoted from i t ,  i t  w i l l  serve our p-urpose i f  f o r  the most p a r t  
we simply in d i c a t e  t h e  remainder o f  the  work» C o l l i n e a t io n s  and 
c o r r e l a t i o n s  of the second o rd e r  a r e  n e x t .  C o l l i n e a t io n s  a r e  dealt 
w i th  much a s  Ton S ta u d t  d e a l t  w ith  them. A c o r r e l a t i o n  i s  simply 
a p r o j e c t i v i t y  between the e lem ents  of  a  p la n e  o f  l i n e s  and a 
p la n e  o f  p o i n t s .  Then fo l low  " C o l l i n e a r  and r e c i p r o c a l  p la n e  
c u rv es” and " C o l l i n e a t i o n s  and c o r r e l a t i o n s  o f  space s y s te m s ,"  
"Surfaces  of t h e  second o r d e r , "  "P o la r  t h e o r y  of s u r fa c e s  o f  t h e  
second o r d e r , "  " A f f i n i t y ,  s i m i l a r ! c o n g r u e n c e  and symmetry of 
p la n e  f i e l d s .  A ff ine  conic  s e c t i o n s . "  Two p la n e  f i e l d s  a re  sa id  
to  be a f f i n e  when t h e i r  l i n e s  a t  i n f i n i t y  correspond.  I f  e l e ­
ments a t  i n f i n i t y  a r e  th e n  g iv e n  the  u su a l  m e tr ic  s i g n i f i c a n c e ,  i t  
w i l l  be seen t h a t  i n  an a f f i n i t y  p a ra l le lo g ra m s  w i l l  correspond 
to p a r a l l e lo g r a m s ,  e t c .  We have a l r e a d y  seen  s u f f i c i e n t  of  
r e c i p r o c a l  systems and p o l a r i t i e s  so t h a t  th e y  do n o t  r e q u i r e  
d i s c u s s io n  here.
The id e a  of  a complex, though, i s  new, a s  f a r  as  p r o j e c t i v e  
geometry i s  concerned, and i t  was Reye’ s d e f i n i t i o n  t h a t  i n t r o ­
duced i t  in to  p r o j e c t i v e  geom etry .  He d i s c u s s e d  the  complex a s  
th e  system of  l i n e s  l i n e a r l y  dependent on f iv e  independent  l i n e s  
or on t h e  f i v e  s id e s  of a skew pen tagon .  Th is  was the f im t  d e f i ­
n i t i o n  o f  t h i s  s o r t  to  be g iven  to  a complex. In  connec t ion  
w i th  the  l i n e a r  complex Reye in t ro d u ce d  th e  n u l l  system, which i s  
t h e  sys tem  in  which th e re  e x i s t s  a correspondence  between p l a i n s  
and th e  p o in t s  on them th ro u g h  which a l l  t h e  l i n e s  o f  a l i n e a r  
complex which l i e  i n  th o s e  p la n e s  w i l l  p a s s .
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How t h a t  we have shown Reye’ s methods, i n  which t h e r e  was 
n o th ing  p a r t i c u l a r l y  new or o the rw ise  rem arkab le ,  and in d i c a t e d  
h is  s u b j e c t  m a t te r ,  we have a t t a i n e d  an o b je c t  as f a r  a s  h i s  work 
i s  concerned .
There a re  s e v e r a l  names b e s i d e s  t h e s e  f o u r  t h a t  a r e  a s s o c i a t ­
ed w i th  t h e  development o f  p r o j e c t i v e  geometry from i t s  b eg inn ing  
in  1822 to  th e  end of th e  ce n tu ry ,  a l i s t  o f  which would inc lude  
K le in ,  P luoker ,  Grassmann, Clebsoh,  and o th e r s ,  bu t  t h e s e  men 
were no t  i n t e r e s t e d  p r i m a r i l y  i n  p r o j e c t i v e  geom etry .  Toward 
th e  end o f  th e  c e n tu ry  and a t  t h e  b eg in n in g  o f  t h e  new t h e r e  was 
H i l b e r t ,  who worked w i th  the fo u n d a t io n s  o f  geometry, and E n r i q u e s , 
who p u b l i s h e d  h i s  "Vorlesunge% über  d ie  Geometric d e r  l a g e "  i n  
1906. This work, t h o u ^  s m a l l ,  co n ta in e d  t h e  most b e a u t i f u l  p a r t s  
o f  p r o j e c t i v e  geometry as  i t  t h e n  s to o d ,  p r e s e n te d  in  b e a u t i f u l  
form.
This  work was t h e  l a s t  of the  o ld  o rder .  In  the  tw e n t i e th  
c e n tu ry  p r o j e c t i v e  geometry was t o  undergo a ve ry  important  and 
fundam enta l  change i n  o r g a n iz a t io n .  This w i l l  be the  s u b je c t  o f  
t h e  n e x t  c h a p t e r -
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CHâPTSR IT
The f i r s t  volume o f  " P r o j e c t iv e  Geometry" by Teblen and 
Young was pub l ish ed  i n  October,  1910. I t  was t h e  outgrowth  of 
the  e x te n s iv e  work which had been done a t  the  U n iv e r s i t y  of  
Chicago on the  fo u n d a t io n  o f  Mathematics .  This l a t t e r  was 
l a r g e l y  a c o n t in u a t io n  o f  t h e  fundamenta l  work done by H i l b e r t  
and o th e r s  in  t h e  l a s t  decade of th e  n i n e t e e n t h  c e n tu ry .  ^
Aside from the  v ig o r  and c l a r i t y  o f  th e  work of Teblen and 
Young, i t s  moat remarkable  a s p e c t  i s  th e  u n i t y  which i s  g iv e n  
by th e  simple e x te n s io n  of the  o r i g i n a l  s e t  o f  axioms i n  v a r ­
ious  d i r e c t i o n s .
The most im por tan t  s in g l e  p o r t i o n  of  the  work, from th e  
p o in t  of view of o b ta in in g  a c l e a r  u n d e r s ta n d in g  of  the funda­
mental  idea.s invo lved ,  i s  the  i n t r o d u c t i o n .  We s h a l l  d i s c u s s  
t h i s  in  some d e t a i l .
In  o rd e r  t o  g ive  an example of a m athem at ica l  science, and 
of  the fundamental  r u l e s  of  m athem at ica l  l o g i c  a s e t  of a s ­
sumptions i s  g iven ,  couched i n  the  most g e n e r a l  language .  They 
a r e  seven in  number and foim a c o n s i s t e n t ,  c a t e g o r i c a l  s e t .
"A s e t  of assumptions i s  s a id  t o  be c o n s i s t e n t  i f  a s in g le  
co n c re te  r e p r e s e n t a t i o n  of th e  assumptions  can be g iv e n " ;  t h a t  
i s ,  i f  we can f i n d  any one system correspond ing  to  th e s e  a s ­
sumptions in  on e - to -o n e  correspondence ,  and which we admit to  
be c o n s i s t e n t ,  then  th e  s e t  of  assumptions i s  c o n s i s t e n t .  "A 
s e t  of assumptions  i s  s a i d  to  be c a t e g o r i c a l  i f  t h e r e  i s  es ­
s e n t i a l l y  only one system  f o r  which the  assumptions a re  v a l i d -  
i . e . ,  c o n s i s t e n t ;  t h a t  i s ,  i f  a l l  systems c o n ta in in g  t h e s e  assump  ̂
t i o n s ,  i f  the  systems a r e  c o n s i s t e n t ,  co rrespond  t o  th e  o r ig in a l
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i n  one- to-one correspendenoe . This means t h a t  i f  an assumption 
i s  added i t  i s  e i t h e r  n o t  independen t  o f  the  o th e r s  o r  no t  con- 
a i s t e n t  w i th  them. The l a t t e r  s ta te m e n t  f a l l - s - p a t  e a s i l y  from 
our p rev io u s  rem arks .  The f i r s t  req .u ires  j u s t i f i c a t i o n .  I f  an 
assumption  of a s e t  i s  independen t  o f  the o th e r s  th e n  i n  . i t s  
absence i t s  c o n t r a ry  may be assumed, and th e  s e t  w i l l  remain 
c o n s i s t e n t .  This means t h a t  i f  we (above) added the  c o n t r a ry  
o f  t h e  assumption we proposed add ing ,  then  e i t h e r  t h i s  assumption 
would be dependent on the o th e r s  o r ,  i f  independen t ,  would form 
an o th e r  sys tem no t  isomorphic w i t h  t h e  one in  which i t s  converse  
h e l d .  But t h i s  i s  c o n t r a r y  to  th e  d e f i n i t i o n  of  c a t e g o r i c a l l -  
n e s s .
From the  above d i s c u s s i o n  o f  independence i t  w i l l  be seen
t h a t  to  prove one assum ption  independent  of t h e  o th e r  i n  a s e t
a system w i l l  be s e t  up where t h i s  assumption  i s  r e p la c e d  by i t s
conve rse .  I f  t h i s  sys tem s a t i s f i e s  th e  t e s t  f o r  c o n s i s te n c y ,
is
t h e n  the  assum ption  i n  q u e s t io n  was independent  o f  th e  o th e r .  
Otherwise ,  n o t .  The assum ption  in  q u e s t io n ,  however, must be 
c o n s i s t e n t  w i th  t h e  o th e r s  of i t s  sys tem  in  t h e  f i r s t  p la c e ,  f o r  
o the rw ise  th e  t e s t  i s  n o t  v a l i d .
From th e  s e t  o f  assumptions mentioned above s e v e r a l  theorem s 
a r e  proved.  I t  i s  shown t h a t  t h e  ommission o f  one of th e  axioms 
le a v e s  the s e t  n o n - c a t e g o r i c a l ,  and t l ^  a c a t e g o r i c a l  s e t  i s  more 
r e s t r i c t e d  i n  i t s  a p p l i c a t i o n s  than a n o n - o a t e g o r i c a l .
The id e a  of  homogeneous c o o rd in a te s  i n  s o l i d  a n a l y t i c
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geometry i s  adopted  as t h e  ”ooncre te  example" mentioned above,
used to  prove the  o cn s is te n o y  o f  te rm ino logy  and assum ptions .
The assumption  h e r e  i s ,  o f  c o u r s e ,  th a t  t h e  number system of
a lg eb ra  i s  c o n s i s t e n t  -  i . e . ,  eannoVi n v o l v e  c o n t r a d i c t i o n s .
These c o o r d i m t e s  a r e  o f  th e  form (%%, xg, xg, X4). I t  i s
agreed th a t  (x^, xg, Xg, X4 ) s h a l l  r e p r e s e n t  t h e  same p o in t  as
( c x i ,  cxg, cxg, CX4 ),  where o . i s  an a r b i t r a r y  c o n s ta n t .  ( 0  = 0 },
These homogeneous co o rd in a te s  a r e  e q u iv a le n t  i n  o rd in a ry  coordinates




  ̂ - wm2« = * » » s = 2
■/x2 +y2 + 2 2  -/x2 +y2 + 2 2  &
where x ,  y ,  and  z a r e  o rd in a ry  c o o rd in a te s .  (x%, xg,  xg, x^) 
are  c a l l e d  th e  homogeneous c o o r d in a te s  o f  a p o i n t .  The i n t e r ­
p r e t a t i o n  f o r  X4  = 0  i s  t h a t  t h e  p o in t  i n  q u e s t io n  i s  on t h e  plane 
a t  i n f i n i t y ,  whose eq u a t io n  i s ,  n a t u r a l l y ,  x^=0 .
A p la n e  i s  d e f in e d  as t h e  s e t  o f  a l l  p o in t s  (x^ ,  Xg, xg, X4) 
s a t i s f y i n g  th e  l i n e a r  homogeneous e q u a t io n :  
ax^ + bxg + cxg + dX4 = 0 
A l i n e  i s  t h e  s e t  of  a l l  p o in t s  (xq, Xg, Xg, x^) which s a t i s ­
fy  th e  two d i s t i n c t  l i n e a r  homogeneous e q u a t io n s  
aqxq  + b^Zg + c^Zg + cLqZ  ̂ = 0 
agXi + bgxg + cgXg + dgX4 = 0 
Since  th e se  must be d i s t i n c t ,  th e  co r respond ing  c o e f f i c i e n t s  
th ronghou t  must no t  be p r o p o r t i o n a l .  From t h i s  d e f i n i t i o n  we see
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t h a t  t h e  i n t e r s e c t i o n  of any o r d in a ry  plane and  the p lane  ^ 4 = 0  
i s  a l i n e ,  c a l l e d  th e  l i n e  a t  I n f i n i t y .  Also, from t h i s ,  every 
l i n e  c o n ta in s  one p o in t  a t  i n f i n i t y  and p a r a l l e l  l i n e s  have t h e i r  
p o in t s  a t  i n f i n i t y  in  common.
We have now d e f in e d  an a n a l y t i c  space o f  t h r e e  dimensions 
c o n s i s t i n g  o f
P o i n t s :  A l l  s e t s  o f  f o u r  numbers zg ,  Zg, Z4 ) ezcepfe
th e  s e t  ( 0 , 0 , 0 , 0 ), where ( cz^ ,  czg,  ozg, cz^) i s  regarded  as  
i d e n t i c a l  w i th  (zq_, zg ,  Zg, Z4), p rov ided  c i s  n o t  z e ro .
P la n e s :  A l l  s e t s  o f  p o i n t s  s a t i s f y i n g  one l i n e a r  homo­
geneous eq u a t io n .
l i n e s ;  A l l  s e t s  o f  p o i n t s  s a t i s f y i n g  two d i s t i n c t  l i n e a r  
homogeneous e q u a t io n s .
The v a l i d i t y  o f  t h i s  t e s t  f o r  c o n s i s t e n c y  l i e s  i n  th e  f a c t  
t h a t  i n  a n a l y t i c  space t h e r e  i s  a one—to—one correspondence  
between p o in t s  and numbers, and we a r e  assuming t h e  number system 
of  a lg e b ra  to be c o n s i s t e n t .
I t  should be n o t ic e d  t h a t  t h e  above a l g e b r a i c  system may 
be regarded ,  i f  one d e s i r e s ,  a s  e n t i r e l y  n o n - m e t r i c ,  the  equa 
t i o n s  only se rv in g  to  d i s t i n g u i s h  po in t  from p o i n t ,  l i n e  from 
l i n e ,  e t c . ,  and to  show r e l a t i o n s  o f  c o n t i g u i t y  (whether a 
p o in t  I s  on a l i n e ,  e t c . ) .
A l l  t h i s ,  of course ,  i s  p r e p a r a t o r y  t o  t h e  a c t u a l  work. 
Before  we commence w i th  t h i s ,  t h e r e  i s  one id e a  th a t  i f  s t a t e d  
w i l l  s e rv e  g r e a t l y  t o  c l a r i f y  t h e  p l a n  o f  th e  work.
Given a ( n o n - o a t e g o r i e a l ) s e t  o f  assum ptions .  I f  we add
F o l U ^ e i  b y  1 3  6"
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some a s s a u l t  ion which i s  independent  of th e se  and c o n s i s t e n t  
w i th  them, but which may o r  may n o t  make the  s e t  a c a t e g o r i c a l  
s e t ,  i t  w i l l  r e s t r i c t  t h e  a p p l i c a t i o n  o f  the  system of  assump­
t i o n s ,  f o r  i n  t h e  old  system we could develop theorems s p e c i a l  
cases  of  which w i l l  l i e  i n  t h e  new system, but  p o s s ib ly  o t h e r  
c a s e s ,  in  c o n t r a d ic t i o n  t o  t h i s  new assum ption ,  w i l l  be e l im in ­
a ted  i n  th e  new system. Any theorem t r u e  i n  th e  new s e t  o f
assumptions i s  a l s o  t r u e  i n  t h e  o ld .
The p lan  o f  t h i s  t r e a t i s e  i s  to  s t a r t  w ith  a g e n e ra l  pro­
j e c t i v e  geometry, d e f in e d  by two s e t s  of assumptions  denoted by 
A and S. These assum ptions ,  in co n ju n c t io n  w i th  t n e  new assump­
t i o n  in t ro d u ce d  l a t e r ,  d e f in e  a l l  t h e  o t h e r  " spaces"  or "geom­
e t r i e s "  t h a t  a r e  co n s id e red .  Thus a l l  t h e s e  "spaces"  or 
"geom etr ies"  a re  s u b d iv i s io n s  o f  the  g e n e ra l  one d e f in e d  by 
t h e  assumption common to  them a l l -  Some of  th e s e  a r e  a lso  
s u b d iv i s io n s  of  o th e r s ,  t h a t  i s ,  some t h i r d  assumption t h a t  
i s  added i s  common to them b o th .
The assumptions denoted  by ^ ( A s s u m p t i o n s  of a l ig n m e n t ) ,  
a re  th e  fo l lo w in g :
I f  A and ^  a re  d i s t i n c t  p o i n t s ,  t h e r e  i s  a t  l e a s t  
one l i n e  on b o th  A and B.
A2. I f  A and B are  d i s t i n c t  p o in t s ,  t h e r e  i s  no t  more 
th a n  one l i n e  on b o th  A and
A3. I f  A, B, 0 are po in ts  not a l l  on th e  same l i n e ,  and
 _____ '  ------'  .w J-
D and E (D=/E) a re  p o in t s  such  t h a t  B, 0, D a re  on a l i n e  and
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E a r e  on a l i n e ,  t h e r e  i a  a p o i n t  F such t h a t  A, B, F
a r e  on a l i n e  and also  D, JB, F a re  on a l i n e .
Theorem 1 . Two d i s t i n c t  p o i n t s  a r e  on one and only one
l i n e .  ( ^ ,  Ag)
Theorem 3 . I f  C andJD (CfD) a re  p o i n t s  on th e  l i n e  AB,
A and B a re  p o i n t s  on t h e  l i n e  CD. (A^, Ag)
Theorem 3 , Two d i s t i n c t  l i n e s  cannot be on more than  one
common p o i n t .  (Â ,̂ Ag)
D e f i n i t i o n . I f  P, Q, E a r e  t h r e e  p o i n t s  not  on t h e  same
l i n e ,  and 1  i s  a l i n e  j o in i n g  Q, and R, t h e  c l a s s  Sg o f  a l l  p o i n t s
such t h a t  every p o in t  o f  Sg i s  c o l l i n e a r  w i t h  P and some p o in t
o f  1  i s  c a l l e d  th e  p lane  d e te rm ined  by and 1 .
Theorem 4 . I f  ^  and B_are p o i n t s  on a plane'tT", th e n  every
p o in t  on th e  l i n e  AB i s  onTfT
s
Assumption of e x te n s io n ,
BO. There a r e  a t  l e a s t  t h r e e  p o i n t s  on ev e iy  l i n e .
This i s  c a l l e d  a n  assum ption  of  e x t e n s io n  because  i t  insures 
a minimum e x te n s io n  of the  c l a s s  i n  q u e s t io n .  An assumption, 
on the  c o n t r a ry ,  which in su re s  a maximum ex ten s io n  o f  t h e  c l a s s  
i s  c a l l e d  an assum ption  of  c l o s u r e .
Theorem 5. Any two l i n e s  on the same plane  TT~are on a 
common p o i n t .  (A, EG).
Theorem 6 .‘ The p la n e  TTdetermined by a l i n e  1 and p o in t  
P i s  i d e n t i c a l  w i th  th e  p l a n e  yT"determined by a l i n e  m and a
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
138
p o in t  Q, p rov ided  m and Q, a r e  onlT". EO)
Theorem 7 . Two d i s t i n c t  p lanes  which a r e  on two common 
p o in t s  a r e  on a i l  the  p o in t s  o f  t h e  l i n e  I B , and on
no o th e r  common p o i n t s .  (A, EO)
C o r o l l a r y . Two d i s t i n c t  p lanes  cannot be on more th a n  one 
common l i n e .  (A, EO)
D é f in i t  i o n . I f  P, Q,, R, T a re  f  onr p o i n t s  no t  on t h e  same 
p l a n e ,  and i f  j r i s  t h e  p lane  c o n t a in i n g  Q,, E, and T, t h e  c l a s s  
S3  o f  a l l  p o i n t s  such t h a t  every p o in t  o f  Sg i s  c o l l i n e a r  w i th
P and some p o in t  o f - r r  i s  c a l l e d  the  space  o f  t h r e e  d im ensions ,
o r  t h e  th r e e - s p a c e  de term ined  by_P andTT»
Theorem 8 . I f  A and B a r e  d i s t i n c t  p o in t s  on a t h r e e - s p a c e  
3^ ,  every  p o in t  on th e  l i n e  ^  i s  on (A)
C o ro l la ry  1 . I f  Sg i s  a t h r e e - s p a c e  de term ined  by a p o in t  
P and a planerfr , thenTT  and any l i n e  on ^  but n o t  9 *^]Ta.re on
one and only one common p o i n t .  (A, EO)
C o ro l la ry  2 . Every p o i n t  on any p lan e  de term ined  by t h r e e  
non—c o l l i n e a r  p o in t s  on a th r e e - s p a c e  Sg i s  on Sg, (A)
C o l la ry  3 . I f  a t h r e e —space Sg i s  determined by a p o in t  
P and a p lan e  I f  , thenTTand any plane on Sg d i s t i n c t  f romTr 
a re  on one and on ly  on common l i n e .  (A, EO)
Theorem 9 . I f  a p l a n e ^ a n d  a l i n e  ^ n o t  onT^ a re  on the 
t h r e e - s p a c e  Sg, th e n  TT and a a r e  on one and only one common 
p o i n t .  (A, EO)
C o ro l la ry  1 . Any two d i s t i n c t  p lanes  on a t h r e e - s p a c e  a r e
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oa one and only  eomraon l i n e .  (A, EO)
C o r o l l a ry  2 . Converse ly ,  i f  two p lanes  a r e  on a oommon 
l i n e ,  th e re  e x i s t s  a t h r e e —spaoe on b o th .  (A, EO)
C o ro l l a ry  3 . Three p lan es  on a t h r e e - s p a c e  which a re  not 
on a common l i n e  a re  on one and only  common p o in t .  (A, EO) 
C o ro l la ry  4 . I f ^ , y a r e  . th r e e  d i s t i n c t  p lanes  on t h e  
same Sg hut not  on th e  same l i n e ,  and  i f  a l i n e  i  i s  on each  
of  two planesy^ which a r e  on t h e  lines^3^and£cC r e s p e c t i v e l y  
th en  i t  i s  on a p lan e  ^  which i s  on t h e  l i n e . (A, EO)
Theorem 1 0 . The t h r e e —space Sg determ ined  by a p lane IT and. 
a p o i n t  P i s  i d e n t i c a l  w i t h  th e  t h r e e —space S,'", determined by 
a p la n e  and a p o in t  p / ,  p rov ided  JT̂  a n d ^ ^  a r e  on Sg. (A , :^ )  
C o r o l l a r y . There i s  one and only one t h r e e - s p a c e  o r  f o u r  
g iven  p o in t s  no t  on the  same p la n e ,  or a p lane  and a l i n e  n o t  
on th e  p la n e ,  o r  two n o n - i n t e r s e c t i n g  l i n e s .  (A, EO)
Assumptions o f  e x te n s io n ,  E;
There e x i s t s  a t  l e a s t  one l i n e .
BE. A l l  p o i n t s  a re  not  on the  same l i n e .
E3. A l l  p o i n t s  a re  not on the same p la n e .
g3 . I f  Sg i s  a t h r e e —space ,  ev e ry  p o in t  i s  on Sg.
The l a s t  may, in  accordance  w i th  what was s a i d  above, be c a l l e d
an a s s u n ç t i o n  o f  c l o s u r e .  The fo l lo w in g  c o r o l l a r i e s  of ex ten s io n  
a re  d e r iv e d  from t h e s e :
C o ro l la ry  1 . At l e a s t  t h r e e  c o p la n a r  l i n e s  a r e  on every 
p o i n t .
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C o ro l la ry  3 . At l e a s t  t h r e e  d i s t i n c t  p lan es  a r e  on eve ry
l i n e .
C o ro l la ry  3 . A l l  p lanes  a re  not  on the  same l i n e .
C o ro l la ry  4 . A l l  p la n es  a r e  no t  on th e  same p o i n t .
C o ro l la ry  5 . I f  Sg i s  a t h r e e - s p a c e ,  eve iy  p la n e  i s  on Sg,
These assumptions and theorems can he a r ranged  so as t o  form
a dual s e t  o f  s t a t e m e n t s .  I f  we a r ran g e  a l l  t h e  assumptions
th u s  f a r  made in  a column, we w i l l  f in d  t h a t  we have a l r e a d y
proved t h e i r  space d u a l s :
(A1, AE). Theorem 9, Cor. 1.
A3. Theorem 9 ,  Cor. 4 .
Cor. 2. o f  e x t e n s io n .
E l .  E 1.
Cor. 3, of e x t e n s io n .
Cor. 4 ,  of e x t e n s io n .
E 3 ' . Cor. 5. o f  ex te n s io n .
S ince  the  d e f i n i t i o n s  can he worded in  space dua l  language,  
th e  fo l low ing  theorem can he proved.
Theorem 1 1 . Any p r o p o s i t i o n  deduc ih le  from assum ptions  A 
and E concern ing  p o i n t s ,  l i n e s ,  and p la n e s  of a t h r e e - s p a c e  
remains v a l id  i f  s t a t e d  in  the "on” te rm in o lo g y ,  when t h e  words
" p o i n t ” and " p la n e"  a r e  in te rc h a n g e d .  (A, E)
The corresponding  theorems f o r  p lane d u a l i t y  and po in t  
d u a l i t y  can a lso  be s t a t e d .  This i s  t h e  f i r s t  ease where t h e  
p r i n c i p l e  of d u a l i t y  has h e e n ^ i g o r o u s l y  proved, f o r  i t  i s
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shown d e f i n i t e l y  t h a t  f o r  any p rocedu re  from th e  s e t  A, E, th e re  
i s  an e x a c t ly  s i m i l a r  p rocedure  from t h e  e x a c t ly  analogous se t  
on t h e  r i g h t ,  which a t  each s tep  l e a d  t o  r e s u l t s  e x a c t ly  analo­
gous i n  th e  canner which we c a l l  d u a l .  Thus the  p r i n c i p l e  o f  
d u a l i t y  i s  proved once f o r  a l l ,  and we need f e e l  no h e s i t a n c y  
i n  changing f rom  a theorem t o  any of i t s  d u a ls  w i th o u t  a new
p r o o f .  The th e o r y  of  d u a l i t y  i s  t r a c e d  t o  i t s  o r i g i n  i n  the
assum ptions .
Hext we have p r o j e c t i o n ,  s e c t i o n ,  e t c .
D é f in i t  i o n . A f j ^ ^ e  i s  any s e t  of p o i n t s ,  l i n e s ,  and p lan es  
i n  space-  A p la n e  f i g u r e  i s  any s e t  o f  p o i n t s  and l i n e s  on th e  
same p la n e .  A p o in t  f i g u r e  i s  any s e t  o f  p la n e s  and l i n e s  on 
th e  same p o i n t .
D e f i n i t i o n . Given a f i g u r e  D e f i n i t i o n . Given a f ig u re
F and a p o in t  P; every p o in t  and a plane7T ; every  plane
of F d i s t i n c t  from ?  de te rm ines  o f  F d i s t i n c t  f ro m U  determ ines
w ith  P a l i n e ,  and  every  l i n e  cf w i th  ^  a l i n e ,  and eve iy  l i n e  of
F n o t  on P d e te rm in es  w i th  F not  onTT-determines w ith
P a p la n e ;  th e  s e t  of t h e s e  I T  a p o i n t ;  the  s e t  o f  t h e s e
l i n e s  and p la n es  th ro u g h  l i n e s  and p o i n t s  onTT i s
P i s  c a l l e d  the  p r o j e c t i o n  c a l l e d  t h e  s e c t i o n  of F b y I f  .
o f  F from _P̂  The i n d i v i d u a l  The i n d i v i d u a l  l i n e s  and p o i n t s
l i n e s  and p lan es  o f  th e  p r o -  o f  t h e  s e c t i o n  a re  a lso  c a l l e d
j e c t l o n  a r e  a l s o  c a l l e d  t h e  t h e  t r a c e s  of th e  r e s p e c t iv e
pr o j e c t o r s  o f  th e  r e s p e c t i v e  p la n es  and l i n e s  of _F.
p o in t s  and l i n e s  o f  F.
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D é f in i t l on» G-iren a p lane  f i g u r e  W and a  l i n e  1 i n  t h e  p la n e  
of  _F; t h e  s e t  o f  p o i n t s  in  which the  l i n e s  o f  F d i s t i n c t  from 
1 meet l i s  c a l l e d  th e  s e c t i o n  o f  F by 1 .  The l i n e  1 i s  c a l l e d  
a t r a n s v e r s a l ,  and t h e  p o in t s  a r e  c a l l e d  t h e  t r a c e s  of  t h e  r e ­
s p e c t iv e  l i n e s  o f  2 '
D e f i n i t i o n . Two f i g u r e s  Fg a r e  s a id  to be i n  (1 ,  1) c o r ­
respondence or to  correspond in  a o ne - to -one  r e c i p r o c a l  way i f  
every element o f  F^ co r responds  t o  a nniq^ue e lem en t  o f  Fg in  
such a way t h a t  every element o f  Fg i s  t h e  c o r re sp o n d e n t  of a 
nnlgne element o f  F^. Two elements t h a t  a r e  a s s o c i a t e d  i n  t h i s  
way a re  s a i d  to be correspond ing  or  homologous e lem en ts .
■ D e f i n i t i o n . I f  any two homo- D é f in i t  i o n . I f  any two homo­
logous elements  of two c o r -  logous e lements of two cor­
responding  f i g u r e s  have th e  respond ing  f i g u r e s  have t h e
same p r o j e c t o r  from a f i x e d  same t r a c e  in  a f ix e d  p l a n e w ,
p o in t  0 , such t h a t  a l l  t h e  snoh t h a t  a l l  t h e  t r a c e s  o f
p r o j e c t o r s  are  d i s t i n c t ,  the  e i t h e r  f ig u re  a r e  d i s t i n c t ,
f i g u r e s  a r e  s a id  to  be p e r -  the  f i g u r e s  a re  s a id  to be
sp e o t iv e  from 0, The p o in t  0 p e r s p e c t i v e  fromi*). The plane
i s  c a l l e d  the  c e n te r  o f  p e r -  a> i s  c a l l e d  t h e  p la^  ^ f  pen^
s p e o t i v i t y .  s p e e t i v i t y .
D é f i n i t i o n . I f  any two homologous l i n e s  in  two co rrespond ing  
f i g u r e s  in  the  same p lane  have th e  same t r a c e  on a l i n e  1 , such 
t h a t  a l l  the t r a c e s  of e i t h e r  f i g u r e  a r e  d i s t i n c t ,  th e  f i g u r e s  
a re  s a id  to be p e r s p e c t iv e  from 1 .  The l i n e  1 i s  c a l l e d  t h e
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ax i s  o f  p e r s p e e t i v i t y .
D e f i n i t i o n » To p r o j e c t  a f i g u r e  i n  a p lane from a p o i n t  0
____ -—
onto a p lane  d i s t i n c t  from ©6 , i s  to form the  s e c t i o n  b y o { 'o f
th e  p r o j e c t i o n  of the  g iven  f i g u r e  from 0.  To p r o j e c t  & s e t  o f
p o i n t s  o f  a l i n e  from a p o in t  _0 i s  to form th e  s e c t i o n  by l"" 
of  th e  p r o j e c t i o n  of t h e  se t  o f  p o i n t s  f rom 0 .
(The d e f i n i t i o n s  of the  c o n ç le t e  n - p o i n t s ,  e t c . ,  a re  
om it ted  h e r e ) .
D é f i n i t  io n . A f i g u r e  i s  c a l l e d  a c o n f ig u r a t io n  i f  i t  eon— 
s i s t s  of  a f i n i t e  number o f  p o i n t s ,  l i n e s ,  and p la n e s ,  M t h  the
p ro p e r ty  t h a t  each p o in t  i s  on th e  same number a^g of  l i n e s  and
a l s o  on the same number o f  p l a n e s ;  each l i n e  i s  on th e  same 
number ag^ o f  p o i n t s  and the  same number agg o f  p la n e s ;  and 
each  p lane  i s  on the  same number a^^ o f  p o i n t s  and th e  same 
number agg of  l i n e s .
A c o n f i g u r a t i o n  may be co n v e n ien t ly  r e p r e s e n te d  by a 
square  m a t r ix ;
1 2 3
p o in t l i n e plane
1  p o in t 1 ^ 1 1 & 12 ^13 :
3 l i n e &21 ^ 2 2 ^23 :
3 p la n e a g i ^32 &33 ^
The number a. |j th u s  g i v e s  t h e  number o f  e lem ents  of  the^  thof 
k ind  on every  element of  t h e  ± th p  k in d .  The numbers app,
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®2 2 » &3 3 » g ive  t h e  t o t a l  numbers o f  p o i n t s ,  l i n e s  and p la n e s ,  
r e s p e c t i v e l y .










i s  o b ta in e d  by t a k i n g  a s e c t i o n  o f  a c o n ^ le te  space f i v e - p o i n t .  
The c o n f ig u r a t i o n  in  th e  p lane  has t h e  symbol
1 0 3
3 1 0
From t h i s  c o n f i g u r a t i o n  D esa rgues’ theorem i s  e a s i l y  proved .  As 
a c o r o l l a r y  from t h i s  th e  theorem Ton Mobius t e t r a h e d r a  i s  proved.
The complete p la n e  f o u r - p o i n t  i s  d e f in e d ,  and th e n  th e  
nex t  assumption  i s  in t ro d u c e d .
Assumption H. The d iagona l  p o in t s  o f  a complete g_ua dr  angle  are 
non—c o l l i n e a r .
/  /  /  /
Theorem. I f  two complete g_ua dr  ang les  P]_PgP3 P^ and P ]_P gP 3 P 4
/ /
co r respond  -  P% to  P 1 , Pg to  P g,  e t c . ,  -  i n  such a way t h a t  
f i v e  of  t h e  p a i r s  of  homologous s i d e s  i n t e r s e c t  i n  p o i n t s  of  a 
l i n e  1 , then  t h e  s i x t h  p a i r  of homologous s id e s  w i l l  i n t e r s e c t  
i n  a p o in t  o f  1 .  (A, E).  The s e t  o f  t h e s e  s i x  p o in t s  on a
l i n e  i s  c a l l e d  a quadrangu lar  s e t .
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The nine p r im i t i v e  g eom etr ic  forms a r e  nex t  d e f in e d .  P e r -  
s p e o t i v i t y  between them is  d e f in e d ,  and i s  I n d ic a te d  by t h e  
symbol ^ . The r e l a t i o n  o f  p r o j e c t i v i t y  i s  d e f in e d  as a se­
quence o f  p e r s p e c t i v i t i e s ,  and i s  deno ted  byÿr  • A number of 
theorems on p r o j e c t i v i t y  a re  p roved,  t h e  main ones be ing :
I f  jA, ^ ^  a r e  t h r e e  p o i n t s  o f  a l i n e  1 and A  ̂ ^ O''
/ / 
t h r e e  p o in t s  o f  a l i n e  1 , t h e n  ^  can be p r o j e c t e d  in to  A ,
B in to  ^  ^ and G in to  _Ĉ ^by means of two c e n t e r s  of  p e r s p e c t i v i -
t y -  (A, E)
The p r o j e c t i v i t y  iBGB -tt-BADO h o ld s  f o r  any f o u r  d i s t i n c t  
p o i n t s  A, B, G, D of  a l i n e .  (A, E ).
I f  (P ) ,  (P'’ ), (P^) ,  a re  p e n c i l s  of p o i n t s  on th r e e  d i s t i n c t  
co ncu rren t  l i n e s  _1, 3  ̂ , r e s p e c t i v e l y ,  such t h a t  (P) tt (P )
and (P ' ' ) 7 '^  (P'’' ) ,  then  l i k e w i s e  (P) (P^^), and the t h r e e  cen­
t e r s  of p e r s p e c t i v i t y  _S, , _ S a r e  c o l l i n e a r -  E)
Gorrespondences a r e  i n d i c a t e d  by l a rg e  l e t t e r s  A, B,
The r e s u l t a n t / ' "  o f  two co rrespondences  A and_B i s  i n d i c a t e d  by 
That i s , iB = r~ .
The correspondence  making every element correspond to  i t s e l f  
i s  i n d i c a t e d  by 2̂ .
Al = lA = A.
D é f in i t  i o n . A c l a s s  _C_ o f  e lem ents ,  which we denote by 
a ,  b , c , . . . , ,  i s  s a i d  to  f o rm  a group w i th  re sp e c t  t o  an  o p e r a -
t i o n  on law of  c o n h in a t io n  , a c t i n g  on p a i r s  of elements o f  G ,
£>V
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proTided the fo llo w in g  p o stu la ta rs  are s a t i s f i e d :
Grl. For  every p a i r  of  ( equa l  o r  d i s t i n c t  ) e lements a ,  b 
of the  r e s u l t  a o b of  a c t i n g  w i th  t h e  o p e r a t i o n ^  on the  
p a i r  i n  th e  o r d e r  g iven i s  a u n iq u e ly  determined element o f  _G.
G-2, The r e l a t i o n  (aob) oc = ao(boc) h o ld s  f o r  any t h r e e
(eq u a l  or d i s t i n c t )  e lements  a,J>, a of
G-3. There occurs  in  G- an element i ,  such t h a t  the r e l a t i o n
ao i  = a ho lds  f o r  every e lem ent  a of G.
/
G4. For every element _a i n  G t h e r e  e x i s t s  an element a
s a t i s f y i n g  the r e l a t i o n  aoa^ = i .
These fo l low  as theorems:
The r e l a t i o n s  aoa^ = i  and a o i  = a imply r e s p e c t i v e l y  the  
r e l a t i o n s  a ' o a  = 1 and i o a  = a .
An element i  o f  G i s  c a l l e d  an i d e n t i t y  element,  and an 
element a'' s a t i s f y i n g  t h e  r e l a t i o n  aoa ' =  i  i s  c a l l e d  an in v e r s e  
element of a .
There i s  only  one i d e n t i t y  element i n  G.
For every  element a of  G th e r e  i s  only one i n v e r s e .
A group which, f u r t h e r ,  s a t i s f i e s  the  fo l lo w in g  p o s t u l a t e  
i s  s a id  to  be commutative.
G5. The r e l a t i o n  aob = boa i s  s a t i s f i e d  f o r  every p a i r  o f  
e lements a ,  b, i n  G.
A s e t  of correspondences  forms a group p rov ided  the  s e t  
c o n ta in s  t h e  i n v e r s e  o f  any correspondence  i n  the  s e t  and p ro ­
v ided  th e  r e s u l t a n t  of any two co rrespondences  i s  in  t h e  s e t -
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D e f i n i t i o n . I f  a correspondence  A t ransfo rn is  eveiy element 
of  a g iv en  f i g u r e  F In to  an element o f  th e  same f i g u r e ,  th e  f i g ­
u re  _F I s  sa id  to he I n v a r i a n t  u n d e r  A.
Theorem. The in v e rse  o f  any p r o j e c t I v l t y  and th e  r e s u l t a n t  
o f  any two p r o j e o t l v l t l e s  a re  pro j e o t l v l t  l e s .
Theorem. The se t  o f  a l l  p r o j e o t l v l t l e s  leav ing  a g iv e n  
p e n c i l  o f  p o in t s  I n v a r i a n t  form a group.
D é f in i t  Ion . A p r o j e c t i v e  t r a n s f o r m a t i o n  between th e  e l e ­
ments o f  two tw o-d im en s io n a l  or two th r e e -d im e n s io n a l  forms i s  
any one- to -one  r e c i p r o c a l  correspondence  between th e  e lem ents  
of  t h e  two fo rm s,  such t h a t  to  every one—d im en s io n a l  form of  
one corresponds a one-d lm enslona l  form of t h e  o th e r .
D e f i n i t i o n . A c o l l I n e a t l o n  i s  any (1, 1) correspondence 
between two tw o-d im ens ional  o r  two th r e e -d im e n s io n a l  forms In  
which to every element o f  one t h e r e  corresponds an element o f  
th e  same kind in  th e  o th e r  form, and  In  which every  o n e -d l ­
mensl onal form of the  o t h e r .  A p r o j e c t i v e  c o l l i n e a t i o n  i s  
one In  which t h i s  correspondence I s  p r o j e c t i v e .  Unless o th e r ­
wise In d i c a t e d ,  t h e  word c o l l i n e a t i o n  w i l l  denote  a p r o j e c t i v e  
c o l l i n e a t i o n .
D é f in i t  ion. A p e r s p e c t iv e  c o l l i n e a t i o n  In  a p lane  i s  one
le a v in g  I n v a r i a n t  every  p o in t  on a g iv e n  l i n e  o and every l i n e  
on a g iv e n  p o in t  0. The l i n e  o and p o in t  0 a r e  c a l l e d  the  a x i s  
and c e n t e r ,  r e s p e c t i v e l y ,  of t h e  c o l l i n e a t i o n .  I f  these  a r e  
d i s t i n c t ,  t h e  c o l l i n e a t i o n  i s  c a l l e d  a p l a n a r  homology; i f  n o t ,
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a p l a n a r  e l a t i o n »
Theorem. A p e r s p e c t iv e  c o l l i n e a t i o n '  i n  a p l a n e  I s  u n iq u e ly  
d e f in e d  i f  t h e  c en te r ,  a x i s ,  and any two homologous p o in ts  (n o t  
on t h e  a x i s  or c e n te r )  a r e  g iv e n ,  w i t h  t h e  s i n g l e  r e s t r i c t i o n  
t h a t  t h e  homologous p o in t s  must he o o l l i n e a r  w i t h  (A, E)
Theorem. Any complete q .u a d ra n ^ e  o f  a p la n e  can be t r a n s ­
formed in to  any complete g.uadrangle o f  the  same o r  a d i f f e r e n t  
p la n e  by a p r o j e c t i v e  c o l l i n e a t i o n  whioh, i f  t h e  quadrangles 
a r e  i n  t h e  same p lan e ,  i s  t h e ' r e s u l t a n t  of  a  f i n i t e  number o f  
p e r s p e o t iv e  c o l l i n e a t  1 o n s .
Theorem. The s e c t i o n  by a t r a n s v e r s a l  of  a g^uadrangular 
s e t  o f  l i n e s  i s  a quadrangu la r  s e t  o f  p o i n t s .  (A, E)
C o r o l l a r y . A s e t  o f  o o l l i n e a r  p o in t s  which i s  p r o j e c t i v e  
w i th  a quadrangular  s e t  i s  a quadrangu la r  s e t .  (A, E).
C o r o l l a r y . I f  a s e t  of  e lements  o f  a pc im i t iv e  one-dimen­
s io n a l  form i s  p r o j e c t i v e  w i th  a q u ad ran g u la r  s e t ,  i t  i s  i t s e l f  
a quadrangu la r  s e t .
D e f i n i t i o n . A q u a d ra rg u la r  s e t  Q(1E3, 124) i s  c a l l e d  a
harmonic s e t  and i s  denoted by H(12, 34 ) .
Theorem« The harmonic con jugate  of  an element w i th  r e s p e c t  
to  two o the r  e lem ents  of a one-d im ens iona l  p r i m i t i v e  form i s  a 
unique e lement o f  the  form. (A, E).
D é f in i t  io n . A p o in t  P of  a l i n e  i s  s a id  to be harm on ica l ly
r e l a t e d  t o  t h r e e  g iv e n  d i s t i n c t  p o i n t s  A, of the l i n e  pro­
vided  P i s  one o f  a sequence of p o in t s  A, B, G, Hq, Eg, E g , . . .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
149
of  th e  l i n e ,  f i n i t e  i n  numher, su ch  th a t  i s  t h e  harmonic 
con juga te  of one o f  t h e  p o i n t s  A, B, C w i th  r e s p e c t  t o  t h e  o th e r  
two, and such t h a t  every o th e r  p o in t  %  i s  harmonic w i th  th r e e  
o f  the  s e t  A, B̂ , G, Hi, E g , . , . ,  c l a s s  o f  a l l  p o i n t s
h arm onica l ly  r e l a t e d  t o  t h r e e  d i s t i n c t  p o i n t s  A, B, C on a l i n e  
i s  c a l l e d  th e  one—dimensional-Kjet o f  r a t i o n a l i t y  de f ined  by 
A, B, G; i t  i s  denoted  by H(ABC).
Lemma. I f  a p r o j e c t i v i t y  l e a v e s  th r e e  d i s t i n c t  p o in t s  of  
a l i n e  f i x e d ,  i t  l e a v e s  f ix ed  eve ry  p o in t  o f  t h e  l i n e a r  n e t  de­
f i n e d  by these  p o i n t s .
Theorem. I f  A, B, Ĉ, D a r e  d i s t i n c t  p o in t s  o f  a l i n e a r  
n e t  of  r a t i o n a l i t y ,  and  A B ^ 0 ""are any th re e  d i s t i n c t  p o in t s  
o f  a n o th e r  or th e  same l i n e a r  n e t ,  then f o r  any p r o j e o t i v i t i e s  
g iv in g  ABCL'xrA^B'^G and ABCLt-A'^B'^G'"Di , we have I)  ̂= Di .
(A, S ) .  This i s  the fundamental  theorem o f  pro j e c t i v i t y  f o r  
a  ne t  o f  r a t i o n a l i t y  on a l i n e .  The fhndamental  theorem o f  
p r o j e c t i v e  geometry i s :
Theorem. I f  1, 2, 3, 4 a r e  any f o u r  elements  o f  a one­
d im ens iona l  p r i m i t i v e  form, and 1 '", e'", Z a r e  any t h r e e  elements 
o f  a n o th e r  o r  th e  same one-d im ens iona l  p r im i t iv e  form, then ,  f o r
f  t  /  f  /  /  /
any p r o j e o t i v i t i e s  g iv in g  1234;^ 1 2 3 4 and 12347 t l  2 3 4 , ,  we 
have 4 /  = 4% .
In  o r d e r  t o  prove t h i s  theorem i t  i s  n e c e s s a ry  to  make the  
assumption  o f  p r o j e c t i v i t y  :
Assumption P . I f  a p r o j e c t i v i t y  l e a v e s  one of each o f  th r e e
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d i s t i n c t  p o i n t s  o f  a l i n e  i n v a r i a n t , i t  l e a v e s  every  p o in t  o f  
t h e  l i n e  i n v a r i a n t .
This assum ption  p la y s  t h e  mme p a r t  in  proving the  funda­
mental theorem t h a t  th e  above lemma does in  p roving  t h e  theorem 
f o r  n e t s  o f  r a t i o n a l i t y .  The p lane  and space d u a l s  of t h i s  
assumption a re  immediate consequences of th e  assum ption ,  so t h a t  
t h e  p r i n c i p l e  of d u a l i t y  i s  s t i l l  v a l i d .
Any space i n  which i s  v a l i d  i s  c a l l e d  a p ro p e r ly  p ro jec t iv e  
sg ase .
Theorem. A n e t  of  r a t i o n a l i t y  in  space i s  a p ro p e r ly  p ro ­
j e c t i v e  space .
The theorem o f  Pappus i s  proved,  making use o f  assumption  
^  ( n e c e s s a r i l y ) .  I t s  c o n f ig u r a t i o n ,  in  accordance  w i th  t h e  con­
v e n t io n  a l re ad y  adopted,  i s
9 3
3 9
Theorem. A n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n  f o r  t h e  pro­
j e c t i v i t y  on a l i n e  MAS ;;ç-MA^B ^
( II /  S) i s  Q(MAB, E B ^a ') .  (a ,  ^  P)
C o r o l l a r y . A n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n  f o r  th e
/  /
p r o j e c t i v i t y  on a l i n e  MMAB *A"MÆA 3
(li = M) i s  Q,(MAB, MB̂ a ' ) .  (A, E, P)
Such a p r o j e c t i v i t y  i s  c a l l e d  a p a r a b o l i c  p r o j e c t i v i t y .  
D é f in i t  i o n . I f  a correspondence  is  r e p e a te d  ^  t im es  
( w r i t t e n  A^), i t  i s  s a i d  t o  be o f  p e r io d  _n when n i s  the s m a l l e s t
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p o s i t i v e  i n t e g e r  f o r  whioti t h e  r e l a t i o n  = 1  i s  s a t i s f i e d .
D e f i n i t i o n . I f  a p r o j e c t i v i t y  i n  a one-dimensiona l  fo im 
i s  o f  p e r io d  two, i t  i s  c a l l e d  an i n v o l u t i o n .  Any p a i r  of 
homologous p o i n t s  of an i n v o l u t i o n  i s  c a l l e d  a con juga te  p a i r  
o r  p a i r  o f  c o n ju g a te s .
Theorem. I f  f o r  a s in g l e  p o in t  _A of  a l i n e  which i s  not  a 
double p o in t  of a p r o j e c t i v i t y  f f on t h e  l i n e  we have t h e  r e l a -  
t i o n s  TT (a) = Af andJT(-6  ̂ ) = A, t h e  p r o j e c t i v i t y  i s  an  in v o lu t io n  
(A, E, P)
Theorem. A n e c e s s a ry  and s u f f i c i e n t  c o n d i t i o n  thË: t h r e e  
p a i r s  o f  p o i n t s  A, ; B, C, he c o n ju g a te  p a i r s  o f  an
i n v o lu t io n  i s  Q,(ABC, A^:^ C^} E, P)
Theorem. I f  (A) and (B) a r e  any Theorem. I f  ( l )  and (m) a re
two p r o j e c t i v e  p e n c i l s  o f  p o in t s  
in  t h e  same p lane  on d i s t i n c t  
l i n e s  l i ,  Ig ,  t h e r e  e x i s t s  a l i n e  
1  such t h a t  i f  Ai,B]_ and Ag.Bg
are  any two p a i r s  o f  homologous 
p o i n t s  of the  two p e n c i l s ,  the 
l i n e s  A^Bg and Ig®! i & t e r s e c t  on 
1(A, E, P)
D e f i n i t i o n .  The l i n e  i s  c a l l e d
the  ax is  o f  homology of th e  two
p e n c i l s  o f  p o i n t s .
a r^  two p r o j e c t i v e  p e n c i l s  o f  
l i n e s  i n  th e  same plane  on 
d i s t i n c t  p o in t s  S%, Sg, t h e r e  
e x i s t s  a p o in t  S su c h  t h a t  i f  
a^ ,  h^ and ag ,  hg a re  any two 
p a i r s  o f  homologous l i n e s  of 
t h e  two p e n c i l s  , the  p o in t s  
a^hg and agh-| a re  o o l l i n e a r  
w i th  3. (A, E, P)
D e f in i t i  o n . The p o in t  S i s  ' 
c a l l e d  the  c e n t e r  o f  homology 
o f  the  p e n c i l s  o f  l i n e s .
In  o u t l i n i n g  t h e  l o g i c a l  s t r u c t u r e  o f  a work of t h i s  t y p e ,
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many of the  theorems and c o r o l l a r i e s  may be d is rega rded ,  as  coming 
so d i r e c t l y  from o th e r s  t h a t  th e y  may be in t roduced  whenever 
n e c e s s a ry  w i thou t  d i s c u s s i o n .  The d e f i n i t i o n s ,  however, a r e  
very  v a lu ab le  as f u r n i s h i n g  a key to  th e  work, and  we a re  quot­
ing most o f  them h e re .  Where we have an eye t o  l o g i c a l  / r ig o r ,  
a complete s ta te m e n t  of  the assumptions  i s  i n d e s p e n s i b l e .
Conic s e c t io n s  a r e  in t ro d u c e d  w i th  S te in e r»  s d e f i n i t i o n .
Upon an i n v e s t i g a t i o n  of the  p o s s i b i l i t y  of  c o n s t r u c t in g  a 
conic  o f  which f i v e  p o in t s  a re  g iven ,  i t  i s  found t h a t  t h e  hex­
agon c o n ta in in g  th e se  and the  r e q u i r e d  s i x t h  p o in t  has th e  prop­
e r t y  s t a t e d  i n  P a s c a l ’ s theorem. The■d eg en e ra te  ease  where one 
s id e  i s  a tangen t  i s  proved. ( I t  i s  n o t  proved as a d eg e n e ra te  
c a se ,  h o w ev e r . )
The p o la r  system of  a conic i s  deve loped  from th e  d é f i n i —, 
t i o n  of  a p o la r  of a p o in t  P Ils the  l i n e  on which ta n g e n t s  to 
the  conic a t  a l l  the  p a i r s  of  p o in t s  o o l l i n e a r  w i th  P w i l l  i n t e r ­
s e c t  by p a i r s .
D e f i n i t i o n . The p a i r i n g  o f  p o i n t s  and l i n e s  o f  a p lane  
brought about by a s s o c i a t i n g  w i th  every p o in t  i t s  p o la r  and w i th  
every l i n e  i t s  po le  w i th  r e s p e c t  t o  a g iven  conic in the  p lane  
i s  c a l l e d  a p o l a r  system.
The a lg e b ra  o f  p o i n t s  i s  an i n t e r e s t i n g  development,  being 
a re f inem en t  of Yon S t a u d t » s o r i g i n a l  a lg e b r a  o f  throws.
D é f in i t  io n . In  any p la n e  through a l i n e  1,  on which th e r e  
a re  t h r e e  d i s t i n c t  p o in t s  Pg P]_, P ^  l e t  1 and /p^be  any two
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l i n e s  throogh and l e t  ^  be any l i n e  th rough  meeting l^ a n d  
i n  two p o in t s  __A and  k \  l e t  and P̂ . he any two p o in t s  of 1 , 
and l e t  the  l i n e s  P̂ ^A' and PyA^ meet and l^a i n  t h e  p o in t s  
^ a n d  r e s p e c t i v e l y .  The p o in t  P^-^y i n ^ th e  l i n e  ZY meets 1, 
i s  c a l l e d  the  of t h e  p o i n t s  P̂ j- and (P^+Py=P%+y). The 
o p e r a t io n  of o b ta in in g  such a sum i s  c a l l e d  a d d i t i o n .
Theorem. I f  P^ and Py a r e  d i s t i n c t  from P^ and 
P^Pg, ^P yPx+ y)  i s  a n e c e s s a r y  and  s u f f i c i e n t  c o n d i t io n  f o r  the 
e q u a l i t y  Px+Py=P^+yj. E ) . This  comes from t h e  f a c t  t h a t
AXÂ Y i s  a quadrangle  d e te rm in in g  th e  above q u ad ran g u la r  s e t .
In  c o r o l l a r i e s  i t  i s  shown t h a t  P%:+Po=Po+2z=2%, and P^;+:^= 
P ^+P x=^(P 2 ;’̂ PeJ , and t h a t  t h e  o p e r a t i o n  o f  a d d i t i o n  i s  one -  
va lued  f o r  every p a i r  o f  p o in t s  ex cep t  t h e  p a i r  P^., and 
a s s o c i a t i v e  f o r  any t h r e e  p o in t s  f o r  which t h e  above e x p re s s io n s  
a re  d e f in e d ;  t h a t  i s  ;
Px f  (Py + Pz) = (Px + Py) + Pz.
A lso , t h e  o p e r a t io n  i s  commentâti v e ; i . g . ,
Px+Py = Py+Px.
D e f i n i t i o n . In  any p lane  t h r o u g h  1 l e t  1^, 1^, 1-obe any 
t h r e e  l i n e s  th ro u g h  Pq , P%, Eo, r e s p e c t i v e l y ,  and l e t  J_i meet 
1q and 1«* i n  p o in t s  A and B r e s p e c t i v e l y . '  Let P^, Py be any 
two p o in t s  of and l e t  t h e  l i n e s  PxA and PyB meet E* and 1q
i n  t h e  p o in t s  Z and Y r e s p e c t i v e l y .  The p o i n t  Pxy in which the 
l i n e  ZY meets _1 i s  c a l l e d  the  product  o f  Px by Py (P^'Py=Pxy ).
The orem. I f  P^ and Py a r e  any two p o in t s  of i  d i s t i n c t  
from Pq , P^, ^ ( P qPxP I .  %»PyP%y) i s  n e c e s s a ry  and s u f f i c i e n t
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f o r  t h e  e q u a l i t y  Px*% = P%y.
In  c o r o l l a r i e s  i t  i s  shown;
Pl^Px = P%'Pi = Po-I’x  = f x 'P o  = Po; P P% = Px 'P  : P ;
(P%.Py).P2  = Px«(Py*P*)‘
In  a theorem i t  i s  shown:
P£*{Px+^y) = pf 'P% + P g 'Py ,  e t c . . . . .
A l l  o f  th e s e  theorems a r e  proved hy u se  o f  assumptions ^  
and S. on ly .  However, to  prove t h a t  t h e  o p e r a t io n  o f  m u l t i p l i c a ­
t i o n  i s  commutative, i . e . ,  Px’^y = Py-P^; we must use assumption 




Theorem. Assumption P i s  n e c e s s a ry  and s u f f i c i e n t  f o r  the  
commutative law o f  m u l t i p l i c a t i o n .
In  a f u r t h e r  d i s c u s s i o n  o f  t h i s  q u e s t io n ,  a number system 
e x a c t l y  analogous to  th e  o rd in a ry  number system i s  shown to  
e x i s t ,  w i th  o p e ra t io n s  e x a c t l y  analogous to  correspond ing  opera­
t i o n s  i n  the o r d in a r y  number system . A f i e l d  o f  numbers i n  one- 
to -o n e  correspondence  w i th  the  f i e l d  o f  p o in t s  d e f in e d  by th e  
fou r  r a t i o n a l  o p e r a t io n s  i n  our p u r e ly  g e o m e t r ic a l  system is  
in t ro d u c e d ,  and thus  we have c o o rd in a te s  of p o i n t s  on a l i n e .  
(Also o f  l i n e s  i n  a p e n c i l ,  e t c . )
By co n s id e r in g  two l i n e s  i n  a p lane ,  we can o b ta in  a system
O -V
of c o o rd in a te s  of p o in t s  i n  a p l a n e .  (The l i n e s  have Pq , a»d 0, 
as i n t e r s e c t i o n - p o i n t s . )  In  b o th  of th e s e  ca se s  we have th e
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o b je c t io n a b le  e lem ents  a t  i n f i n i t y .  These e lem ents  a re  ob jec ­
t i o n a b l e  beoanse, i n  o rder  t h a t  t h e  s e t  o f  p o in t s  ( c o o rd in a te s )  
on a l i n e ,  f o r  in s t a n c e ,  form a group (of  co rrespondences .  See 
above) w i th  r e s p e c t  to b o th  a d d i t i o n  and m u l t i p l i c a t i o n ,  must 
be ex iuded  from th e  s e t .  (There i s  a lso  no in v e r s e  o p e r a t io n  
w i th  r e s p e c t  t o  m u l t i p l i c a t i o n  f o r  Pq ).  There i s  a theorem which 
a r i s e s  from t h e  c o n s id e r a t io n s  above, but not  d i r e c t l y  so. I t  
w i l l  have to  be supposed t r u e :
Theorem. The s e t  of a l l  p o i n t s  on a l i n e  on which a s c a le  
has been e s t a b l i s h e d ,  and from which the  p o in t  Pyg,is exc luded ,  
forms a f i e l d  w i th  r e s p e c t  to th e  o p e ra t io n s  of a d d i t i o n  and 
m u l t ^ i c a t i o n  p r e v io u s ly  d e f in e d .  (A, S, P)
(A f i e l d  i s  a system of numbers forming commutative groups 
w i th  r e s p e c t  to  b o th  a d d i t i o n  and  m u l t i p l i c a t i o n . )
I f  homogeneous c o o r d in a t e s  a r e  in t ro d u c e d ,  (much a s  a t  th e  
beg inn ing  of th e  work) ,  th e se  element a t  i n f i n i t y  can be e l im ­
i n a t e d ,  as f a r  as un iqueness  i s  concerned.
P a ss in g  over  a c o n s id e rab le  number o f  n ec e s s a ry  in te rm e d ia te  
c o n s i d e r a t i o n s ,  we have th e
Theorem. The n ec e s s a ry  and s u f f i c i e n t  c o n d i t i o n  t h a t  a 
p o in t  (xp, Xg, Xg) i n  a p la n e  bé on a l i n e  (up, ug, Ug) i s  t h a t  
u ix p  + ugXg + UgXg = 0.
Theorem. The e q u a t io n  of the  l i n e  j o in i n g  the  p o in t s  
(ap ,  ag, ag) and (bp, bg ,  bg) i s
%1 zg Xg ' 
a i  ag ag =  o
b i  bg bg
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 5 6
The c o n d i t io n  t h a t  t h r e e  p o i n t s  he o o l l i n e a r  i s
a i  ag ag
^ 1  bg =  0  
®1 Og
Any p r o j e c t i v i t y  in  a one-d im ens iona l  p r im i t i v e  form in  t h e
p lane  i s  g iv e n  hy a r e l a t i o n  o f  th e  form
V  _ o'- X +/3
A p r o j e c t i v i t y  between two s u c h  forms in  t h e  p lane  i s  ob­
t a i n e d  hy e s t a b l i s h i n g  a p r o j e c t i v e  r e l a t i o n
= « i A _ t £  ( - S _ / 3 a r / o )
erx +5
between the  p a r a m e te r s ^  , \  of t h e  two forms.
P ^ p o s i t i o n  Kg. I f  any f i n i t e  number o f  i n v o l u t i o n s  a r e  
g iven  i n  a space S s a t i s f y i n g  assum ptions  A, E, p, t h e r e  e x i s t s  
a s p a c e ^  of which ^ i s  a subspace ,  such t h a t  a l l  the  g iv e n  in ­
v o lu t i o n s  have double p o in t s  i n  S
Without proving t h i s ,  f o r  th e  t im e  b e in g ,  i f  the e lem ents  of
/
^  a r e  c a l l e d  p ro p e r  and  those of _S but no t  of  ^  a r e  c a l l e d  im­
p ro p e r ,
Theorem. A p ro p e r  one-d im ensiona l  p r o j e c t i v i t y  w i th o u t  
p ro p e r  double e lem ents  may always be reg a rd e d  i n  an extended 
space as having two improper double e lem en ts .  (H, E, P, Hq , Kg) 
Assumption ^ , i t  w i l l  be remembered, i s  t h a t  th e  d ia g o n a l  
p o in t s  of  a complete q^uadrangle a re  n o n - c o l l i n e a r . By th e  i n ­
t r o d u c t i o n  of Kg i t  i s  shown t h a t  p o in t s  e x i s t  s a t i s f y i n g
aiiXi^+aagXg^+aggXg^+Ba^^gXiXg+SapsziXg
+2 aggXgXg = 0 , t h e  e q u a t io n  o f  a co n ic .
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I t  i s  shown t h a t  t h i s  ex p re s s io n  always r e p r e s e n t s  a conic .
An ex p re s s io n  o f  t h e  form, a ^ x i  + agxg i s  c a l l e d  a l i n e a r  
b in a ry  form. The eg_natlon
8% = & ix i + agxg = 0
d e f in e s  a unique element o f  a  one-d im ens iona l  form, whose 
homogeneous c o o r d in a te s  a r e  (x%; xg) = ( a g a i ) .  The c o n d i t i o n  
t h a t  two such elements  s h a l l  co in c id e  i s  t h a t
/ a i & 2 1
A = (b^bg) = 0 
Suppose the  two e lements  s u b je c te d  to  any p r o j e c t i v e  
t r a n s f o r m a t i o n " ^  ;
a i   ̂ = o< a i  + ^  ag
bi^ =ocbq_ +3rbg
But i f  A = 0, then  A^= 0
=<axi +|9^xg
T T  212 =  Yx^ + S X g
ag  ̂ = f i a i  ag 
b g ^  = / 3  b i  =  f  b g
a i  ag
^ 1  ^ 2
-  0
&1& 2 4 P
bibg r s l
A i s  c a l l e d  an
or
nex t  t h e  p o l a r  system i s  developed i n  much the  same way 
as Ton S tau d t  deve loped  i t .  A p r o j e c t i v e  correspondence  be­
tween t h e  e lem ents  o f  a p lane  of p o i n t s  and t h e  e lem ents  of 
a p lane  o f  l i n e s  i s  c a l l e d  a c o r r e l a t io n .  A c o r r e l a t i o n  in  
which  the  p o in t s  and l i n e s  co r respond  doubly  i s  a p o l a r i ^ .
Two homologous e lem ents  of a p o l a r i t y  a r e  c a l l e d  p n ^  and 
p o l a r .  I f  two p o in t s  a r e  so s i t u a t e d  t h a t  one i s  on th e  p o l a r
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o f  the o th e r ,  thqjr a re  s a i d  to he  co n ju g a te .  I f  a p o in t  i s
on i t s  p o l a r ,  i t  i s  s e l f - o o n j n g a t e .
Theorem. The s e l f - c o n j n g a t e  p o in t s  of  a p o l a r i t y  a re  on 
a con io .
Theorem. Eveiy p o l a r i t y  is  t h e  p o l a r  system of a conic ,  
t h e  conic  determ ined  by i t s  s e l f - c o n j n g a t e  p o i n t s .  Every po le  
and p o l a r  p a i r  are  po le  and p o l a r  w i th  r e s p e c t  to  t h i s  conic .
The r e g n l n s , t h e  l i n e a r  congm ence ,  and th e  I j ^ e ^ r  .cpm-
p le x  a r e  nex t  d i s c u s s e d .  The . t rea tm ent  o f  t h e s e  f i g u r e s  de­
pends upon th e
D e f i n i t i o n . I f  two l i n e s  are  c o p lan a r ,  t h e  l i n e s  of  the  
f l a t  p e n c i l  c o n ta in in g  them a re  s a id  to  be l i n e a r l y  dependent 
on them. I f  two l i n e s  a re  skew, on ly  t h e  l i n e s  them selves  
a re  l i n e a r  dependent on th e m se lv e s .  I f  t h r e e  l i n e s  a re  skew, 
a l l  l i n e s  on a l l  t h r e e  a r e  l i n e a r l y  dependent  on them. I f
I p ,  I g    Ijj a re  any number o f  l i n e s  and mp, mg, . . . , m  ̂ such
t h a t  mpls l i n e a r l y  dependent  on two o r  t h r e e  of  1 , ,  I g i . ' - l a ,  
and mg i s  l i n e a r l y  dependent on two o r  t h r e e  of  I p ,  l g , . . . , l Q ,  
mp, and so on, be ing  l i n e a r l y  dependent  on two o r  t h r e e  of 
I p ,  l g , . . . , l j j ,  % ,  mg, . . . ,  i%_p, th en  m̂  i s  s a i d  t o  be l i n e a r l y  
dependent on I p ,  l g , , . . . l % .
Thus a re^gulus is  t h e  s e t  o f  a l l  l i n e s  l i n e a r l y  dependent 
on t h r e e  l i n e a r l y  independent  l i n e s ,  a co ^ ru e f io e  i s  the  s e t  
of  a l l  l i n e s  l i n e a r l y  dependent on f o u r  l i n e a r l y  independent  
l i n e s ,  and the complex, a l l  l i n e s  dependent on f iv e  such l i n e s .
The P luoker  l i n e  c o o r d in a te s  a re  in t ro d u c e d .  Two p o in t s
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whose homogeneOTia co o rd in a te s  a re  (x]_, Xg, Zg, x ^ ) ,  (y^, Yg, 
Yg, y^) de term ine  a l i n e  1.  These co o rd in a te s  de te rm ine  s i x  
numbers.
=
= 1 = 2  j 
71JZI ;
^ 1 3  =
XiXg
7 1 7 3
^ 1 4  =
= 1 = 4
7 1 7 4
^ 3 4  =
= 3 ^ 4 1  
7 3 7 4 1  7
^ 4 2  “
X4 X2
7 4 7 2 ;
^ 2 3  "
= 2 = 3
7 2 7 3
P ig ,  P^g, e t c . , ^ c a l l e d  t h e  P ln ck e r  c o o r d in a t e s  o f  t h e  l i n e .  I t  
i s  shown t h a t  f o n r  independent  co o rd in a te s  de term ine  a l i n e .
I n  e x a c t ly  t h e  same way, p lane  c o o r d in a te s  a r e  fonnd.
A c h a p te r  on "P onnda t iona" i s  n e x t ,  A r e c a p i t u l a t i o n  o f  
a l l  the  assumptions i s  made, and new ones added i n  d i f f e r e n t  
ways.
In  th e  f i r s t  p l a c e ,  assum ptions  A and E_ a r e  common to  a l l  
th e  s e t s .  The space d e f in e d  by assurait  io n s  A and E a lone  i s  
c a l l e d  th e  g e n e r a l  p r o j e c t i v e  sp a ce .  A l l  the o th e r  spaces  a re  
co n ta in ed  in  t h i s  s p a c e .  The space d e f in e d  by A, E, P i s  a
p ro p e r  p r o j e c t i v e  space .  (o& d e f i n i t i o n  above)
Assumption E. I f  any harmonic sequence e x i s t s ,  no t  every 
one co n ta in s  only a f i n i t e  number o f  p o i n t s .
The space d e f in e d  by A, E, H, i s  a non-modular p r o j e c t i v e  
sp ace.
Assumption E . I f  any harmonic sequence e x i s t s ,  a t  l e a s t  
one c o n t a in s  only a f i n i t e  number o f  p o i n t s .
The space d e f in e d  by A, E, E , i s  a modular p r o j e c t i v e  space .
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Asanmptlon S .
SJ., For any t h r e e  d i s t i n a t  o o l l i n e a r  p o in t s  A, B, C 
t h e r e  i s  a sense S(ABC).
S^. For any t h r e e  d i s t i n c t  o o l l i n e a r  p o i n t s  t h e r e  i s  
not more th an  one sense  S(lBC).
S3. S(ABC) = S(BCA)
-  AcB
S(ABC) 9  ̂ S{éSG)
85. I f  3 (ABC) = 3 ( 4 / 3 ' C^) and S(A*b"^c/) = S { a V ' ' c ^ ) ,  th en  
S(ABC) = S(A^'bV''}.
36. I f  S(ABO) = S(BCG), th e n  S(ABO) = S(ACO)-
I f  OA and OB a re  d i s t i n c t  l i n e s ,  and S(OAA ) = 3 ( OAAg) 
and OAA^Ag^ OBB]_Bg, th e n  S(OBB]_) = S(0BB2)
The space  d e f in e d  hy 2 ,  ^  i s  an  o rde red  p r o j e o t i ^
Assumption Q,. There i s  no t  more t h a n  one n e t  of  r a t i o n a l i t y  
on a l i n e .
The space d e f in e d  hy A, 2 ,  E, Q, i s  a r a t i o n a l  modu l a r  
p r o j e c t i v e  s p a ce , and t h e 'a p a c e  d e f i n e d  hy A, 2, E, Q, i s  a 
r a t l onal^non-modular p r o j e c t i v e  sp ac e .
D e f i n i t i o n . Two s u b s e t s ,  (A) and (B), o f  a n e t  o f  r a t i o n ­
a l i t y  R{EqE-j_;^) c o n s t i t u t e  a cu t  (A, B ) w i th  r e s p e c t  to  th e  
s c a le  E q ,  Ep, Bj^^oif and only  i f  t h e y  s a t i s f y  t h e  fo l lo w in g  
c o n d i t i o n s ;
(1) Sveiy p o in t  of t h e  n e t  ex c e p t  E ^ i s  in  (A) o r  (B);
( 2 ) w i th  r e sp e c t  to the  s c a le  Eq , E-, , every p o in t  o f  (A) 
p recedes  every  p o in t  of (B).  I f  t h e r e  i s  a p o in t  _0̂ i n  (A) o r
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i n  (b ) snoh. t h a t  every  p o in t  o f  (A) d i s t i n c t  from 0 p recedes  
i t  and every  p o in t  of (B) d i s t i n c t  from 0 fo l lo w s  i t ,  t h e  cut 
la  s a i d  to he c lo se d  and to have as i t s  c u t - p o in t  ; o the rw ise  
th e  out i s  s a i d  to  he open. The c l a s s  (A) i s  s a id  to he the
lower s id e  and (B) the upper  s id e  of  the  c u t .
D é f in i t  i o n . With re sp e c t  to  t h e  s c a l e  Hq, E]_, an 
open cut p recedes  a l l  the  p o in t s  of  i t s  u p p e r  s id e  and i s  
p receded  by a l l  t h e  p o i n t s  of i t s  lower s i d e .  A c lo se d  cu t  
p recedes  a l l  the  p o in t s  which i t s  cu t  p o in t  p recedes  and i s  
p receded  hy a l l  p o i n t s  hy which i t s  c u t—p o in t  i s  p receded .  A 
cut  (A, B) p recedes  a cu t  (C, D) i f  and only i f  t h e re  i s  a
p o in t  _B p reced ing  a p o in t  C.
D é f in i t  i o n . With r e s p e c t  to  th e  s c a l e  H^, E^,  a
out  (A^, Ag) i s  s a i d  to he between two c u t s  (B^, Bg) and {G^, 
Cg) i n  ease  (Bp, Bg) p recedes  (A]_, Ag) and (Ap, Ag) p recedes  
(Cl,  Cg) o r  i n  case (Cp, Cg) p rece d es  (A^, Ag) and (Ap, Ag) 
p recedes  (Bp, Bg).
Assumption o f  c o n t i n u i t y . I f  every n e t  of  r a t i o n a l i t y  
c o n ta in s  an i n f i n i t y  o f  p o i n t s ,  th e n  on one l i n e  1  i n  one 
n e t  El^EgEp:^) t h e r e  i s  a s s o c i a t e d  w i th  every open cut (A, B ) 
w i th  r e sp e c t  t o  th e  s c a l e  Eq, Ep, a p o in t  P(A, B) which 
i s  on 1  and such t h a t  t h e  fo l lo w in g  c o n d i t i o n s  a r e  s a t i s f i e d :
(1) I f  two open cu ts  (A, 3) and (C, D) a re  d i s t i n c t ,  t i e  
p o in t s  P ( a , B) and P(C, D) a r e  d i s t i n c t ;
(2) I f  (Ap, Ag) and (Bp, Bg) a re  any two cu t s  and (Cp, Cg)
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any open ca t  "between two p o in t s  ^  and B of R(HoHiI4 t»), and i f  
i s  a p r o j e c t i v i t y  such t h a t
T(lioAB) = %o^(Ai,Ag)^(Bl,Bg) , 
then  ^ (^ (C i .C g)  I s  a p o i n t  a s s o c i a t e d  w i th  some c u t  (D i , Dg) be­
tween (A]_,Ag) and (B]_,Bg).
D é f in i t  io n . The s e t  of  a l l  p o in t s  R(HoH]_H«,), t o g e th e r  W.th 
a l l  p o i n t s  a s s o c i a t e d  w i th  ca ts  i n  R(HoHiB^), w i t h  r e s p e c t  to 
t h e  s c a l e  Ho,Hi,Rae, i s  c a l l e d  th e  ^haj:^  G(EoHiRbo). The p o in t s  
of  R(HoH3_B̂ ) are  c a l l e d  r a t i o n a l , and any o th e r  p o in t  o f  the  
cha in  i s  c a l l e d  I r r a t i o n a l  w i th  r e s p e c t  to  R{EoE%Bg^). A po in t  
a s s o c i a t e d  w i th  a c u t  which fo l lo w s  Eg i s  c a l l e d  p o s i t i v e . and 
one a s s o c i a t e d  w i th  a cut which precedes  Eg i s  c a l l e d  n e g a t iv e .
Assumption R. On a t  l e a s t  one l i n e ,  i f  t h e r e  i s  one 
th e re  i s  not  more th a n  one c h a in .
I t  i s  proved as a theorem t h a t  t h e  p r i n c i p l e  of d u a l i t y  
i s  v a l id  f o r  a l l  theorems deduc ib le  from A, E, H, C, R. The 
space d e f in e d  by th e s e  assum ptions  i s  c a l l e d  the r e a l _ p r o j e c -
I t  is  proved t h a t  t h e s e  assum ptions  a r e  c o n s i s t e n t  i f  the 
r e a l  number system e x i s t s ,  and in  a manner eq u iv a le n t  to t h a t  
above, a t  th e  beg inn ing  o f  the  p r e s e n t  c h a p t e r ,  i t  i s  shown 
t h a t  th ese  c o n s t i t u t e  a c a t e g o r i c a l  s e t .  I t  i s  a l so  demon­
s t r a t e d  t h a t  a l l  a r e  independen t .
I f  we s u b s t i t u t e  f o r  R
Assumption R. On some l i n e  1, no t  a l l  p o in t s  belong to  
the  same c h a in .




Aas-gmptlon I . Thi^-ugh a p o in t  P o f  any cha in  C of t h e  
l i n e  1,  and any p o in t  J  on 1 but n o t  i n  C, t h e r e  i s  n o t  more 
th a n  one cha in  o f  1 which i s  on no o t h e r  p o in t  th an  P in  
common w i th  G.
I t  i s  proved a s ' a  theorem t h a t  " the  geom etr ic  number 
system i n  any space s a t i s f y i n g  Assumptions A, S, H, C, R, I ,  
i s  isomorphic  w i th  t h e  complex number system o f  a n a l y s i s . "
In  t h i s  we o b ta in ,  by p u re ly  p r o j e c t i v e  means, not 
only th e  ne t  of r a t i o n a l i t y  and t h e  chain ,  b u t  a complete, 
cont inuous  geometr ic  number system, isomoiphie e i t h e r  w i th  t h e  
r e a l  or complex number systems o f  a n a l y s i s .
In  summary, t h e  d i s t i n g u i s h i n g  f e a t u r e s  o f  t h i s  work a r e ,  
f i r s t , the  p o s t u l a t i o n a l  method, t o g e t h e r  w i t h  co m p le te^  c a re ­
f u l  d e f i n i t i o n ,  in s u r in g  p e r f e c t  l o g i c a l  r i g o u r , and second, 
th e  b r i l l i a n t  r e p r o d u c t io n  of th e  number system by p r o j e c t i v e  
methods. I t  i s  v a s t l y  s u p e r io r  to  any of t h e  works p reced ing  
i t ,  from any p o s s i b le  v iew poin t .  I t s  u n i t y  i s  g r e a t e r ,  i t s  
range and volume o f  s u b je c t  m a t te r  covers  th e  e n t i r e  f i e l d ,  
and i t  i s  com ple te ly  s a t i s f y i n g  from t h e  p u re ly  l o g i c a l  view­
p o i n t .  3ven i t s  e legance  of  t r e a tm e n t  i s  g r e a t e r .  A good 
example of t h i s  i s  t h e  p ro o f  t h e  p r i n c i p l e  of d u a l i t y  as a 
theorem. In t h e  works of S t e i n e r ,  Yon S ta u d t ,a n d  Reye, as w e l l  
as of many o t h e r  mathem atic ians ,  i t  was t h e  custom to  p r i n t  a
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theorem and i t s  dnaL s id e  by s i d e .  This was done away w i t h  
i n  a s i n g l e  s imple s t ro k e  hy Yehlen and Young.
This s u p e r i o r i t y  was made p o s s i b l e  by e s s e n t i a l l y  only  
one th in g  — the  p o s t u l a t i o n a l  nethod employed. This method 
c e n te r s  th e  a t t e n t i o n  c o n t i n u a l l y  upon the  f o u n d a t io n s , which 
e x h i b i t s  c l e a r l y  t h e  s i m i l a r i t i e s  and d i f f e r e n c e s  of the  
d i f f e r e n t  b ran ch e s ,  and w hethe r  or  n o t  th e y  a re  com patib le .




In  rev iew in g  the  h i s t o r y  o f  t h i s  s a b js o t  i t  i s  s u r ­
p r i s in g  w ith  what sm a ll  ana e r r a t i c  s te p s  even th e  g r e a t ­
e s t  o f  minds go forw ard  over t e r r i t o r y  which, once t r a v ­
e r s e d ,  i s  s e e n  to  be c[aite f i r m .
In  geom etry, as  we have seen , th e re  has been no s in g le  
in n o v a t io n  which was f a r  removed from  what went b e fo re .  
Appearances a r e  o f ten  to  th e  c o n t r a r y ,  b a t  t h i s  i s  due to t h e  
f a c t  t h a t  in  many in s ta n c e s  th e  in n o v a tio n  c o n s is te d  in  
s e i z in g  upon what was q u i te  inco n sp icu o u s  and  i n c id e n t a l  be­
fo re  and p u t t i n g  i t  to  i t s  f u l l  u s e .  I t  i s  a l s o  due to  th e  
f a c t  t h a t  a new idea  w hich does n o t  seem to  amount to  v e ry  
imich in  i t s e l f  becomes, upon g e n e r a l  a p p l i c a t i o n ,  the  means 
o f  r e v e a l in g  sc o re s  o f  new r e l a t i o n s ,  and even o f  massive 
u n d e r ly in g  g e n e r a l i t i e s .  A very  sm a ll  advance may thus  a l t e r  
th e  e n t i r e  a s p e c t  o f th e  s u b j e c t .
With th e s e  th in g s  in  mind, l e t  u s  make a b r i e f  review  
o f  th e  e n t i r e  s u b je c t  t o  show s p e c i f i c a l l y  how th e  develop­
ment i s  a g r a d u a l ,  connected  one, even  though  i t  i s  not 
smooth and c o n t in u o u s ,  and how ev ery  im portan t idea  has a 
co n s id e ra b le  h i s t o r i c a l  background.
In  th e  o r i g i n a l  co n c ep tio n  of con ic  s e c t io n s  as p lan e  
s e c t io n s  of r i g h t  c i r c u l a r  cones l i e s ,  beyond doubt, th e
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h i s t o r i c a l  o r ig in  of th e  p r o je c t iv e  method.. This concep­
t i o n  was due to  P l a to ,  and was th u s  q u i te  e a r ly  in  th e  prog­
r e s s  o f  Greek geom etry , from w hich p r o j e c t i v e  geom etry i s  
now s h a rp ly  d i f f e r e n t i a t e d .
C onsidering  th e  p o in t  o f view from  which th e  Greeks 
worked, i t  would have been rem arkable i f  th ey  had d isc o v e re d  
th e se  cu rv es  in  any o th e r  way, and alm ost as rem arkable i f  
they  had n e v e r  d isc o v e red  them, o r  even i f  th e y  had n ev er  
l a i d  emphasis on them.
The th e o ry  o f  c o n ic s  was developed r a t h e r  th o ro u g h ly  by 
th e  Greeks who came a f t e r  P l a to ,  among whom E u c lid  was impor­
t a n t  in  t h i s  r e s p e c t .  I f  f i n a l l y  reached  i t s  c u lm in a t io n ,  
as  f a r  as the Greeks were concerned , w i th  th e  work of Apol­
lo n iu s ,  who, by th e  fo rc e  o f  h is  tremendous g e n iu s ,  evolved 
t h e  id e a s  of p o le s  and p o l a r s ,  c ro ss  r a t i o ,  and many o th e r s .
I t  i s  u n fo r tu n a te  th a t  we do n o t know more about the  
development of th e  th e o ry  of co n ics  among th e  G reeks. I t  
i s  l i k e l y  t h a t  we would f in d  a more or l e s s  g ra d u a l  t r a n s i t i o n  
from th e  f i r s t  id e a s  o f  the P la to n ia n  schoo l to  t h e  q u i te  
h ig h ly  developed th e o ry  of A p o llo n iu s .  There is  some d i s a ­
greem ent upon t h i s  s u b j e c t ,  however.
Much l a t e r  Pappus, i n  h i s  "M athem atica l C o llec t io n s" ,^  
proved th e  in v a r ia n c e  of th e  anharmonio r a t i o  under p r o je c ­
t i o n  and th e  harmonic p ro p e r ty  o f  the complete q u a d r i l a t e r a l .  
These two theorem s, v/hich w ere of trem endous im portance in
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th e  development of p r o j e c t iv e  geom etry w ere , i t  ap p e a rs ,  
proved a s  a id s  to  th e  r e a d in g  o f  th e  works o f  E u c lid  and 
o th e r s .  The p ro o fs  were p e r f e c t l y  s t r a ig h t fo r w a r d  E u c l id ­
ean geom etry. There i s  no re a s o n  to  b e l ie v e  t h a t  Pappus un­
d e rs to o d  the  r o le  which th e s e  theorem s were to  p lay  much 
l a t e r .
We a re  p ro b ab ly  in d e b te d  t o  astronom y f o r  th e  mathemat­
i c a l  concept of i n f i n i t y ,  f o r  K ep le r  was f i r s t  of a l l  an 
as tronom er, and as such  he may w e l l  have n o t ic e d  t h a t  e l l i p ­
t i c a l  o r b i t s  which were v e ry  gareJk resem bled  p a ra b o la s  in  
th e  v i s i b l e  p o r t io n s  a t  the v e r t i c e s  o f  th e  e l l i p s e .
To Desargues we owe th e  e x p l i c i t  fo rm u la t io n  of th e  con­
c e p t io n  of i n f i n i t y .  More im portan t s t i l l ,  Desargues was th e  
f i r s t  to  use  p r o j e c t i o n  in  t h e  p ro o f  of a theo rem . This use 
was no t e x p l i c i t ,  o f  c o u rs e ,  bu t i t  was a c t u a l .  In  Desargues 
work we see th e  work of A p o llo n iu s  and Pappus combined to  
form what c lo s e ly  resem bles  th e  p r o j e c t i v e  geometry o f  the  
time of P o n c e le t .
The th e o ry  of p e r s p e c t iv e  grew out of th e  req u irem en ts  
of a r t i s t s ,  n o ta b ly  p a ir te rs  and  s t o n e - c u t t e r s .  I t  le d  to  
th e  work of T ay lo r  and Lam bert, and f i n a l l y  a s s i s t e d  in  
d i r e c t i n g  a t t e n t i o n  tow ard th e  method of p r o je c t io n ,  and, 
th rough  Lambert, to  n o n -m e tr ic  p r o p e r t i e s  and  methods.
When one r e f l e c t s  on th e  n a tu re  of p e r s p e c t iv e  geome­
t r y ,  and tak es  in to  acco u n t t h a t  some o f  th e  g r e a t e s t  math-
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em atic ian a  had l e n t  t h e i r  a id  to i t s  developm ent, and f u r ­
t h e r  t h a t  some o f  th e  im portan t theorems of pure geom etry 
which were d is c o v e re d  by th e  European geom eters p a r to o k  o f  
t h i s  n a tu r e ,  i t  i s  n o t rem arkable t h a t  P o n ce le t  began a 
thoroughgoing i n v e s t i g a t i o n  o f  th e  p r o t e c t i v e  p r o p e r t i e s  o f  
f i g u r e s ,  and c o n s id e r in g  th e  r i c h  s to r e  o f  m a te r ia l s  which 
l a y  ready  a t  hand, and h i s  own a b i l i t y ,  i t  i s  f a r  from s u r ­
p r i s in g  th a t  he met w i th  such f o r tu n a t e  r e s u l t s *
Again, i n  P o n c e le t* s  own work, th e  fo u n d a t io n s  f o r  th e  
th e o ry  o f  r e c i p r o c a l  p o la r s  had been l a i d  by P esa rg u e s ,  th e  
fo u n d a tio n s  of th e  th e o ry  o f  t r a n s v e r s a l s  by M clau rin , and 
even th e  th e o ry  of homology and th e  famous theorem  on the 
v a r i a b l e  polygon whose f r e e  v e r te x  d e s c r ib e s  a conic  were 
o r i g i n a l  only  i n  t h e i r  g e n e r a l i t y .  P o n c e le t» s  one supreme con­
t r i b u t i o n  was th e  s y s te m a t ic  use  o f  th e  method o f  p r o j e c t i o n  
and s e c t io n ,  a method which in  i t s e l f  was no t a t  a l l  new.
?rom P o n c e le t *3  theorem  on th e  v a r i a b l e  polygon S te in e r  
drew h i s  d e f i n i t i o n  of a conic i n  te rm s of p r o je c t iv e  f l a t  
p e n c i l s .  From th e  th e o ry  of r e c i p r o c a l  p o la r s  Von S taud t 
drew h i s  d e f i n i t i o n  o f  a conic and b u i l t  up h is  t h e o r i e s  o f  
c o l l i n e a r i t i e s ,  p o l a r i t i e s ,  e t c . ,  and i t  was due to  t h i s  
t h a t  he conceived  a n o n -m etr ic  g e o m e tr ic a l  a lg e b ra .
So i t  was f o r  a l l  th e  o th e r  new id e a s .  A l l  a ro se  q u i te  
n a t u r a l l y  and v e ry  g r a d u a l ly .  There i s  n o t  one which does 
no t have i t s  own p a r t i c u l a r  h i s t o r y .
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In  t r a c in g  th e  h i s t o r y  of the  id ea  which le d  to  th e  r e ­
o rg a n iz a t io n  p re s e n te d  by Teblen and Yonng i t  i s  n e c e s s a ry  to 
go o u ts id e  th e  f i e l d  o f  p r o j e c t i v e  geom etry p ro p e r .
A l l  of th e  g r e a t  geom eters o f  h i s t o r y  had a working 
f a m i l i a r i t y  w i th  l o g i c ,  but i t  was n o t  u n t i l  v e ry  r e c e n t ly  
t h a t  th e re  were c l e a r - c u t  id e a s  about l o g i c ,  t h a t  i s ,  t h a t  
the  n a tu re  of t h e  l o g i c a l  s t r u c t u r e  o f  geom etry was under­
s to o d .
Perhaps th e  f i r s t  s te p  in  t h i s  d i r e c t i o n  was lobachevjiky*s 
work "The Theory o f  P a r a l l e l s " ,  f i r s t  p u b l is h e d  i n  1829. T h is  
was th e  f i r s t  in s ta n c e  o f  an independence p ro o f .  Xobachevjiky 
showed th a t  i f  i n  E u c l id ’ s axioms the axiom of p a r a l l e l i t y  i s  
assumed to  be f a l s e ,  th e  r e s u l t i n g  s e t  o f  axioms i s  c o n s is ­
t e n t .
This work l e d  th e  way to  a mass of s p e c u la t io n s  and con­
f u s io n ,  p roceed ing  mainly from  th e  f a c t  t h a t  th e  e s s e n t i a l l y  
fo rm a l n a tu re  of lo g ic  was nowehre u n d e rs to o d , and th e  founda­
t i o n s  of m athem atics were obscured  by i n t u i t i v e  en tang lem en ts . 
Those whose names a r e  a s s o c ia t e d  w ith  th e  i n v e s t ig a t io n s  of 
non -E uc lidean  space a r e  n o ta b ly  Riemann, H elm holtz , Cayley, 
K le in  and P o in c a re .  An e x c e l l e n t  account o f th e  work of th e s e  
men i s  c o n ta in e d  in  "The F oundations of G-eometry", by B e rtran d  
R u s s e l l ,  p u b lish e d  in  1897.
In  th e  w in te r  o f  1898—1899 David H i lb e r t  d e l iv e r e d  a 
s e r i e s  o f  l e c t u r e s  a t  th e  U n iv e r s i ty  of G o tt in g e n , on th e
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fo u n d a tio n  of geom etry . These were p u b l ish e d  i n  an E n g lish  
t r a n s l a t i o n  in  1902.
Here th e r e  appeared  a new co n c ep tio n  of l o g i c a l  r i g o r ,  
w i th  form al d e f i n i t i o n s ,  u n d e f in e d  e lem ents  and r e l a t i o n s ,  
and, in  s h o r t ,  th e  whole b a s i s  f o r  the new o rg a n iz a t io n  o f  
geom etry .
From t h i s  we see t h a t  th e re  was a con tinuous change on 
th e  f r o n t i e r  o f m a th em atica l t h o u ^ t ,  r e s u l t i n g  i n  the new 
concep tions  of th e  fo unda tions  of geom etry .
I t  is  c u r io u s ,  i n  lo o k in g  over t h e  development of t h i s  
s u b je c t ,  t o  n o t i c e  how a very sim ple  id e a  W l l  rem aingover­
looked f o r  y e a r s .  The id e a  of d u a l i t y  i s  a sim ple and oon- 
seq.uently s t r i k i n g  example of t h i s .  As we have se en ,  the  
p r in c ip l e  fo llow s im m edia te ly  from th e  f a c t  t h a t  th e  l o g i c a l  
fo u n d a tio n ,  and t h e r e f o r e  th e  whole l o g i c a l  framework, can 
be d u p l ic a te d  by a n o th e r  i n  which we sim ply in te rc h a n g e  p o in t  
and p la n e ,  or p o in t  and l i n e ,  e t c . ,  and t h a t  t h i s  l o g i c a l  
framework i s  c o n s i s t e n t  w i th  th e  f i r s t  because i t  can be de­
duced from i t ,  s in c e  i t s  fo u n d a t io n s  can be deduced from th e  
o r i g i n a l  l o g i c a l  s t r u c t u r e .  This v e ry  sim ple  id ea  i s  th u s  
a d i r e c t  consequence o f  th e  l o g i c a l  fo u n d a t io n s  of geom etry . 
This could have been dem onstra ted  w ith  ease to  any of th o se  
who, l i k e  P o n c e le t ,  S te in e r ,  e t c . ,  e v id e n t ly  had such a hazy 
id e a  o f  d u a l i t y .  They co n s id ered  i t  n e c e s s a ry  to  th e  r ig o r  
of t h e i r  work th a t  they  prove or i n d i c a t e  th e  p roo f no t only
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o f  t h e i r  o r i g i n a l  theorem s bu t o f th e  d u a ls  o f t h e s e .  They 
had no id e a  t h a t  th e  p r i n c i p l e  o f  d m l i t y  would n o t  h o ld ,  
b u t ,  n o t having proved  i t ,  i t  would have been undue l o g i c a l  
la x n eas  to  r e g a rd  i t  a s  be ing  t r u e ,  a t  l e a s t  w ithou t making 
i t  one of the  assum ptions upon w hich th e y  b u i l t .  This a l ­
t e r n a t i v e ,  o f  c o u rse ,  was n o t  d e s i r a b l e ,  a l th o u g h  i t  might 
have r e v e a le d  to  them j u s t  how t h e 'p r i n c i p l e  of d u a l i t y  was 
n e c e s s a r i l y  t r u e  i f  t h e i r  o th e r  assum ptions  were t r u e .
For n e a r ly  a c e n tu ry  th e  workers i n  p r o j e c t i v e  geom­
e t r y  proved the d u a l theorem s s id e  by s id e  w ith o u t  r e a l i z i n g  
t h a t  th e y  were enab led  to  do t h i s  because th e  lo g ic a l  s t r u c ­
tu r e  w i th  which th e y  were working was d es ig n ed  from th e  
v e ry  fo u n d a t io n s  so t h a t  i f  c e r t a i n  e lem ents were i n t e r ­
changed th roughou t th e r e  would come in to  b e in g  a second 
s t r u c t u r e ,  a s  c o n s i s t e n t  a s  th e  f i r s t ,  and c o n s i s t e n t  w ith  i t ,  
e x a c t ly  s im i l a r  to  i t  excep t f o r  t h i s  change — t h a t  i s ,  i f  
th e  l o g i c a l  s t r u c t u r e  i s  co n s id e red  to  com prise both  of th e se  
s u b s id ia ry  o n es ,  i t  i s  sym m etrica l w i th  r e s p e c t  to  c e r t a in  
e lem en ts .
Thus, a t  a c o n s id e ra b le  m a te r ia l  c o s t  i n  the  p u b l ic a ­
t i o n  of t h e i r  w orks, m athem atic ians  accep ted  th e  p r in c ip l e  of 
d u a l i t y  as a c t u a l l y  t r u e ,  b u t  would no t r e s t  any l o g i c a l  
w eight upon i t ,  s in c e  th ey  were not s a t i s f i e d  t h a t  i t  was 
n e c e s s a r i l y  t r u e .  S u re ly  i t  was a v e ry  sim ple s te p  to  show 
t h a t  i t  was n e c e s s a r i l y  t r u e ,  but t h e  s te p  was n o t  ta k e n
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f o r  more th an  seven ty—f iv e  y e a r s .
We cou ld  enumerate many o th e r  examples s im i l a r  to  t h i s .
I f  th e re  i s  any co n c lu s io n  t o  he drawn from  th e s e  phenomena, 
i t  i s  t h a t  our i n t e l l e c t u a l  p ro g re s s  i s ,  c o n s id e r in g  th e  
s im p l i c i t y  o f  th e  s te p s  we ta k e ,  q u i te  slow and u n c e r t a in ,  
and i t s  d i r e c t i o n  i s  l a r g e l y  a m a t te r  o f  a c c id e n t ,  depending, 
f o r  example, upon which o f  two p o s s ib le  new id e a s  w i l l  be 
d isc o v e red  f i r s t ,  which i n  t u r n  depends on a number o f  th in g s ,  
such a s ^ th e  p r o c l i v i t i e s  and a t ta in m e n ts  o f  some v e ry  ab le  
man.
As s u r e ly  as we advance i n  one d i r e c t i o n ,  th e re  w i l l  be 
some o th e r  d i r e c t io n  w hich w i l l  be n e g le c te d  lo n g e r  th an  
would o th e rw ise  be th e  c a s e .  F u r th e r ,  i t  i s  n o t  always th e  
s im p le s t  s te p s  t h a t  a r e  ta k e n  f i r s t .  The Greeks a re  an  ex­
c e l l e n t  example in  p o in t .  I t  was n o t  because  of i n f e r i o r i t y  
t h a t  th e  Greeks d id  not develop  a n a ly t i c  geom etry o r  a lg e b ra ,  
and i t  was no t because t h e i r  span of c i v i l i z a t i o n  was too  
s h o r t .  I t  was n o t  because  a n a ly t i c  geom etry i s  n o t  as  sim ple 
as  c l a s s i c a l  geom etry, f o r  th e  Greeks ro se  to  tremendous 
h e ig h ts  i n  t h e i r  own p a r t i c u l a r  f i e l d .  I t  was sim ply  t h a t  they 
happened to  be so occupied  w ith  one method t h a t  th e  o th e r  d id  
no t occur to them.
So i t  has  been i n  p r o t e c t i v e  geom etry , w i th  th e  excep tion  
t h a t  as we have become w is e r  we a re  more l i k e l y  to conduct a 
sy s te m a tic  se a rch  f o r  new id e a s  and methods, and t o  s e a rc h
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f o r  t h e  underlyijog p r i n c i p l e s  t h a t  g iv e  u n i t y  to our ap p ar­
e n t ly  heterogeneous mass o f  knowledge.
I I
There i s  an a s p e c t  o f  t h i s  s u b je c t  which has c o n s id e r ­
a b le  p h i lo s o p h ic a l  i n t e r e s t ,  namely th e  l o g i c a l  one. A 
g r e a t  d e a l  has been le a rn e d  about th e  l o g i c a l  fo u n d a tio n s  o f  
m athem atics s in c e  th e  confused  d is c u s s io n s  of t h e  l a s t  cen­
t u r y .
A rem arkable th in g  about th e  l o g i c a l  s t r u c t u r e  i s  i t s  
e s s e n t i a l  s i m p l i c i t y .  We have u n d ef in ed  elem ents and r e l a ­
t i o n s ,  and assum ptions in v o lv in g  th e s e .  The assu m p tio n s , i f  
c o n s i s t e n t ,  determ ine an  e n t i r e  l o g i c a l  s t r u c t u r e  which can 
be b u i l t  up from them. T rue , we may determ ine a  system  whose 
p o s s i b i l i t i e s ^  i t  would be v e ry  d i f f i c u l t  to  exhaust, b u t , 
n e v e r t h e l e s s ,  t h e  system  i s  de te rm ined  by th e  assu m p tio n s , 
much as  two p o in ts  de term ine  a l i n e ,  o r  t h r e e  p o in ts  a p la n e .
The most common e r r o r  o f  t h e  1 9 th  c e n tu ry  was to p ro ­
ceed w i th  th e  a s s i s t a n c e  o f  i n t u i t i v e  c o n c e p ts .  I n t u i t i v e  
concep ts  a s s o c ia te d  w ith  th e  u n d e f in e d  e lem ents  and r e l a t i o n s  
a re  in  them selves h a rm le ss ,  but th e y  gave r i s e  to  i l l o g i c a l i ­
t i e s ,  in  t h a t  d e f i n i t i o n s  were p a r t l y  fo rm al and p a r t l y  i n ­
t u i t i v e ,  and th e  assum ptions were o f te n  no t worded u n ifo rm ly , 
so t h a t ,  i n  s t r i c t  l o g i c a l  p ro ce d u re ,  th ey  could  never be con­
f in e d  t o  form theorem s.
The d ed u c tiv e  l o g i c a l  s t r u c t u r e ,  to  which a l l  d ed u c tiv e
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p ro o e sse s  rmiat conform. I f  they  a re  to  be r ig o ro u s ,  emerged 
from a l l  t h i s  con fus ion  as a fo rm . The f u n c t io n  of d ed u c tio n  
i s  to  say i f  A i s  t r u e ,  th e n  B f o l lo w s .  I t  does n o t  m a t te r  
w hether A i s  t r u e  or n o t .  The s ta tem e n t ho lds  i n  any case .
F u r th e r ,  i f  we have s e t  up a d e d u c t iv e  system in  te rm s 
o f  c e r t a i n  symhols, and i f  we s u b s t i t u t e  o th e r  symbols (words, 
e t c . )  f o r  th e s e ,  th e  s t r u c t u r e  i t s e l f  i s  n o t  v i t i a t e d ,  provide^ 
we s u b s t i t u t e  new symbols co rrespond ing  to  o ld  ones. This 
must s u re ly  be obvious# A simple ezample would be a geom etric 
system and i t s  d u a l system . Another would be a geom etry and 
i t s  t r a n s l a t i o n  in to  some o th e r  lan g u ag e .
In  g e n e r a l ,  i f  we have two l o g i c a l  system s which a re  
i d e n t i c a l  fo rm a lly ,  except fo r  a d i f f e r e n c e  o f  w ords, sym­
b o ls ,  e t c . ,  and i f  th e s e  words and symbols c a r ry  s p e c ia l  i n ­
t u i t i v e  i n t e r p r e t a t i o n s  of t h e i r  own, th e n  by  a n  excharge o f  
nom enclature between th e  two sy s tem s, we w i l l  e f f e c t i v e l y  
exchange i n t u i t i v e  i n t e r p r e t a t i o n s ,  th u s  d em o n s tra tin g  t h a t  
any change o f  i n t e r p r e t a t i o n  of th e  symbols o f  a - lo g ic a l  
system  has no e f f e c t  upon th e  l o g i c a l  s t r u c t u r e  I t s e l f ,
This s t r u c t u r e ,  i f  n o t  c o n t e n t l e s s ,  i s  a t  any r a t e  ad a p tab le  
t o  any c l a s s  o f th in g s  (words, symbols, e t c . ,  accompanied 
or no t accompanied by i n t u i t ionà) i n t e r p r e t a t i o n s ) which s a t ­
i s f i e s  th e  assum ptions upon which th e  s t r u c t u r e  i s  b u i l t .
The net r e s u l t ,  th e n ,  i s  t h a t  i f  we develop  a l o g i c a l  
system  (a  geom etry, f o r  example) a l l  of th e  p r o p o s i t io n s ,  
c o r o l l a r i e s ,  e t c . ,  which we have proved in  t h i s  system w i l l  
a l so  be t r u e  i f  th e  p r o p o s i t io n s  a re  s t a t e d  w i th  new elements,
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
175
r e l a t i o n s ,  e t c . ,  so t h a t  th e  new p r o p o s i t io n s  a re  analogous 
to  th e  o ld  in  a d e f i n i t e  way, p ro v id ed  t h a t  th e  assum ptions 
which a re  analogous in  t h i s  way t o  th e  o ld  assum ptions a re  
a l s o  t r u e , ( th a t  i s ,  a c c e p ta b le ) .  Whether we c a l l  th e s e  
two systems i d e n t i c a l ,  h u t  w ith  d i f f e r e n t  a p p l i c a t i o n s ,  or 
w hether  we c a l l  them d i f f e r e n t  h u t  ana logous ( in  one to  one 
co rresp o n d en ce) ,  i s  a q u e s t io n  which c a l l s  f o r  a t t e n t i o n .
T ehlen  and Young commit th em se lv es  d e f i n i t e l y .  "We 
u n d e rs ta n d  th e  term  a m a them atica l s c ie n c e  tp. m e ^ .any s e t  
of p ro p o s i t io n s  a r ran g ed  a c co rd in g  to  a sequence o f  l o g i c a l  
d e d u c tio n  • • •  such a sc ie n c e  i s  p u re ly  a b s t r a c t . I f  any 
c o n c re te  system o f  th in g s  may he reg a rd ed  as  s a t i s f y i n g  th e  
fundam ental a ssu m p tio n s , t h i s  system  i s  a c o n c re te  a p p l ic a ­
t i o n  or r e p r e s e n t a t i o n  o f  th e  a b s t r a c t  s c ie n c e ."  Keyser 
a l s o  commits h im s e lf  r e p e a te d ly  i n  f a v o r  o f th e  f i r s t  concep­
t i o n .  I n  o th e r  w ords, m athem atic ians  ( a t  l e a s t  some math­
em a tic ia n s )  a r e  in c l in e d  to  f a v o r  th e  a b s t r a c t  view, in  which 
th a t  which i s  common to  two analogous l o g i c a l  s t r u c t u r e s  i s  
co n s id e red  to  be th e  a c tu a l  s t r u c t u r e .
In  c o n t r a s t  to t h i s  many p h i lo s o p h e rs  fa v o r  th e  second 
co n c ep tio n , m a in ta in in g  t h a t  we t h in k  in  images and t h a t  
t h e r e f o r e  an a b s t r a c t  l o g i c a l  system i s  sim ply  a f i c t i o n .
An analogy which seems f a i r  i n  t h i s  co n n e c tio n  i s  one 
w ith  p h y s ic a l  s c ie n c e .  I s  a p h y s ic a l  law co n c re te  o r  a b s t r a c t ?  
The answer i s ,  u n h e s i t a t i n g l y ,  a b s t r a c t .  True, th e  law de-
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pends f o r  i t s  e x is te n c e  upon c e r t a i n  b eh av io r  o f  c o n c re te  
t h in g s ,  o r ,  from an o th e r  v ie w -p o in t ,  m a n ife s ts  i t s e l f  i n  
such b eh a v io r  and such  b eh a v io r  o n ly .  The law i s  essen­
t i a l l y  a p a t t e r n ,  which i s  s u r e ly  an a b s t r a c t  th in g .
In  the  same way, a l o g i c a l  s t r u c t u r e  can be reg a rd ed  
as a p a t t e r n .  Such a p a t t e r n  i s  common to  two co n c re te  ex­
amples o f  I t s e l f  i n  t h e  same way t h a t  a p h y s ic a l  law i s  com­
mon to two c o n c re te  m a n i fe s ta t io n s  of i t s e l f .
Turning to  th e  p s y c h o lo g ic a l  a s p e c t  o f  th e  problem, i s  
though t c o n te n t l e s s ?  I f  a b s t r a c t  symbols, a l th o u g h  c o n te n t-  
l e s s ,  a r e  a c t u a l l y  c o n te n t ,  then  though t i s  n o t  c o n te n t l e s s .  
We can say t h a t  th o u g h t ,  w hether c o n t e n t l e s s  o r n o t ,  i s  es­
s e n t i a l l y  p a t t e r n i s t i c ,  f o r  i t  fo llo w s  a p a t t e r n  r e g a r d le s s  
o f  th e  co n ten t o r  symbols u sed . Whether thought t h i s  
p a t t e r n  or merely fo l lo w s  i t  i s  th e  q u e s t io n  under co n s id é r ­
â t  io n .
R a t io c in a t io n  i s  p o s s ib le  i n  te rm s of th e  most a b s t r a c t  
symbols, as can  e a s i l y  be v e r i f i e d .  I h th e m a t ic a l ly  speaking, 
we th e n  have an a b s t r a c t  l o g i c a l ■s t r u c t u r e  a p p l ie d  to  a s e t  
o f  sym bols, and o r d i n a r i l y  we c o n s id e r  t h i s  a p p l i c a t io n  as 
a b s t r a c t  i f  th e  symbols are a b s t r a c t .  From t h i s  p o in t  of 
view 7/e can sa y  t h a t  though t i s  a b s t r a c t  -  i . e . ,  c o n te n t le s s ,  
and th e r e  seems to  be no p r a c t i c a l  o b je c t io n  to ta k in g  t h i s  
p o in t  of view . A p sy c h o lo g ic a l  i n v e s t i g a t i o n  of d ed u c tiv e
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lo g ic  would be an i n t e r e s t i n g  and very  fundam ental s tu d y , 
i f  i t  bore f r u i t ,  e s p e c i a l l y  in  t h i s  c o n n ec tio n .
I t  i s  i n t e r e s t i n g  to  n o t i c e  here  th a t  d ed u c tiv e  {and 
in d u c t iv e )  m enta l p ro c e s se s  a re  by no means p e c u l i a r  to  man. 
low er an im als use d ed u c tiv e  methods q u i te  c o n s ta n t ly .  These 
m ental o p e ra t io n s  a re  of co u rse  co n fin ed  to  simple
o a s e s ,^ a re  p ro b ab ly  f o r  t h e  most p a r t ,  i f  not q u i te ,  uncon­
s c io u s .  I n s o f a r  as  an anim al i s  not a c t in g  p u re ly  i n s t i n c t ­
iv e ly  and m e ch an ica l ly ,  i t  c l a s s i f i e ^ ,  and re c o g n ize s  in ­
s t a n t l y  th a t  an e n t i t y  be long ing  to  a g iven  c l a s s  has th e  
p r o p e r t i e s  of t h a t  c l a s s .
To go to  t h e  mo re fo rm a l a s p e c t  of d e d u c tiv e  l o g i c ,  th e re  
a r e  c e r t a i n  im p o r ta n t th in g s  in v o lv ed  a t  l e a s t  i n  o p e r a t io n a l  
l o g i c .  The most im p o r ta n t a re  th e  assu m p tio n s ,  which have 
a l re a d y  been g iven  c o n s id e ra b le  a t t e n t i o n .  The fundam ental 
u n i t  of d ed u c tiv e  lo g ic  i s  th e  s y l lo g ism . This can be put 
in to  s e v e ra l  fo rm s, a l l  o f  which are  s e l f - e v i d e n t .  The u su a l  
form i s  th e  fo l lo w in g ;
I f  A im p l ie s  B and B im p l ie s  C th e n  A im p lie s  C.
A nother, which i s  even more obvious, i s  t h i s ;
I f  A be longs  to  a c l a s s  B and c l a s s  3 belongs to  c l a s s  
C th e n  A belongs t o  c l a s s  0 .
In  the  f i r s t  case th e  u n d e f in e d  r e l a t i o n  i s  " im p l ie s " .
In  th e  second i t  i s  "belongs t o " .
In  the  f i r s t  A, B and C a re  u n d e f in e d  symbols, and  in  
th e  second . A, c l a s s  B, c l a s s  G.
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How I f  we c o n s id e r  a r e s t r i c t i o n  to  be th e  assignm ent 
o f  any element o r  e lem ents to  a g iven c l a s s  (and i t  i s  
e a s i l y  seen  t h a t  t h i s  i s  i n  th e  n a tu r e  o f  a r e s t r i c t i o n )  then 
a d e f i n i t i o n  i s  merely th e  a g g re g a te  o f  r e s t r i c t i o n s  upon any 
elem ent or e lem en ts , denoted  by some conven ien t word o r  sym­
b o l .  .Hot a l l  th in g s  w ith  which we d e a l  can be d e f in e d ,  o f  
co u rse , f o r  the'f'e w i l l  always be a t  l e a s t  one c l a s s  n o t  comr- 
p l e t e l y  co n ta in e d  i n  any o th e r ,  and upon w hich, t h e r e f o r e ,  
no r e s t r i c t i o n  can  be made#
An assnm ption or a theorem  i s  a  s ta te m e n t t h a t  elem ents 
belong ing  to  c e r t a i n  one or more c l a s s e s  belong to  c e r t a i n  
o th e r  one or more c l a s s e s .  A theorem  is  ̂ m erely a summation 
o f  sy l lo g ism s , by th e  s ta te m e n t of which we prove th e  theorem 
A sy llo g ism , of c o u rse ,  in v o lv e s  c e r t a i n  re l& t lo n s  which are 
a l re a d y  known. T h e re fo re ,  to  prove a theorem , we must assume 
c e r t a i n  r e l a t i o n s ,  t h a t  i s ,  make c e r t a i n  assum ptions . Assum­
p tions^  l i k e  theorem s, s t a t e  t h a t  e lem ents b e lo n g in g  to  c e r ­
t a i n  one or more c l a s s e s  be long  to some o th e r  one o r  more 
c l a s s e s .
To i l l u s t r a t e  th e se  s ta te m e n ts ,  we can prove a theorem, 
making the  r e q u i s i t e  assu m p tio n s .
Theorem. I f  A, B; G, B belong  to  tv/o c l a s s e s  AB, CD, 
r e s p e c t iv e ly ,  and i f  th e  c l a s s e s  AB, CD belong to  t h e  
same c la a s  Z, th e  elem ents A, B, C, D belong to  th e  same 
c l a s s  Y,
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Assum ption. I f  A, B, C or D b e lo n g s  to  a c l a s s  AB or 
CD which belongs to  a n o th e r  c l a s s  Y, th e n  A, B, 0, o r  D be­
longs  to  th e  c l a s s  Y.
As sum ption. I f  two c l a s s e s  AB, CD belong to  th e  c l a s s  
Z th e y  belong to  th e  c l a s s  Y.
Here we have a theorem based  on e n t i r e l y  adeq.uate as­
sum ptions. The u n d e f in e d  r e l a t i o n  I s  "belongs t o " .  The un­
d e f in e d  ( u n r e s t r i c t e d )  c l a s s e s  or e lem ents  a r e  A, B, C, D, 
c l a s s e s  AB, CD, Y, Z. (A, B, C and D may be co n s id e red  as  
c l a s s e s ) .  I f  we s u b s t i t u t e  th e  r e l a t i o n  " I s  on" f o r  "be­
longs to "  and I n t e r p r e t  A, B, C and D to  be p o in ts  and c la s s e s
cUïS
AB, CD to  be l i n e s ,  w hile  c l a s s  Y I s  a p o in t  and^Z la  a p la n e ,  
we w i l l  have a theorem  i n  geom etry .
The net r e s u l t  o f  th e s e  c o n s id e r a t io n s  I s  t h a t  In  any 
l o g i c a l  system , I n  w hich , o f  co u rse ,  we have theorem s, assump­
t i o n s  a re  n e c e s s a ry  to  th e  p ro o f  o f  th e  theorem s, and unde-
Co V*. «
f in e d  elem ents and r o o t r l o t i e n s  a re  n e c e ssa ry  t o  th e  s t a t e ­
ment of th e  a ssu m p tio n s .  D e f in i t io n s  a re  m erely  conven iences, 
ty in g  to g e th e r  many r e s t r i c t i o n s  under one name o r  symbol.
As we m u l t ip ly  assum ptions , I n  g e n e ra l  we r e s t r i c t  th e  a p p l i ­
c a t io n  o f  t h e  m athem atical s c ie n c e ,  I n  s p i t e  of th e  f a c t  t h a t  
we a re  enabled  to prove more th eo rem s. That i s ,  we say "more 
and more about l e s s  and l e s s . "
To pay somewhat more a t t e n t i o n  to d e f i n i t i o n s ,  in  s p i t e
dlwuyy
Of t h e i r  u t t e r  l o g i c a l  i n s i g n i f i c a n c e  they  have qitwyo been
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
180
very  im portan t as  d i r e c t i n g  fo rc e s»  The e x is te n c e  of any 
s o r t  o f  g eo m etr ica l  e n t i t y  more com plicated  than  mere p o in t ,  
l i n e  and p la n e ,  f o r  in s t a n c e ,  depends upon d e f i n i t i o n s .  I t  
would be a lm ost im p o ss ib le  to  o p e ra te  in  geom etry i f  th e  
g e o m e tr ic a l  forms were wiped out and th e  o f te n  v e ry  long  
s e r i e s  o f  r e s t r i c t i o n s  d e f in in g  them were s u b s t i t u t e d  f o r  
them. Thus d e f i n i t i o n s ,  a l th o u g h , from th e  l o g i c a l  v iew po in t,  
mere conven iences, a re  r e a l l y  th e  l i f e  of geom etry .
Deductive lo g ic  has been accused of s t e r i l i t y ,  s in c e ,  i t  
i s  m a in ta ined , we o b ta in  n o th in g  from th e  co n c lu s io n s  which 
was n o t  co n ta ined  in  th e  assu m p tio n s .  In  a se n se  t h i s  i s  
t r u e .  The immediate answer to  t h i s  a c c u s a t io n ,  however, i s  
to  d i r e c t  a t t e n t i o n  to  modern p r o j e c t i v e  geom etry , which i s  a 
b r i l l i a n t  example of th e  f e r t i l i t y  o f  pure d ed u c tiv e  l o g i c .
Why i s  i t  th a t  lo g ic  i s  no t s t e r i l e ?
The answer i s  undoub ted ly  t h a t  we cannot p o s s ib ly  r e a l ­
i z e ,  by m erely  g la n c in g  a t  a  s e t  of assum ptions , or even by 
c lo s e  exam ination  of them, a l l  o f t h e i r  im p l ic a t io n s .  I t  i s  
n e c e s s a ry  to  r e s o r t  t o  d e t a i l e d  r a t i o c i n a t i o n  to  d isc o v e r  them 
in  any number a t  a l l .  V/hen i t  i s  r e a l i z e d  t h a t  any two propo­
s i t i o n s  d e a l in g  w ith  th e  same e lo n e n ts  and r e l a t i o n s  can be 
combined to  form  a theorem  i t  i s  r e a l i z e d  what a d izzy  l o g i c a l  
network can be e r e c te d  upon th e  fo u n d a t io n  of only  a few simple 
assum ptions . In  any geom etry we d ea l  w i th  on ly  a sm all p a r t  of 
t h i s  network, and only th e  meagre o u t l i n e s  of t h i s  sm a ll p a r t .
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F u r th e r ,  a few a s s a n c t io n s  can le a d  n o t only to  many 
r e s u l t s  hut to  v a lu a b le  ones . The b e s t  example of t h i s  
in  p r o je c t iv e  geom etry i s  Veblen and Young's book, in  
which, p roceed ing  in  a r ig o ro u s  way from sim ple assum ptions , 
th ey  b u i l d  up th e  whole f i e l d  o f p r o j e c t i v e  geom etry, much 
o f  which was p r e v io u s ly  thought to  be long  only  to  %uite 
d i f f e r e n t  forma of geom etry , but a l l  o f which was conceded to  
be very  v a lu ab le  and i n t e r e s t i n g .
In  conc lud ing  we w i l l  d i s c u s s  one more a s p e c t  o f  deduc­
t i v e  l o g i c ,  q u i te  as s t r i k i n g  as  th e  above c o n s id e r a t io n s ,  
i f  somewhat l e s s  c o n t r o v e r s i a l .
To put i f  b l u n t l y ,  d ed u c tiv e  l o g i c  i s  i n f a l l i b l e .  At 
l e a s t ,  i t  has h e v e r  y e t  been known to  f a i l .  I f  we accep t 
c e r t a i n  assum ptions we f i n d  o u rse lv e s  compelled to  ac ce p t any 
c o n c lu s io n  drawn from them in  accordance w ith  th e  'laws o f  de­
d u c t iv e  l o g i c .  This is  an I n f l e x i b l e  law of human re aso n , and,
do
in  as f a r  as animals^^,reason, o f anim al r e a s o n .
There have been many f a i l u r e s ,  in  h i s t o r y ,  to a r r i v e  a t  
th e  c o r r e c t  c o n c lu s io n  from v a l id  assum ptions , bu t in v a r ia b ly  
th e  r u l e s  of d ed u c tiv e  l o g i c  have in  some way been v io l a t e d .
A t y p i c a l  p rocedure  i s  to  t a c i t l y  and u n c o n sc io u s ly  make some 
a d d i t io n a l  assum ption  which seems to  be o b v io u s ly  t r u e ,  but . 
which, as a m a t te r  of f a c t ,  i s  n o t .  Cf c o u rse ,  in  many c a s e s ,  
th e  o r ig in a l  assum ptions  were no t a l l  t r u e ,  and p erhaps  n o t  a l l  
c o n s i s t e n t .  S l i p s  i n  lo g ic a l  o p e ra t io n  a r e  a lso  made, of
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co tirse , but th e y  a re  r e l a t i v e l y  u n im p o rtan t,  because th e y  do 
not le a d  to  th e  co n fu s io n  and In c o n s is te n c y  t h a t  a r i s e s  from 
vague and s l ip p e r y  a s s u o ^ t io n a . Aside from th e  u n d e rs ta n d in g  
of th e  l o g i c a l  s t r u c t u r e  i n  g e n e ra l  and in  i t s  a p p l i c a t i o n  to 
m athem atics, th e  most Im portan t r e c e n t  advance in  geom etry^  
was th e  r e c o g n i t io n  of the  n e c e s s i t y  of fo cu ss in g  ca re  f i l l  a t ­
t e n t i o n  upon th e  ax io m atic  fo u n d a tio n s  of any l o g i c a l  system .
In  summary, d ed u c tiv e  lo g ic  must be reg a rd ed  as e s s e n t ia l l s  
fo rm a l, p a t t e r n i s t i c ,  as  opposed to  i n t u i t i o n a l .  In  a sen se  
i t  may be th e  l a t t e r  — t h i s  i s  a s u b je c t  f o r  f u r t h e r  sp e c u la ­
t i o n  — bu t in  any o rd in a ry  se n se , and f o r  th e  purpose o f  easy, 
c lea r-m in d ed ^  l o g i c a l  o p e ra t io n ,  any l o g i c a l  system  is  a 
p a t t e r n  or form complying -to c e r t a i n  u n iv e r s a l  law s . I t  i s  
in  t h i s  way t h a t  i t  i s ,  o r should  b e , d e a l t  w ith  i n  mathe­
m a t ic s .  'The only  f i e l d  i n  which any o th e r  view o f  ded u c tiv e  
lo g ic  should r e c e iv e  a n y ^ se r io u s  c o n s id e r a t io n  seems to  b e , 
as was mentioned above, p sycho logy .
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With th e  adv ice  o f  th e  d ep artm en t,  s p e c i f i c  r e f e r e n ­
ces were o m it ted  as be ing  im p r a c t i c a l .  I t  i s  hoped th a t  
t h i s  n o te  w i l l  in  p a r t  d isc h a rg e  t h e  fu n c t io n  o f  such 
r e f e r e n c e s .
I n  th e  c h a p te r  on th e  G reeks, Ohasles* "Aperçu" was 
used  as  a g u id e , w i th  m a te r ia l  taken from Gow's "H isto  1 7  
of Greek M athem atics" and C a n to r 's  "G e sc h ic h te " . The 
p a r t  on A po llon ius  fo l lo w s  c l o s e ly  (w ith  im p o rtan t om­
i s s i o n s )  Chasles* accoun t (which i s  g.uot ed a t  g r e a t  
l e n g th  by Gow and a g ree s  p e r f e c t l y  w ith  C a n to r 's  l a t e r  and 
th e r e f o r e  more rmml w o rk ) . The theorem s a t t r i b u t e d  to  
A p o llo n iu s ,  Pappus, e t c . ,  were taken  alm ost w ith o u t excep­
t i o n  from C h a s le s .  There were no f ig u r e s  in  th e  o r i g i n a l ,  
however.
In th e  second  c h a p te r  C hasles  was l ik e w is e  fo llo w ed .
The p o r t io n s  on P esa rg u e s ,  P a s c a l ,  and M aclaurin  were p a r ­
t i c u l a r l y  u s e f u l .  The p a r t  on th e  th e o ry  o f  p e r s p e c t iv e  in  
t h e  n in e te e n th  c e n tu ry  and on th e  development o f  d e s c r ip t iv e  
geom etry, w ith  a d i s c u s s io n  o f  Monge, fo llow ed  th e  t r e a t ­
ment o f  Gino L o r ia  in  th e  f o u r th  volume of C a n to r 's  h i s t o r y .  
Such a l t e r a t i o n s  as were made were on th e  a u t h o r i t y  p r i n c i p a l l y  
of C hasles .
In  t h e  rem ainder o f  th e  work th e r e  were obv io u s ly  no 
re f e r e n c e s  u se d .  The books i n  q u e s t io n  were d e a l t  w ith
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I n  th e  f o u r t h  c h a p te r  th e  s ta te m e n ts  headed 
D e f in i t i o n , e t c . ,  a re  a l l  quoted  v erb a tim  from Veblen and 
Young * 8 book.
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C antor, I lo r i tz ,  Y orlesungen iiber G-esohlchte der  I 'a th e m a tik .
4 Y d s .
Vol. I ,  second e d i t i o n ,  L e ip z ig ,  1894.
Yol. I I ,  second e d i t i o n ,  L e ip z ig ,  1900.
Yol. I l l ,  second e d i t i o n ,  L e ip z ig ,  1901.
Yol. lY, , B e r l in ,  1924.
This work, th e  th r e e  f i r s t . volumes o f  which were w r i t t e n  
by C an to r  a lo n e ,  i s  t h e  s ta n d a rd  work on th e  h i s t o r y  of math­
em a tic s .  I t  was an e x c e l l e n t  check th roughou t f o r  s ta te m e n ts  
found e lsew h ere .  The p a r t  on Greek geom etry and th e  a r t i c l e s  
by Gino L o ria  on P e r s p e c t iv e  and D e s c r ip t iv e  Geometry were 
p a r t i c u l a r l y  v a lu a b le .
C has le s ,  Aperçu H is to r iq u e  . . .  des Méthodes en G éom étrie . 
P a r i s ,  1875.
This i s  a c l a s s i c  v;ork on th e  h i s t o r y  o f  geom etry. I t  i s  
w r i t t e n  from th e  s ta n d p o in t  of what was a t  th e  t im e  of- i t s  
w r i t in g  "modern geom etry", th u s  b e in g  s p e c i a l l y  s u i t e d  to  th e  
p r e s e n t  pu rp o se . The p a r t  on th e  Greeks, A po llon ius  in  p a r ­
t i c u l a r ,  i s  e x c e l l e n t ,  and th e  work proved u n i te  v a lu ab le  in  
reg a rd  to  Desargues and Monge,
Cremona, L u ig i , Elements o f  P r o j e c t i v e  Geometry. Oxford, 1893.
The e d i t i o n  used  was the second e d i t i o n  of th e  E n g lish  
t r a n s l a t i o n  by C h a rle s  L eu d esd o rf ,  Though p r im a r i ly  a t e x t ­
book, i t  p ro v id es  a s im p le ,  re ad a b le  u n i f i c a t i o n  of th e  main 
id eas  p rev io u s  to 1860. The h i s t o r i c a l  n o te s ,  e s p e c i a l l y  in  
th e  p re fa c e ,  were p a r t i c u l a r l y  h e l p f u l  in  a d i r e c t i n g  cap- 
ac i t y .
E n riq u es ,  F e d e r ig o ,  Y orlesungen u b e r  P r o je k t iv e  G eom etrie . 
L e ip z ig ,  1903.
The German e d i t i o n  i s  by Hermann F l e i s c h e r .  This work 
g iv es  a b e a u t i f u l  p r e s e n ta t i o n  of p r o j e c t i v e  geom etry, f o r  
th e  most p a r t  from Yon S t a n d t ' s  v ie w -p o in t ,  a l th o u g h  t h e r e  i s  
a s l i g h t  m e tr ic  ad m ix tu re .
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G-ow, James, A Sh o r t  H is to ry  o f  Greek M athem atics .
Cambridge, 1884.
This hook i s  concerned m ain ly  w ith  th e  c i t y  o f  Alex­
a n d r ia ,  where most of th e  Greek work in  Mathematics was 
done. I t  p roved p a r t i c u l a r l y  v a lu a b le  in  re g a rd  to  th e  
development o f  th e  th e o ry  o f  co n ies  s e c t io n s  among th e  
Greeks.
E e n r io i ,  O .M .F., i n  E ncyc lopaed ia  B r i t t a n i e a , e le v e n th
e d i t i o n ,  Cambridge, 1910, a r t i c l e s  P r o je c t i o n  and
Geometry, P r o j e c t i v e .
These a r t i c l e s  were v a lu a b le  f o r  th e  h i s t o r i c a l  r e f e r ­
ences made, and as  in d ic a t io n s  o f  t h e  c o n s e rv a t iv e  view o f  
p r o j e c t iv e  geometry a t  t h a t  t im e .  O ther a r t i c l e s  in  th e  
E ncyclopaedia  B r i t t a n i e a  which proved v a lu a b le  were under 
th e  h ea d in g s :  A lex an d ria  — A p o llo n iu s  — E u c lid  — Geometry 
( d e s c r i p t i v e ,  l i n e ,  n o n -E u c lid ean , axioms) — Lambert — 
Legendre — Logic — Monge — Pappus — P a s c a l  — P e r s p e c t iv e  — 
P o n c e le t  -  S t e in e r ,  and many o t h e r s .
H i l b e r t ,  David, The F oundations of Geometry. Chicago, 1902.
This book, a t r a n s l a t i o n  by E, J .  Townsend o f  th e  le c ­
t u r e s  d e l iv e r e d  by H i lb e r t  i n  th e  w in te r  o f  1898—99 a t  th e  
U n iv e r s i ty  of G O ttingen, shows c l e a r l y  th e  s t a r t i n g  p o in t  of 
th e  im portan t modem work i n  geom etry . Though l e s s  s im ple  and 
c l e a r  th a n  th e  l a t e r  work, i t  shows the b eg in n in g s  of an un­
d e r s ta n d in g  of th e  n a tu re  o f  d ed u c tiv e  l o g i c .
Lobaohevski, N ic h o la s ,  The Theory o f  P a r a l l e l s . Chicago, 1914.
This i s  a  t r a n s l a t i o n  by H a ls te d  o f  the  o r i g i n a l  which 
was p u b ls ih e d  a t  B e r l in ,  1840, t h e  o r i g i n a l  work having been 
done p rev io u s  to 1838* This i s  th e  f i r s t  example o f  a non- 
E u c lid ean  geom etry .
P o n o e le t ,  Jean  V ic to r ,  T r a i t e 'd e s  P r o p r i é t é s  P r o j e c t i v e s  des 
F ig u re s . 2 V o ls . P a r i s ,  1865.
The f i r s t  e d i t i o n  of th e  f i r s t  volume of t h i s  work 
appeared  i n  1822. The second volume i s  composed of memoirs 
alm ost a l l  w r i t t e n  p re v io u s  to  1830. This was th e  s t a r t i n g  
p o in t  of p r o j e c t iv e  geom etry .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Poudra, M ., Oeufres D esa rg u es . 2 Yolg. P a r i s ,  1864,
This c o l l e c t i o n  of th e  works of the "F a th e r  o f  Euro­
pean Geometry", p r e v io u s ly  tho u g h t l o s t ,  was v e ry  v a lu a b le ,  
p ro v id in g  m a te r ia l  n o t  o b ta in a b le  e lsew h ere .  I t  i s  v e ry  
c u r io u s ,  b e in g  w r i t t e n  i n  th e  o r i g i n a l  o ld  F ren ch .
Reye, Theodor, Die Geometrie d e r  Ldge,
Vol. I ,  f o u r t h  e d i t i o n ,  L e ip z ig ,  1899.
V ol. I I ,  t h i r d  e d i t i o n ,  L e ip z ig ,  1892,
V ol. I l l ,  t h i r d  e d i t i o n ,  L e ip z ig ,  1892.
The f i r s t  two volumes were f i r s t  p u b l is h e d  in  th e
y e a ry  1866 and 67. T his  work i s  more a t e x t  than  a t r e a t i s e .
R u s e l l ,  B e r t ra n d  A. W., The F oundations  of Geometry.
Cambridge, 1897.
This work, combining a p h i lo s o p h ic a l  and a  c r i t i c a l -  
h i s t o r i c a l  t r e a tm e n t  o f th e  s u b j e c t ,  g iv e s  an e x c e l l e n t  
p i c tu r e  of th e  p h i lo s o p h ic a l  s t r u g g le s  o f  th e  n in e te e n th  
ce n tu ry  over th e  new g e o m e tr ie s ,  p a r t i c u l a r l y  e l l i p t i c  geonv- 
e t r y .  I t  shows c l e a r l y  the  n in e te e n th - c e n tu r y  th e o r i e s  o f  
geom etry , and i s  a  b r i l l i a n t  a t tem p t to  o u t l in e  th e  founda­
t i o n s  o f  geom etry , w ith  u n s a t i s f a c t o r y  r e s u l t s ,  i n  th e  
l i g h t  o f th e  p r e s e n t  u n d e rs ta n d in g  o f  th e  s u b j e c t .
Von S ta n d t ,  G .K.C., Geometrie d e r  Ldge. B urnberg , 1847.
T his book i s  th e  r e s u l t  o f work which was begun i n  
1832. As m entioned in  t h e  t e x t ,  i t  i s  a b r i l l i a n t  a t t a c k  
upon th e  problem  o f  d e v e lo p in g  a n o n -m e tr ic  geom etry. I t  
i s  p robab ly  the  second most im p o rtan t work i n  p r o je c t iv e  
geom etry in  th e  n in e te e n th  c e n tu iy .
Jacob S t e i n e r ' s  Gesammette Werke, Z , W e ie r s t r a s s .  2 V ols . 
B e r l i n ,  1880-81.
The p a r t i c u l a r  p a r t  o f t h i s  e d i t i o n  of S t e i n e r ’ s 
works which was v a lu a b le  i s  t h e  "S ystem atische  Eutwiokelunÿ 
d e r  A b l ia n g ig k e i t  g e o m e tr isc h e r  Gesta%ten von e in a n d e r" ,  ® 
Vol. I ,  pp. 229—460. T his  work, f i r s t  p u b l is h e d  in  1832, 
was S t e i n e r ' s  p r i n c i p a l  c la im  to  fame in  p r o j e c t i v e  geom etry . 
I t  i s  one of th e  t h r e e  g r e a t  works i n  p r o je c t iv e  geometry in  
th e  l a s t  c e n tu ry .
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Jacob S te in e r* a  T orlesungen  u b e r  S y n th e tiso h e  G eom etrie .
H. S ch rô 'te r .  2 T e l s . ,  L e ip z ig ,  1876.
This e d i t i o n  o f  S t e i n e r ' s  connected  work in  geom etry, 
f i r s t  p u b lish e d  i n  1866, g iv e s  th e  work w hich S t e in e r  d id  
a f t e r  th e  p u b l i c a t io n  of h i s  Shfttwickelung, to g e th e r  w ith  
th e  s u b je c t - m a t te r  o f  th e  E ntw iokelung. I t  com prises 
congruences, n e t s ,  n e t s  o f  c o n ic s ,  e t c .  ,
T eb len , Oswald and Young, John Wesley, P r o je c t i v e  Geometry.
2 Vols.
Vol. I ,  B oston , 1910,
Vol. I I ,  B oston , 1918 (By Oswald Veblen o n ly ) .
The appearance o f  th i s  work was undoub ted ly  one of th e  
most in p o r ta n t  even ts  i n  th e  h i s t o r y  o f  geom etry . S u f f i ­
c i e n t  has been s a i d  o f  i t  i n  th e  t e x t ,  bu t i t  rem ains to  be 
mentioned t h a t  th e  l o g i c a l  th e o ry  o f  th e  work i s  f o r  t h e  
most p a r t  developed  i n  th e  f i r s t  volume and the  f i r s t  p a r t  
o f  th e  second . The rem ainder i s  devo ted  p r i n c i p a l l y  to  
a p p l i c a t i o n s .
Young, John Wesley, P r o j e c t i v e  Geometry, Chicago, 1930.
T h is ,  th e  f o u r t h  o f  th e  Garus M athem atica l Monographs, 
i s  a r a t h e r  e lem entary  p r e s e n t a t i o n  of th e  s u b je c t ,  w i th  
on ly  s l i g h t  i n t e r s p e r s i o n s  of m e t r i c a l  c o n s id e r a t io n s .  I t s  
p r i n c i p a l  v a lu e  was in  th e  h i s t o r i c a l  n o te s ,  w hich, though 
few, were d i f f e r e n t  in  c h a r a c te r  from  th o se  found e lsew h ere .
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V IT A
Born a t  Chautauqua, Hew York, J u ly  10, 1910. 
A ttended  R oosevelt s c h o o l ,  M issou la , and grade  schoo l 
a t  Chautauqua, Hew York* A ttended  Chautauqua County 
High S chool, 1923-24, and  M issoula County High School, 
1924—26. M a t r ic u la te d  in  U n iv e r s i ty  of Montana, 1926. 
B. A ., U n iv e r s i ty  o f  Montana, 1929, in  F ren ch .
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